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COURSE INFORMATION

The present self-learning material “Linear Algebra” course code “MT(N)-
301”has been designed for B.Sc. (Fifth Semester) learners of Uttarkhand Open
University, Haldwani. This self learning material is writing for increase learner access to
high-quality learning materials. This course is divided into 14 units of study. The first
four units are devoted to vector space & subspace and the application of linear algebra to
solve the various types of matrix problem. Unit 5 is focused on mapping between two
vector space name as linear transformation. Unit 6 and 7 explained about important
application of linear transformation name as homomorphism and isomorphism and dual
spaces. The aim of Unit 8, 9 and 10 are to introduce the various applications of
polynomial vector space, determinant, eigen vectors and minimal polynomial to solve the
linear equations and also brief discussion about the Jordan canonical form to understand
the application of nilpotent matrix and use of minimal polynomial. Unit 11 and Unit 12
explain the most essential too in linear algebra name as inner product space,
orthogonality and orthonormality. Unit 13 will explain the Gram-Schmidt
orthogonalization process. Atlast, Unit 14 explain about the unitary and normal operator.
This material also used for competitive examinations. The basic principles and theory
have been explained in a simple, concise and lucid manner. Adequate number of
illustrative examples and exercises have also been included to enable the leaners to grasp

the subject easily.
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UNIT 1: -Vector Space
CONTENTS:

1.1  Introduction

1.2  Objectives

1.3  Binary Operation
1.4 Group

1.5 Field

1.6  Vector Space

1.7  General Properties of VVector Space
1.8  Summary

1.9 Glossary

1.10 References

1.11  Suggested Reading
1.12  Terminal questions

1.1 INTRODUCTION: -

Linear Algebra is a vital branch of mathematics that focuses on the study
of vectors, matrices, and linear transformations. It is primarily concerned
with systems of linear equations and the properties of vector spaces and
mappings between them. Central to linear algebra are operations such as
vector addition, scalar multiplication, and matrix multiplication, which
provide a structured way to model and solve real-world problems. The
subject also explores key concepts like linear independence, span, basis,
dimension, and rank, which help describe the structure and behavior of
vector spaces.

In addition to its theoretical importance, linear algebra has extensive
practical applications across various disciplines. In computer science, it
underpins algorithms in machine learning, computer graphics, and
cryptography. In engineering and physics, it is used to model physical
systems and solve equations related to circuits, forces, and motion. Linear
algebra also plays a crucial role in economics, optimization, and data
analysis, where large systems of equations must be managed efficiently. Its
blend of theory and application makes linear algebra a foundational tool in
modern science and technology.

In this unit we will studied about the A vector space is a group of items,
known as vectors, that remain within the same set even after being
multiplied (scaled) by numbers, known as scalars, and joined together.
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These scalars typically originate from complex numbers C or real numbers
R. Associativity, commutativity, the presence of a zero vector, and additive
inverses are some of the rules (axioms) that must be followed by operations
like vector addition and scalar multiplication in a vector space. R? (the two-
dimensional plane) and R? (the three-dimensional space) are two instances
of vector spaces.

1.2 OBJECTIVES: -

After studying this unit, the learner’s will be able to

e Define Binary Operations on a set.
e Define Group and Field.
e Define Vector space and its properties.

1.3 BINARY OPERATION: -

Consider a non-empty set S. A binary operation (also known as a binary
composition) in S is any function from S x Sto S.

If f:S xS — S beisabinary composition in S and xy € S then f(x,y)
is the composite of x and y under the compositionf. It is often indicated
by any of the following symbols.

x T, 1,80, +, ..., Juxtaposition
When a binary composition is represented by a set * and x,y € S, the
composite of x and y under this composition is represented by x * y.

Examplel. Binary operation defined on numbers (real numbers R):

Addition:a+ b (e.g.,3+5=28)
Multiplication: a X b (e.g.,4 X 6 = 24)
Subtraction: a — b(e.g.,7—2 =5)
Maximum: max(a, b)(e.g., max(4,9) = 9)

Example2. Binary operation defined on sets:

e Union: AU B(e.g.,{1,2} U {2,3} = {1,2,3})
e Intersection: AN B (e.g.,{1,2} n{2,3} = {2})

1.4 GROUP: -

Department of Mathematics
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Let G be a non-empty set and * be a binary operation defined on it, then
(G,*) is said to be group if it satisfies the following properties:

a) Closure property:
ax*beGVabeG
b) Associativity:
ax(bxc)=(axb)*cVa,b,c€G
c) Existence of identity:
3 an element e € G such that
ax*e=exa=aVa€eaG
Where e is called identity of * in G.
d) Existence of inverse:
For each element a € G 3 b € G such that
a*b=bxa=e¢e
Where b is called inverse of element a with respect to * and we
write
b=a?
Abelian or Commutative Group: A group (G,*) is said to be abelian
group if

ax*xb=b*aVab€G

A group which are not abelian called non-abelian or non-commutative
group.

Example3. Show that the set Z of integers (positive or negative including 0
with additive binary operation is an infinite abelian group.

Solution: Let us apply the group-axioms to all integers.

a) Closure property: Closure property is satisfied because the sum of any
two integers is an integer.

b) Associativity: The associative property is satisfied, because of
a, b, c are any three integers, then

(a+b)tc=a+(b+c)

c) Existence of identity: The axiom on identity is satisfied, because 0 is
the identity element in the set Z such that

d) Existence of inverse: The axiom on inverse is satisfied, because the
inverse of any integer a is the integer —a such that a + (—a) =
(—a) + a = 0 the identity element.

Department of Mathematics
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e) Commutativity: Since, we know thata+b =b +aVa,b € Z, the
commutative law is satisfied.
Also, the number of elements in Z is infinite.
Hence, the set Z is an infinite abelian group with additive binary
operation.

Example4. Show that the set (1,1, i, — i) is an abelian finite group of order
4 under multiplication.

Solution:

a) Closure property: Closure property is satisfied as
1(-1) —1,1.i=ii (=) = 1,1.(=i) = —ietc.
b) Associativity: Associative property is satisfied as
(L) () =1{)) = ,{1.0).(-1) = 1, {i(-1)}
= — [ etc.
c) Existence of identity: Axioms on identity is satisfied, 1 being the
multiplicative identity.
d) Existence of inverse. Axiom an inverse in satisfied since the inverse
of each element of the set exists
1l1l=e=1,(-1)(-1) = e = 1Li(-i) = e = 1,(=i) (i)
=e=1
e) Commutativity: The commutative law is also satisfied as
1(-D)=(-D.1,(-1)i = i(-1) etc.
Since, there are four elements in the given set, hence it is a group of
order 4.

Example5. Show that the set of all positive rational numbers forms an
abelian group under the composition defined by

_ (ab)

b
a * >

Solution: Let Q* denote the set of all positive rational numbers to show
(Q*,*) is agroup.

a) Closure property: For every a,b € Qﬂ% e Q"
= Q% is a closed under the compositionx.
b) Associativity: Leta,b,c € Q7, then

(@sb)sc= [(ab)Z/Z]-C _ a[(b;)/z] . (172_C> Cas(bro)

Department of Mathematics
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c) Existence of identity: An element e will be the identity element if

e € Qt and if
exa=a=ax*xeVa€Q"
(ea) a
= e*a—aT—a:(E)(e—Z)—O
= e=72

a€Qt=>a+#0
':2eQ+andwehaveZ*a=27a=a=a*2\7’aeQ+
= 2 is the identity element.

d) Existence of inverse: Let a € Q*, b is the inverse of a, then we

must have
bxa=e=2
ba 4
= Q:Z:bz—
2 a
4
= a€Qt :EEQ+

We have (4/ a) xa ={(4/a).a}/2 =2 =a*(4/a)
= 4/ aisthe inverse of a
= inverse of each element of Q7 exist.
e) Commutativity: Leta,b € Q*
ab _ ba

= a*b=7—7=b*a

Hence (Q*,) is an abelian group.

Example6. Show that the set Q of positive irrational does not form a group
with respect to multiplication.

Solution: Here va.va = aVa € Q, the set of rational numbers, so the set
of positive irrationals does not satisfy the closure property with respect to
multiplication.

Hence the set of positive irrationals does not form a group with respect to
multiplication.

1.5 FIELD: -

Let F be a non-empty set that has two binary operations, addition and
multiplication, represented by the symbols " + " and "." respectively. This
means that for everya,b € F, we havea+ b € Fanda.b € F. If the
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following conditions are satisfied, this algebraic structure (F,+,.) is
referred to as a field:
a) Addition is commutative i.e.
a+b=b+aVab€eF
b) Addition is associative i.e.
(a+b)+c=a+ (b +c)Va,b,c€F

c) 3 anelement 0 in F such that
a+0=avVa€eF
d) Toeachelement ain F 3 an element —a in F such that
a+(—a)=0
e) Multiplication is commutative i.e.
a.b=b.ava,b€eF
f) Multiplication is associative i.e.
(a.b).c = a.(b.c)Va,b,c € F
g) I anelement 1 in F such that
a.l=aVa€eF
h) To each element a in F 3 an element a™* in F such that
aa”l=1
i) Multiplication is distributive with respect to addition. i.e.
a.(b+c)=a.b+a.cVab,c€F
Example7. The set Q of all rational numbers is a field the addition and
multiplication of rational numbers being the two field compositions. The
rational number O is the zero element of this field and the rational number
1 is the unity of this field.

Example8. The set R of all real numbers is a field, the addition and
multiplication of real numbers being the two field compositions. Since Q c
R, therefore the field of rational numbers is a subfield of the field of rational
numbers.

Example9. The set C of all complex numbers is a field, the addition and
multiplication of complex numbers being the two field compositions.
Since R c C, therefore the field of real numbers is a subfield of the field of
complex numbers.

Example10. The set of numbers of the form a + bv2, with a and b as
rational numbers is a field. We can easily show that all the field postulates
are satisfied in this case.

1.6 VECTOR SPACE: -

Department of Mathematics
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Let (F,+,.) be a field. We will refer to the components of F as scalars.
Assume that IV is a non-empty set, whose elements will be called vectors. If
V' is a vector space over the field F, then
1. An internal composition known as the addition of vectors,
represented by the symbol “ +’, is defined in V. Moreover, V is an
abelian group for this composition, i.e.
a) a+BEVVapLEV.
b) a+pf=F+aVaBEeEV.
c) a+(B+y)=(a+B)+yVapByeV.
d) FJanelement0 € Vsuchthata+0=aVa eV
Where 0 is called zero vector.
e) To every vector a« € VV 3 avector — a € V such that
a+(—a)=0
2. Scalar multiplication is an external composition in V over F i.e.,
ax €EVVa€FandVa €V. To put it another way, V is closed
with respect to scalar multiplication.
3. The two compositions scalar multiplication and vector addition
fulfill the following requirements:
a) ale+pB)=aa+afVaeFandVa,feEV
b) (a+b)a=aa+baVabeFandVa eV
c) (ab)a =a(ba)Va,b€FandVa eV
d la=aVaeV
Where 1 is unity element of the field F.
When V is a vector space over the field F, we shall say that VV (F) is a vector
space.

Examplell. The vector space of all polynomials over a field F.
Solution: Let F[x] represent the set of all polynomials over a field F in an

indeterminate x. Then, F[x] is a vector space over the field F with respect
to the product of a polynomial by a constant polynomial (i.e., by an element
of F) as scalar multiplication and the addition of two polynomials as vector
addition. Let

f(x) =Ya;ixt = ag + ayx + ax? + azx® + -

g(x) = ¥hixt = by + byx + byx? + byx® + -
and h(x) = Yeixt = ¢y + c1x + cpx% + c3x3 + -
be an arbitrary member of F[x].

Equality of two polynomials: we define f(x) = g(x) ©a; =b; Vi =
0,1,2,3, ...

Addition Composition in F[x]: we define

Department of Mathematics
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fx) +g(x) = (ag + by) + (a; + by)x + (ap + by)x? + -
f)+ g(x) = Y(a; + by)x*

“ ag+ by,a; + by,a, + by, ... all are elements of F, therefore f(x) +
g(x) € F[x] and thus F[x] is closed with respect to addition of
polynomials.

Scalar multiplication in F[x]over F: If k is any scalar i.e., k € F, we
define

kf(x) = kay + (ka))x + (kay)x? + (kaz)x® + -
=Y (ka)) x",

Since kay, kaq, ka,, ... are all elements of F, therefore kf (x) € F[x] and
thus F[x] is closed with respect to scalar multiplication.

Now we shall show that F[x] is a vector space for these two compositions.

Commutativity of addition in F[x]: We have
fx)+gx) =(ag+ by) + (a; + by)x + (a, + by)x? + -+
= (by + ag) + (by + ay)x + (b, + a)x* + -+
[since addition in the field F is commutative]
=g(x) +f(x)
Associativity of addition in F[x]: We have
[f(x) + g()] + h(x) = X(a; + b)x' + Yeix'!
= Yl(a; + b) + ¢«
= Yla; + (b; + ¢)]x!
= Yaix' + X (b; + ¢)xt

=f() +g(x) +h(x)]
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Existence of additive identity in F[x]: Let 0 denote the zero polynomial
over the field F i.e.,

0=0+0x+0x%+0x3+--.Then0 € F[x]and 0 + f(x) = f(x).
= the zero polynomial O is the additive identity.

Existence of additive inverse of each member of F[x]: Let —f (x) be the
polynomial over the field F defined as

—f(x) = —ay + (—a))x + (—ay)x? + -
Then — f(x) € F[x]and we have — f(x) + f(x) =0
i.e., the zero polynomial.
~ —f(x) is the additive inverse of f(x).
Thus F[x] is an abelian group with respect to addition of poyoomials

Now for the operation of scalar multiplication we make the following
observations.

1. If kK €F,then

k[f(x) + g(x)] = k[(ay + by) + (a; + by)x + (ay + by)x? + -]
= k(ag + by) + k(a, + by)x + k(a, + by)x? + -+
= (kay + kby) + (ka;, + kby)x + (ka, + kby)x? + -+

= [kay + (kay)x + (kay)x? + (kaz)x3 + ---] + [kb,
+ (kby)x + (kby)x? + (kb3)x3 + -]

=k(ag+ a;x + ayx? + azx3+ ) + k(by + byx + byx?
+ byx® + )

=kf(x)+ kg(x).

2. Ifky, k, €F,then
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(k1 + ko) f(x)
= (ky + ky )ag + [(ky + kz)ag]x + [(ky + k; )ay]x?
+ [(ky + ky))ag]x® + -

= (k1a0 + k2 ao) + (k1a1 + kz al)x + (k1a2 + k2 az)xz + .-

= [k1ao + (kra)x + (kyax)x® + (kyaz)x® + -] + [kaao
+ (kpa))x + (kpaz)x? + (kpaz)x® + -]

= kl(ao + a1X + azxz + a3x3 + )
+ kz(ao + a1X + azxz + a3x3 + )

= kif(x) + k,f (x)

1. 3.Ifky, k, € F, then

(kiky ) f (x) = (kiky )ag + [(kiky dag]x + [(kiky )ay]x?
+ [(kiky )az]x® + -

= ki(ky ap) + kyi(ky a)x + ky(ky ay)x? + -+
= kq[k,ao + (kya)x + (kpay)x? + (kyasz)x3 + -]
= ky[kof (x)]

4. If 1 is the unity element of the field F, then
1£(x) = 1ay + (1a)x + (1ay)x? + (1az)x3 + -]
=ay + a;x + a,x? + azx3 + - = f(x).

Hence F[x] is a vector space over the field F.

Examplel2. Let VV be the set of all pairs (x,y) of real numbers, and let F
be the field of real numbers. Define
(1, y) + (2, y1) = (x +x1,0)
¢ (x,y) = (cx,0)
Is V, with these operations, a vector space over the field of real numbers?
Solution: A vector space will not be a vector space if any of its postulates

are not met. We will demonstrate that the identity element is absent for the
vector addition operation as described in this problem. Assume the identity
element for the vector addition operation is the ordered pair (x4, y;). Insuch
case, we should have
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(X;Y) + (x1;)’1) = (ny)Vny ER
= (x+x1i0)=(ny)Vny€R

But if y # 0, then we cannot have (x + x;,0) = (x,y). Thus there exists
no element (x,,y,) of V such that

(x,¥) + (x, 1) = (x,y)Vx,y €V

Therefore, the identity element does not exist and V is not a vector space
over the field R.

Examplel3. How many elements are there in the vector space of
polynomials of degree at most n in which the coefficients are the elements
of the field I (p) over the field I(p), p being a prime number?

Solution: The field I (p) is the field ({0,1,2,...,p — 1}, +,,X,). The
number of distinct elements in the field I (p) is p.

If f£(x) is a polynomial of degree at most n over the field I (p),then

f(x) =ag+ax+ a2x2 + a3x3 + - anxn

where ay, a4, a,, as, ..., a, € 1(p)

Now in the polynomial f(x), the coefficient of each of the n + 1 terms
Ao, A X, X2, azx3, ..., a,x™ can be filled in p ways because any of the
p elements of the field I (p) can be filled there.

Thus, we can have p X p X p X...upto (n + 1) times i.e., p"** dis-tinct
polynomials of degree at most n over the field I (p). Hence if P. is the
vector space of polynomials of degree at most n in which the coefficients
are the elements of the field I (p) over the field I (p), then B,. has
p™tldistinct elements.

1.7 PROPERTIES OF VECTOR SPACE:-

Theoreml. Let V(F) be a vector space and 0 be the zero vector of V.
Then

a) a0 =0Va€eF

b) O a =0Va eV

c) a(—a) = —(aa) Va€E F,Va €V

d) (-a)a =—-(aax) Va € F,Va eV

e) ala—B)=aax—afVa€eFand Va,B €V
) aa=0 2a=00ra=0

Proof:
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a) we have
a0 =a(0+0) [+0=0+0]
=a0+ a0l
0+ a0 =a0+al [+ a0 €Vand 0+ a0 = a0]

Since V is an abelian group with respect to addition. Therefore by right
cancellation law in V, we get

0=a0
b) We have
0a = (0 +0)a [+0=0+0]
= 0a + O«
0+ 0a =0a+ 0« [ 0a €Vand 0+ 0a = 0«

Since V is an abelian group with respect to addition. Therefore by right
cancellation law in V, we get

0 =0a

c) We have

ala + (—a)] = aa + a(—a)
= a0 = aa + a(—a)
= 0=aa+a(—a) [+ a0 = 0]
= a(—a)is the additive inverse of ax
= a(—a) = —(aa)
d) We have

[a+ (—a)]a = aa + (—a)a
= Oa =aa+ (—a)a
= 0=aa+ (—a)a [+ 0a = 0]
= (—a)a is the additive inverse of aa
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= (—a)a = —(aa)

e) We have
ala — B) = ala + (=p)] = aa + a(—p)
=aa + [-(ap)] [+ a(=pB) = —(ap)]

=aa —af
f) Let aa =0 and a # 0. Then a1 exists because a is a non-zero
element of F.
cac=0 2a(ar)=a 0> (a'a)a=0=1la=0=a

=0
Again let aa = 0 and a # 0.Then to prove that a = 0. Suppose a #
0. Then a~exists.
cae=0 2a(ar)=a0=> (a'a)a=0=1la=0=a
=0

Thus, we get contradiction that & must be a zero vector. Therefore, a must
be equal to zero. Hence

a#0andaa =0=>a=0
Theorem2: Let V(F) be a vector space. Then

a) If a,b € F and a is a non zero vector of I/, we have
ax =ba=a=>b

b) If a,f € V and a is a non zero element of F , we have
ac=af=>a=p

Proof:

a) We have aa = ba

= ae —ba =0

= (a=b)a=0

= a—b=0 va#0
= a=

b) We have aa = af

= ac—af =0

= aled —B)=0

= a—pf = va+0
= a=p
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1.8 SUMMARY:: -

In this unit we covered important algebraic structures that are essential to
both linear and abstract algebra in this course. Combining two members of
a set to create another element of the same set is known as a binary
operation. A set that possesses a binary operation satisfying closure,
associativity, identity, and invertibility is called a group. When two
operations (addition and multiplication) are defined and meet the field
axioms of commutativity, associativity, distributivity, identities, and
inverses for both operations, the structure is called a field. A vector space is
a collection of vectors formed over a field that supports vector addition and
scalar multiplication, following particular axioms. Additionally, we
investigated the generic characteristics of vector spaces, including
distributive laws, additive inverses, zero vector uniqueness, and scalar
multiplication. A vector space is a collection of vectors constructed over a
field that enables vector addition and scalar multiplication, satisfying
specified axioms. We also looked into the general properties of vector
spaces, such as scalar multiplication, distributive laws, additive inverses,
and zero vector uniqueness.

1.9 GLOSSARY: -

e Vector Space: A set of vectors along with two operations vector
addition and scalar multiplication that satisfies a set of axioms (like
associativity, distributivity, existence of a zero vector, etc.

e Vector: An element of a vector space. It can be represented as a
quantity having both magnitude and direction, but in algebra, it's
simply an ordered list of numbers or functions.

e Scalar: An element of the field over which the vector space is
defined. Scalars are used to multiply vectors (e.g., real numbers in
R»).

e Field: A set with two operations (addition and multiplication) where
every non-zero element has a multiplicative inverse. Examples: Real
numbers (R), Complex numbers (C).

e  Zero Vector: A unique vector in every vector space that, when
added to any other vector, leaves it unchanged. Denoted as 0.

e Vector Addition: An operation that combines two vectors to
produce a third vector, following the rules of component-wise
addition.

e Scalar Multiplication: The operation of multiplying a vector by a
scalar (from the field), scaling its magnitude.
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e Linear Combination: An expression formed by multiplying
vectors by scalars and adding the results.

e Norm: A function that assigns a length (magnitude) to each vector
in a vector space.

1.10 REFERENCES: -

e Gilbert Strang(2020), Linear Algebra for Everyone (2020).
e Nicholas A. (2024) , LoehrAdvanced Linear Algebra.
e (2017, Springer), Vector Spaces” — Beilina et al.

1.11 SUGGESTED READING: -

e AR. Vasishtha, J.N.Sharma and A.K. Vasishtha (52th Edition,
2022), Krishna Publication, Linear Algebra.
e K.P.Gupta (20" Edition,2019), Pragati Publication, Linear Algebra

1.12 TERMINAL QUESTIONS: -

(TQ-1) Show that the set Z of all integers form a group with respect to
binary operation * defined by

axb=a+b+1Vabe’Z
is an abelian group.
(TQ-2) Show that the complex field C is a vector space over the real
field R.

(TQ-3) Let V be the set of all pairs (x, y) of real numbers, and let F be the
field of real numbers. Define

() + (x1,y1) = By +y1,—x — x1)

c(x,y) = (3cy,—cx)
Is V, with these operations, a vector space over the field of real numbers?

(TQ-4) The set of all convergent sequences is a vector space over the field
of real numbers.

(TQ-5) Define a vector space. State and explain the axioms that must be
satisfied for a set to be a vector space.

(TQ-6) Show that the set Q of positive irrational does not form a group
with respect to multiplication.

(TQ-7) Show that the set (1,1,i, — i) is an abelian finite group of order 4
under multiplication.
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(TQ-8) Show that any two bases of a finite-dimensional vector space have
the same number of elements.

(TQ-9) Define a group. List and explain the four group axioms.
(TQ-10) Show that (Q, +) is a group but (Q,x) is not.
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UNIT 2:- Subspace

CONTENTS:
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2.8  Summary

2.9  Glossary

2.10 References

2.11  Suggested Reading

2.12  Terminal questions

2.13  Answers

2.1 INTRODUCTION:-

In this unit, we will study about the important concepts related to vector
subspaces and their properties. A vector subspace is a subset of a vector
space that is itself a vector space under the same operations. The algebra of
subspaces deals with operations like intersection and sum of subspaces. The
linear combination of vectors refers to forming new vectors by multiplying
given vectors with scalars and adding them. The set of all possible linear
combinations of a given set of vectors is called their linear span, which is
itself a subspace. Finally, the linear sum of two subspaces is the smallest
subspace containing both subspaces, formed by taking all possible sums of
vectors from each subspace. Subspaces are important for solving linear
equations, defining basis, and understanding vector space structure.

2.2 OBJECTIVES:-

After studying this unit, the learner’s will be able to

Define Vector Subspaces.

Define Linear combinations of vectors.

Define linear span.
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e Define linear sum of two subspaces.

2.3 VECTOR SUBSPACES: -

Let W < V and let V be a vector space over the field F. If W is a vector
space over F with respect to the operations of vector addition and scalar
multiplication in V, then W is referred to as a subspace of V.

Theoreml: The necessary and sufficient condition for a non-empty subset

W of a vector space V (F) to be a subspace of V is that W is closed under
vector addition and scalar multiplicationin V.

Proof: If W is a vector space over F with respect to scalar multiplication in
I and vector addition, then W must be closed with respect to these two
compositions. Therefore, the condition is necessary.

The condition is sufficient. Now assume that W is closed under vector
addition and scalar multiplication in V, and that W is a non-empty subset
of V.

Let « € W. If 1is the unity element of F, then —1 € F. Now W is closed
under scalar multiplication. Therefore

-1 €eF,aeW =>(-1Dae W= —(la) e W
= -aeW [vaeW=>a€eVand la =ainV].
Thus, the additive inverse of each element of W isalsoin W.
Now W is closed under vector addition.

Thereforea e W,—a €W = a+ (—a) € W = 0 € W where 0 is the
zero vector of I/.

A zero vector of V is also a zero vector of W. Vector addition will be
associative and commutative in W as the elements of V are also the
elements of W. Thus, in terms of vector addition, W is an abelian group.
Moreover, W is closed under scalar multiplication is known. Since W is a
subset of I/, the other postulates of a vector space will also hold in W.
For these two compositions, W itself becomes a vector space.

Theorem2: The necessary and sufficient conditions for a non-empty subset
W of a vector space V (F) to be a subspace of V are

a) aeW,LeEW =a+BeW
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b) a€e F,aeW=axeW

Proof: The conditions are necessary: W is an abelian group with respect
to vector addition if it isa subspace of V. Consequently, c e W, e W =
a+ B € W. Also, under scalar multiplication, W must be closed. As a
result, condition (b) is also necessary.

The conditions are sufficient: Now suppose W is a non-empty subset of
satisfying the two given conditions. From condition (a) we have

aeW,—aeW s>a—aeW

Thus, the zero vector of V belongs to W and it will also be the zero vector
of W.

Now OeW,a e W=20—aeW=—-aeW.
Thus, the additive inverse of each element of W isalsoin I.
Again a€EW,BEW = —aceW,-LEW

= a—(—-B)eW,>a+peW

Thus W is closed with respect to vector addition.

Vector addition will be both commutative and associative in W as the
components of W are also the elements of V. Therefore, under vector
addition, W is an abelian group. W is closed under scalar multiplication as
well, according to condition (b). Since W is a subset of V', the other
postulates of a vector space will also hold in W. W is therefore a subspace
of V.

Theorem3: The necessary and sufficient condition for a non-empty subset
W of a vector space V (F) to be a subspace of V is

a,b€ Fanda,B € W = aa+bBeEW

Proof: The condition is necessary. If W is a subspace of V, then W must
be closed under scalar multiplication and vector addition. Therefore

a€EF,aeW=>aax€eW
and beF,LEW =>bLeEW
Now ac e W,bpEW =aa+bBeW

Hence the condition is necessary.
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The condition is sufficient. Now suppose W is a non-empty subset of
satisfying the given condition i.e.,

a,b € Fanda,f € W = aa+bf eW

Takinga=1,b =1, we see that ifa,f € W, thenla+ 18 €W = a +
BeEW

[vaeW=>a€eVand la =a inV]

Thus W is closed under vector addition.
Now taking a = —1,b = 0, we see that if « € W then

(-)a+0ae W [In place of § we have taken «]
= —(la)+0eW =>—aeW
Thus, the additive inverse of each element of W is also in W.
Takinga = 0,b = 0, we see that if « € W then

Oa+0aeW=0+0eW=0eW
Thus, the zero vector of belongs to W. It will also be the zero vector of .

Since the elements of W are also the elements, of V', therefore vector
addition will be associative as well as commutative in V. Thus W is an
abelian group with respect to vector addition.

Now taking § = 0, we see that if a,b € Fand € W, then

ax+b0 e Wi.e.,ax +0€ Wi.e.,ax € W.

Thus W is closed under scalar multiplication. The remaining postulates of
a vector space will hold in W since they hold in V of which W is a subset.
Hence W (F) is a subspace of V (F).

Theorem4: A non-empty subset W of a vector space V (F) is a subspace
of VV if and only if for each pair of vectors a, § in W and each scalar a in F
the vector aa + B isagainin W.
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Proof: The condition is necessary: W must to be closed with respect to
both vector addition and scalar multiplication if W is a subset of V.
Therefore, a€F,a,feEW=>axeW

furthermore, ac EW,LEW aa+LEW
Thus, the condition is necessary.

The condition is sufficient: W is a non-empty subset of V, and a €
F,a,f €W = aa + B € W is given. We are to prove that W is a subspace
of .

() Since W is non-empty, therefore there is at least one vector in W,
say y. Now 1 € F = —1 € F . Therefore taking a = —1,a =
v, B =y, we get from the given condition that

(-Dy+y=—-Ay)+y=—-y+y=0isinW

(i) Now let a € F,a € W, Since 0 is in W, therefore taking § = 0 in

the given condition, we get
ac +0=aaisinW

Thus W is closed with respect to scalar multiplication.

(ilf)  Leta € W. Since —1 € F and W is closed with respect to scalar
multiplication, therefore,

(-Da = —(1la) = —aisinW.

(ivy WehaveleF. Ifa,feW, thenla+f =a+ . Thus W is

closed with respect to vector addition.

The remaining postulates of a vector space will hold in W since they hold
in of which W is a subset.

Hence W is a subspace of V.

Examplel: The set W of ordered triads (a,, a,, 0) , where a;,a, € Fis a
subspace of V5 (F).

Solution: Let a = (ay,a,,0) and g = (b4, by, 0) be any two elements of
W.Then a4, a,, by, b, € F If a, b be any two elements of F, we have

aa + bp = a(ay, a,, 0) + b(by, by, 0) = (aay,aay,0) + (bby, bby,0) =
(aay + bby,aa, +bby) €W

Since aa, + bby, aa, + bb, € F and the last co-ordinate of this triad is
zero.
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Hence W is a subspace of V5 (F).

Example2: Let VV be the vector space ofall polynomials in an indeterminate
x over a field F. Let W be a subset of VV consisting of all polynomials of
degree < n. Then W isa subspace of V.

Solution: Let aand  be any two elements of W . Then «,f are
polynomials over F of degree < n. If a, b are any two elements of F, then
aa + bp will also be a polynomial of degree < n. Therefore aa + bj €
W Hence W is a subspace of V.

Example3: If a,, a,, a; are fixed elements of a field F, then the set W of
all ordered triads (x4, x,, x3) of elements of F, such that

a1x1 + azxz + a3X3 = 0
is a subspace of V; (F).

Solution: Let a = (xq,x5,x3) and B = (1, Y2, ¥3) be any two elements
of W.Then x4, x4, x3,y1, V2, Y3 are elements of F and are such that

a;xq +azx, +azxz3 =0 - (D)
and ay; +ay, +azy; =0 - (2)
If a,b € F, we have
aa + bp = a(xy,x3,x3) + b(y1,¥2,¥3)
= (axy, axy, axz) + (byy, by,, bys)
= (ax, + by,, ax, + by,,ax; + bys)
Now a, (ax; + by,) + a,(ax, + by,) + az(ax; + bys)
= a(a;xq + axx; + azx3) + (a1 + a2y, + azys)
=a0+b0=0
~aa + bp = (ax, + by,,ax, + by,,axs + by;) € W
Hence W is a subspace of V5 (F).

Example4: Prove that the set of all solutions (a, b, ¢) of the equation a +
b + 2c = 0isa subspace of the vector space V5(R).
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Solution: Let W = {(a,b,c):a,b,c ERanda + b + 2c = 0}
To prove that W is a subspace of V5(R) or R3.
Let a = (aq, by, ¢;1) and B = (ay, by, c;) be any two elements of W. Then
a; +b;+2c; = 0and a, + b, +2¢, = 0
If a, b be any two elements of R, we have
aa + bp = alay, by, cq) + b(ay, by, cy)
= (aay, aby, acy) + (bay, bb,, be,)
= (aay, + ba,, ab; + bb,,ac; + bcy)
Now (aa, + ba,) + (ab; + bby) + 2(acy, + bcy)
= a(a; + by + 2¢;) + b(a, + b, + 2¢,)
=a0+b0=0
aa + bB = (aa, + ba,, ab; + bby,acy + bc,) €W
Thusa,B € Wand a,b ER > aa +bB EW

Hence W is a subspace of V5 (R).

2.4 ALGEBRA OF SUBSPACES: -

Theorem5: The intersection of any two subspaces W, and W, of vector
space V (F) is also a subspace of V(F).

Proof: - 0 € W,; and W, both therefore W; n W, is not empty.

Let a,BEW, n W,and a,b € F
Now aeW, N W, =>a€Wand a €W,
and BeEW, n W, =B e€Wand B €W,

+ W is a subspace, therefore
abeFanda, f EW, = aa+bL EW;

Similarly a,b € Fand a,f €W, = aa + b € W,
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Now aa + bp € Wyand aa + b € W, = aa +bB EW; N W,
Thusa,b e Fand a,B €W, N W, > aa +bL W, N W,
Hence W; n W, isa subspace of V(F).

Theorem6: The union of two subspaces is a subspace if and only if one is
contained in the other.

Proof: Suppose W, and W, are two subspaces of a vector space V.

Let Wl c W2 or WZ c W1 . Then Wl U W2 = W2 or Wl . BUt Wll W2 are
subspaces and therefore, W; U W, is also a subspace.

Conversely, suppose W, U W, is a subspace.
To prove that W, € W, or W, € W;.

Let us assume that W, is not a subset of W, and W, is also not a subset
of W;.

Now that W, is not a subset of W? = 3a € W, and a & W, . (D
and W, isnotasubsetof W, = 3B e W, and B & W, ..(2)
From (1) and (2), we have

a €W, UW,and B € W; UW,
Since W; U W, is a subspace, therefore a + g isalso in W; U W,
Buta+peW,UW, = a+ p € WyorW,.

Suppose a + B € W;. Since a € Wyand W is a subspace, therefore (a +
B)—a=pLisinW;.

But from (2), we have B & W, . Thus, we get a contradiction. Again,
suppose that a + f € W,. Since g € W, and W, is a sub-space, therefore
(a+ pB)—pB = aisinW,. But from (1), we have a & W,. Thus, here also
we get a contradiction. Hence either W; € W, or W, € W;.

Theorem7: Arbitrary intersection of subspaces i.e., the inner section of any
family of subspaces of a vector space is a subspace.
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Proof: Let V(F) be a vector space and let {W;:t € T} be any family of
subspaces V. Here T is an index set and is such that Vvt € T,W, is a
subspace of I/,

Let U=nWt={x€WtVtET}
teT

be the intersection of this family of subspaces of V. Then to prove that U is
also a subspace of V.

Obviously U # ¢ , since at least the zero vector 0 of V isin W,Vt € T
Now leta,b € F and a, § be any two elements of ﬂ W,

teT
Thena, B € W,Vt € T. Since each W, is a subspace of V, therefore aa +

bR EW,VtET.

Thus aa + b € ﬂ W,

teT

Thusa,bEFanda,,BEﬂWt=>aa+bﬂ€ﬂWt

teT teT

Hence ﬂ W, is a subspace of V (F).

teT

2.5 LINEAR COMBINATION OF VECTORS: -

Let V(F) be a vector space. If a1, @y, ..., ay € V, then any vector
a=aa;+aa, +--+a,a, aq,a;,...,a, EF

is called a linear combination of vectors a4, @5, ..., a,.

2.6 LINEAR SPAN: -

Let V(F) be a vector space and S be any non-empty subset of V. Then the
linear span of S is the set of all linear combinations of finite sets of elements
of S and is denoted by L(S).
L(S) ={a1a; + a,a, + -+ a,a,; aq, Ay, ..., Ay

is any arbitrary finite subset of S and a4, a,, ..., a,
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is any arbitrary finite subset of F}

Theorem8: The linear span L(S) of any subset S of a vector space V(F)
is a subspace of V generated by S i.e.

L(S) = {5}
Proof: Let a, 8 be any two elements ofL(S). Then
Then a=aa,+aa, + - +ayan,
and B =bif1 + bafy + -+ byfy

Where the a's and b's are elements of F and the a's and B's are elements
of S.

If a, b be any two elements of F, then

aa + bB = ala;a; + aya, + -+ + apay)
+ b(bl,Bl + b2.82 +-t+ bnﬁn)

= a(ayay) + a(a,a;) + -+ + a(ayam) + b(b1f1) + b(b2B;)

+ o+ b(bnfn)
= (aay)a; + (aaz)ay + -+ (aay)a, + (bby)B; + (bby)f,
+ -+ + (bby) By

Thus aa + b has been expressed as a linear combination of a finite
set @y, ay, ..., Am, B1, B2, -, fr Of the elements of S. Consequently aa +
bB € L(S).

Thus a,b € F and a,f € L(S) = aax + bf € L(S) . Hence L(S) is a
subspace of V (F).

Also each element of S belongs to L(S), because if a,. € L(S), then a, =
la, and this implies thata,. € L(S). Thus L(S) is a subspace of V and S is
contained in L(S).

Now if W is any subspace of IV containing S, then each element of L(S)
must be in W because W is to be closed under vector addition and scalar
multiplication. Therefore L(S) will be contained in W.

Hence L(S) = {S}i.e., L(S) is the smallest subspace of V containing S.
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Example5. The subset containing a single element (1,0,0) of the vector
space V5 (F) generates the subspace which is the totality of the elements of
the form (a, 0, 0).

Example6. The subset {(1, 0, 0), (0, 1, 0)} of V5 (F) generates the subspace
which is the totality of the elements of the form (a, b, 0).

Example7. The subset S ={(1,0,0),(0,1,0),(0,0,1)} of V5(F)
generates or spans the entire vector space V;(F) i.e., L(S) = V.
If (a, b, ¢) be any element of V, then
(a,b,c)=a(1,0,0) +b(0,1,0)+c (0,0,1)
Thus (a,b,c) € L(S).HenceV € L(S).AlsoL(S) € V.
Hence L (§) = V.

Example8. Let V be the vector space of all polynomials over the field F.
Let S be the subset of V consisting of the polynomials f, f1, f>, ... defined
by £, =x"n=0,1,2,...... ThenV =L (95).

2.7 LINEAR SUM OF TWO SUBSPACES:-

Let V (F) be a vector space with two subspaces, W;and W,. W; + W,
which represents the linear sum of the subspaces W;and W,, is the set of
all sumsa; + a, suchthat a; € W; and a, € W,,

W, +W, ={a, + ay;a, € W;,a, € W, }

Theorem9: If W, and W, are subspaces of vector space V(F), then

a) W; + W, is subspace of V(F).
b) Wl + W2 = {Wl U Wz}leL(Wl U Wz} = Wl + WZ

Proof: a) Let a, B be any two elements of Wyand W,. Then ¢ = a; + «,
and g = f; + B, where a;, 5, € W; and a,, 8, € W;,. Ifa, b € F, we have

aa + bp = alay + ay) + b(By + B2)
= (aay + bp;) + (aaz + bpBy)
+ W isa subspace of V, therefore a, b € F and
a, b1 EW; = aay +bp EW;
Similarly, a,, B, EW, = aa, + bp, €W,
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Thusa,b e Fanda,f e W, + W, = aa + b e W; + W,

Hence W, + W, is a subspace of V (F).

b) - W, contains the zero vector, therefore if a; € W, then we can write
a,=a;+0€EW;, + W,

ThusW, c W, + W,

Similarly, W, € W, + W,

Hence W, U W, € W, + W,

Therefore W, + W, is a subspace of V (F) containig; U W,.

Now to prove that W, + W, = {W, U W,} we should prove that W, +
W, € L(W; UW,) andL(W, U W,) € W, + W,.

Let « = a; + (; be any element of W, + W,. Thena; € W, and 5, € W,.
Therefore a4, f; € W; U W,. We can write

a, +p; =1a; + 16,

Thus a; + B; isa linear combination of a finite number of elementsa,, 5; €
W, UW,.

Therefore ay, f1 € L(W; UW,).
W, +W, € L(W, UIW,)

Also L(W; U W,) is the smallest subspace containing W, + W,and W; +
W, is a subspace containing W; U W, . Therefore L(W; U W,) must be
contained in W; + W,. Consequently

LW, UW,) S W, + W,.
Hence W, + W, = L(W; U W,) = {W; UW,}.
Example9. If S, T are subset of V(F), then

a) SCT=L(S)CL(T)
b) LSUT) = L(S) + L(T)
C) SisasubspaceofV & L(S)=S
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d) L(L(S)) = L(S)

Solution: a) Let a=aqa;+aa,+ +aya, €L(S) where
{ay, ay, ..., ay} is a finite subset of S. + § € T, therefore {ay, ay, ..., @y } IS
also a finite subset of T. So a € L(T).

Thus a € L(S) = a € L(T)
~ L(S) € L(T)
b) Let @ € L(SUT), then
a=aya; +aza; + -+ @y + b1y + by + -+ byfy

Where {a, ay, ..., @, B1, B2, -, Pp}is a finite subset of S U T such that

{ay, ay, ..., am} S Sand { By, By, ... By} S T
Now a;a; + aya, + -+ + apa,, € L(S)
And by + byf; + -+ + by, € L(T)
Therefore a € L(S) + L(T)

Hence L(B) < L(S) + L(T)

Let y be any element of L(S) + L(T). Then,y = + &, where § € L(S)
and § € L(T). A linear combination of a finite number of elements from S
will now be represented by £, while a linear combination of a limited
number of elements from T will be represented by &§. Consequently, a linear
combination of a finite number of S U T elementswillbe 8 + § € L(SUT)
Thus,

L(S)+ L(T) S L(SUT)

Hence L(SUT) = L(S) + L(T)

c) Suppose S isa subspace of V. Then we are to prove that L (S) = S.
Let a€L(S) . Then a=aa+a,a,++a,a, where
a,,ay,..,a, € F and a,a,,...,a, €S. But S is a subspace of /.
Therefore, it is closed with respect to scalar multiplication and vector
addition. Hence a = a1y + aya, + -+ a,a, € S. Thus
a€L(S) >a€S
Therefore L(S) € S. Also S € L(S). Therefore L(S) = S.
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Converse: Suppose L(S) = S. Then to prove that S isa sub-space of V.
We know that L(S) is a subspace of V. Since S = L(S), therefore S is
also a subspace of V.

d) L(L(S)) is the smallest subspace of V containing L(S). But L(S) is a
subspace of V. Therefore, the smallest subspace of V containing
L(S) is L(S) itself. Hence L(L(S)) = L(S).

2.8 SUMMARY::-

The basic ideas of vector spaces have been covered in this section, with an
emphasis on vector subspaces and their properties. We looked at operations
like intersection and sum of subspaces, which are part of the algebra of
subspaces. Additionally, we studied linear vector combinations and how
they serve as the foundation for the idea of linear span, which denotes the
smallest subspace that contains a specific collection of vectors. Last but not
least, we looked at the linear sum of two subspaces, which is the set of all
possible vector sums extracted from each subspace. When combined, these
ideas offer a more thorough comprehension of the composition and
functions of vector spaces.

2.9 GLOSSARY: -

e Vector Subspace — A subset of a vector space that is itself a vector
space under the same operations of vector addition and scalar
multiplication.

e Zero Subspace — The smallest subspace of any vector space
consisting only of the zero vector.

e Proper Subspace — A subspace that is strictly smaller than the
entire vector space (i.e., not equal to the whole space).

e Algebra of Subspaces — The study of operations on subspaces, such
as their intersection and sum.

e Intersection of Subspaces — The set of all vectors that belong to
both subspaces; always forms a subspace.

e Linear Combination — An expression formed by multiplying
vectors with scalars and adding them together.

e Linear Span (or Span) — The set of all linear combinations of a
given set of vectors; it is the smallest subspace containing those
vectors.

e Linear Independence in Subspaces — A set of vectors in a
subspace is linearly independent if none of them can be expressed
as a linear combination of the others.

e Basisof a Subspace — A minimal set of linearly independent vectors
that spans the subspace.
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e Dimension of a Subspace — The number of vectors in a basis of the
subspace; it measures the "size" or "degrees of freedom™ of the
subspace.

e Linear Sum of Subspaces — The set of all possible sums of a vector
from one subspace and a vector from another; denoted as U+WU +
WU+W.

e Direct Sum of Subspaces — A special case of linear sum where each
element of the sum can be written uniquely as a sum of vectors from
the two subspaces.

2.10 REFERENCES: -

e Anton, H., & Rorres, C. (2013). Elementary Linear Algebra:
Applications Version (11th ed.). Wiley.

e Axler, S. (2015). Linear Algebra Done Right (3rd ed.). Springer.

e Lay,D.C,, Lay, S.R., & McDonald, J. J. (2015). Linear Algebra
and Its Applications (5th ed.). Pearson.

e Friedberg, S. H., Insel, A. J., & Spence, L. (2019). Linear Algebra
(5th ed.). Pearson.

2.11 SUGGESTED READING: -

e A.R. Vasishtha, J.N.Sharma and A.K. Vasishtha (52th Edition,
2022), Krishna Publication, Linear Algebra.
e K.P.Gupta (20t Edition,2019), Pragati Publication, Linear Algebra

2.12 TERMINAL QUESTIONS: -

(TQ-1) Let V be the set of all pairs (x, y) of real numbers and let F be
the field of real numbers. Examine in each of the following cases whether
V is a vector space over the fielf of real no. or not?
a) (x,y)+(pny) =0O+x,y+y1)
c(x+y) = (lclx, Icly)
b) (oy)+ (x,y1) = (x+x,y+y1)
c(x+y) =(0,cy)
c) (oy)+(xpy) =0 +x,y+y1)
c(x +y) = (c%x,c?y)
(TQ-2) Show that the convergent sequences are a vector space over the
field of real numbers.
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(TQ-3) Show that the set Wof the elements of the vector space V5(R) of

the form (x + 2y,y, —x + 3y); x, ¥ € R isa subspace of V3(R).

(TQ-4) Show that the intersection of any collection of subspaces of a
vector space is a subspace. Can you replace ‘intersection’ by Unton' in this
proposition?

(TQ-5) Define a vector subspace. State the conditions for a subset of a
vector space to be a subspace.

(TQ-6) What is the zero subspace? Give an example.

(TQ-7) Explain the difference between a proper subspace and the whole
vector space.

(TQ-8) What is the linear span of a set of vectors? Why is it always a
subspace?

(TQ-9) Define the linear sum of two subspaces. How is it different from
the direct sum?

(TQ-10) Show that the set of all polynomials of degree at most nnn forms
a subspace of the vector space of all polynomials.

(TQ-11) Prove that the intersection of two subspaces is also a subspace.

(TQ-12) Show that the union of two subspaces is not necessarily a
subspace. Give an example.

(TQ-13) Prove that every subspace of Rn\mathbb{R}”nRn contains the
zero vector.

(TQ-14) Show that the set of all solutions to a homogeneous linear system
forms a subspace.

(TQ-15) Prove that the span of a set of vectors is the smallest subspace
containing them.
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UNIT 3: Linear Dependence and Linear
Independence

CONTENTS:

3.1 Introduction

3.2 Objectives

3.3 Linear Dependence
3.4  Linear Independence
3.5 Summary

3.6  Glossary

3.7  References

3.8 Suggested Reading
3.9  Terminal questions

3.1 INTRODUCTION: -

In linear algebra, the concepts of linear independence and linear
dependence describe the relationship among a set of vectors in a vector
space. A set of vectors is said to be linearly independent if no vector in the
set can be expressed as a linear combination of the others.

On the other hand, a set of vectors is linearly dependent if at least one of the
vectors can be expressed as a linear combination of the others. In such a
case, the above equation admits a non-trivial solution, meaning that some
coefficients are not zero. Linear dependence implies redundancy, as one or
more vectors do not add any new dimension to the span of the set.

These concepts are fundamental in determining the basis of a vector space,
since a basis must consist of linearly independent vectors. Moreover, they
are directly related to the idea of dimension, which counts the maximum
number of linearly independent vectors in a space. Thus, the study of linear
independence and dependence is essential for understanding vector spaces,
solving systems of linear equations, and analyzing linear transformations.

3.2 OBJECTIVES: -

After studying this unit, the learner’s will be able to

e Define linear dependence.
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e Define linear independence.
e Proof theorems related to linear independence and linear
dependence.

3.3 LINEAR DEPENDENCE: -

Let V (F) be a vector space. A finite set {a;, a,, ..., a,} Of vectors of V is
said to be linearly dependent if there exists scalars a4, a,, ..., a,, € F not all
of them 0 such that

a|aq + a,a, + -+ a,a, = 0

3.4 LINEAR INDEPENDENCE: -

Let V (F) be a vector space. A finite set {a,, @,, ..., a,} of vectors of V is
said to be linearly independent if every relation of the form

a,a +aa, +-+a,a, =00, EF,1<i<n
= a;=0foreachl1<i<n

If all of the finite subsets of an infinite set of vectors of V are linearly
independent, then the set is said to be linearly independent, if not, it is
known as linear dependent.

Theoreml: Let V(F) be a vector space. If a,,,, ..., a, are non-zero
vectors in IV then either they are linearly independent or some a;,2 < k <
n, is a linear combination of the preceding ones a;, a,, ..., j—1.

Proof: We don't need to prove anything if ay,a,,...,a, are linearly

independent. Let us assume that a,, a5, ..., @, are linearly dependent. Then,
a relation of the form exists.

a,a; +aa, +--+a,a, =0 (1)

The scalar coefficients a4, @5, ..., a, are not all zero. Assume that a; #
0 for k is the greatest integer, i.e.ay,; = 0,a;4, =0, ...,a, = 0. This
assumption is safe since, at most, if a; # 0 then k = n.

Also 2<k . Because if a,=0,a3=0,..,a,=0 then aa, =
0 and a; # 0 = a, = 0. This contradicts the fact that not all the a’s are 0.
Now equation (1) reduces to
a1 +aa, ++a,a, =0; a, #0
A = —A101 — A0y — " — Ap_10k—1
ar Hagay) = a "M (—a 0 — Q0 =+ — Qo1 A1)
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ar = (—ax'a)ay + (—ayra)ay + o+ (—ag T agoq ) ag—y
Thusay, is a linear combination of its preceding vectors.

Theorem2: The set of non-zero vectors a4, @y, ..., @, 0f V(F) is linearly
dependent if some as, ai,2 <k <n,, is a linear combination of the
preceding ones.
Proof: If some a;, 2 < k < n, isa linear combination of the preceding ones
aq, Ay, ..., A_q then there exists scalars a4, a,, ..., a;_, such that

ap =a.aq +aa, + -+ ap_ 10,1
= lay —aia1 —aay — - — ap_10_1 =0
= the set (a4, @y, ..., ) is linearly dependent.
Hence the set {a,, a5, ..., a, }of which {a,, a5, ..., a;} is a subset, must be
linearly dependent.

Theorem3: If in a vector space V (F), a vector S is a linear combination of
the set of vectors a4, @y, ..., a,, then the set of vectors 8, a;, @y, ..., a, iS
linearly dependent.
Proof: Since B is a linear combination of a4, a,, ..., a,,, therefore there exist
scalars a4, a,, ..., a,, such that

B =a,a; +a,a, ++ a,a,
= 18 — a1 —aya, — - —ay,a, =0 (1)

In equation (1) the scalar coefficient of g is 1 which is # 0. Hence from
equation (1) not all the scalar coefficients are 0. Therefore the set
B,a;, as, ..., ay is linearly dependent.

Theorem4: Let S be a linearly independent subset of a vector Space V.
Suppose S is a vector in V which is not in the subspace spanned by S. Then
the set obtained by adjoining g to S is lincarly independent.
Proof: Let a,, a5, ..., a, are vectors in S and let

c1aq + cpap + -+, + b =0 (1)

Then b must be zero, for otherwise

C C C
= () (Dt ()

And consequently B is in the subspace spanned by S which is a
contradiction.
Putting b = 0 in equation (1), we get

c101 + a5 + -+ Ccpa, =0
= ¢ =0¢=0,..,¢,=0
Because the set {4, a5, ..., @,,} is linearly independent since it is a subset
of a linearly independent set S.
Thus equation (1) implies

c=0¢=0,.,¢,=0,b=0
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Therefore, the set {ay, a, ..., @, B} is linearly independent. If S’ is the set
obtained by adjoining S to S, then we have proved that every finite subset
of §" is linearly independent.

Examplel: Prove that if two vectors are linearly dependent then one of
them is a scalar multiple of the other.
Solution: Let «, 8 be two linearly dependent vectors of the vector space
V(F). Then a, b € F(where a, b not both zero), such that
aa + b =0
If a # 0 then we get
aa = —bf

b
= a= (— E) B = ais a scalar multiple of £.

If b # 0 then we get
bf = —aa

a
= p = (— E) a = Pis a scalar multiple of a.

Thus one of the vectors a and B is a scalar multiple of the other.

Example2: In the vector space V;,(F), the system of n vectors
e; = (1,0,0,...,0),e, = (0,1,0, ...,0), ..., e,, = (0,0,0, ...,0,1)
Is linearly independent where 1 denotes the unity of the field F.
Solution: Let a4, a,, ..., a, be any scalars, then
a,eq +aze, +--+aze, =0

= a,(1,0,0,...,0) + a,(0,1,0, ...,0) + --- + a,,(0,0,0, ...,0,1) = 0
= (ay,a,, ...,a,) = (0,0, ...,0)
= a; =0,a,=0,..,a,=0

Therefore the given set of n vectors is linearly independent.
In particular {(1,0,0), (0,1,0),(00,1)} is a linearly independent subset of
V3(F)

Example3: Every superset of a linearly dependent set of vectors is linearly
dependent.
Solution: Let S = {a,, a,, ..., a, } be a linearly dependent set of vectors.
Then 3 scalars a4, a,, ..., a, not all zero such that
a,a; + aa, +--+a,a, =0 .. (1)

Now let S" = {a,y, ay, ..., ay, B1, B2, -, P} b€ @ superset of S. Then from
equation (1)

a,a, + a,a, + -+ a,a, + 06, + 06, +--+ 06, =0 - (2)
Since from equation (2) the scalar coefficients are not all zero, therefore S’
is linearly dependent.

Exampled: A system consisting of a single non-zero vector is always
linearly independent.
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Solution: Let S = {a} be a subset of a vector space V and let @ # 0. If a is
any scalar, then
ae =0
= a=0
Hence the set S is linearly independent.

Example5: Show that
S ={1,2,4),(1,0,0),(0,1,0),(0,0,1)}

is a linearly independent subset of V;(R)where R is the field of real
numbers.
Solution: We have

1(1,2,4) + (—1)(1,0,0) + (—2)(0,1,0) + (—4)(0,0,1)

=(1,2,4) + (—1,0,0) + (0,—2,0) + (0,0, —4)

= (0,0,0)i, e. zero vector
Since in the above relation the scalar coefficients 1,—1,—2, —4 are not all
zero, therefore the given S is linearly independent.

Example6: If F is the field of real numbers, prove that the vectors
(aq,a,) and (by, by) in V,(F) are linearly dependent iff
a,b, —a,b; =0

Solution: Letx,y € F. Then

x(ay, az) + y(by, by) = (0,0)
= (xa, + yby,xa, + yb,) = (0,0)
Therefore xa, + yb; = 0 and xa, + yb, =0
The necessary and sufficient condition for these equations to possess a non-
zero solution is that

a by | _
a, b, =0
i.e. a,b, —a,b; =0

Hence the given system is linearly dependent iff
a1b2 - azbl = 0

Example7: If a;and a, are vectors of V(F), a,b € F, show that the set
{a,, ay, aa; + ba, } is linearly independent.
Solution: We have

(—a)a; + (=b)a, + 1(aa, + ba,)

=(—a+a)a; + (b + b)a,

= 0a; + 0a, = 0i.e.zero vector
Whatever may be the scalars (—a) and (—b) = 1 # 0, therefore the given
set of vectors is linearly dependent.

Example8: If a, B,y are linearly dependent vectors of V(F) where F is
any subfield of the field of complex numbers then so also are a + 3,8 +

Y,V +«a.
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Solution: Let a, b, ¢ be scalars such that
a(a+pB)+b(B+y)+c(y+a)=0
i.e. (a+c)a+(a+b)B+(b+c)y=0 (D
But «, B,y are linearly independent. Therefore (1) implies
a+0b+c=0
a+b+0c=0
Oa+b+c=0
The coefficient matrix A of these equations is
101
A=111 0]

011
We have rank 4 = 3 i.e., the number of unknowns a, b, c.

Therefore a = 0,b = 0, c = 0 is the only solution of the given equations.
Hence a + 3,8 + v,y + a are also linearly independent.

Example9: Show that the set {1,x, 1 + x + x?} is a linearly independent set

of vectors in the vector space of all polynomials over the real number field.

Solution: Let a, b, ¢ be scalars (real numbers) such that
a(1)+bx+c(1+x+x*)=0.

We have

a(D)+bx+c(l+x+x?)=0
= (a+c)+(b+c)x+cx?2=0
= a+c=0b+c=0,c=0
= c=0,b=0,a=0

Therefore the vectors 1,x,1 + x + x* are linearly independent over the
field of real numbers.

Examplel0: Show that the vectors (1,1, 0,0),(0,1,—1,0),(0,0,0,3) in
R* are linearly independent.
Solution: Let a, b, ¢ be scalars i.e., real numbers such that

a(1,1,0,0) + b(0,1,—-1,0) + ¢ (0,0,0,3) = (0,0,0,0) .. (1)
Then a+ 0b+0c=0
a+b+0c=0
Oa — b+ 0c=0

Oa+0b+3c=0

The only solution of the above equationsisa =0,b =0c =0

Thus the linear relation (1) among the three given vectors is possible only
ifa=0b=0,c=0

Hence the three given vectors in R* are linearly independent.

3.5 SUMMARY: -
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In this unit we have examined the ideas of linear dependency and linear
independence in this unit. A group of vectors is said to be linearly dependent
if at least one of them exhibits redundancy among the others and can be
written as a linear combination of the others. A set of vectors is said to be
linearly independent if no vector can be expressed as such a combination,
indicating that each vector makes a distinct contribution to the span. These
principles are essential to comprehending vector space structure because
they give rise to the concepts of dimension and basis.

3.6 GLOSSARY: -

e Linear Combination — An expression formed by multiplying
vectors with scalars and adding them together.

e Linearly Dependent Set — A set of vectors is linearly dependent if
at least one vector can be expressed as a linear combination of the
others, or equivalently, if there exist scalars (not all zero) such that
their linear combination equals the zero vector.

e Linearly Independent Set — A set of vectors is linearly independent
if the only solution to their linear combination equaling the zero
vector is when all the scalars are zero.

e Trivial Linear Combination — The combination of vectors where
all scalar coefficients are zero, giving the zero vector.

e Non-trivial Linear Combination — A linear combination where at
least one scalar is non-zero; if this equals the zero vector, it indicates
dependence.

e Dimension — The number of vectors in a basis of a vector space;
represents the maximum number of linearly independent vectors in
the space.

e Span of a Set — The collection of all linear combinations of a given
set of vectors; forms a subspace.

e Redundancy in Vectors — Occurs when a set of vectors is linearly
dependent, meaning at least one vector does not add a new
“direction” to the span.

e Unique Representation — A property of linearly independent
vectors, where each vector in the span can be written uniquely as a
linear combination of the basis vectors.

3.7 REFERENCES: -

e Lay D.C, Lay, S. R., & McDonald, J. J. (2015). Linear Algebra
and Its Applications (5th ed.). Pearson.
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e Friedberg, S. H., Insel, A. J., & Spence, L. (2019). Linear Algebra
(5th ed.). Pearson.

e S.C. Malik & Savita Arora (2010), Mathematical Analysis and
Linear Algebra.

e S. Chand (2023), NTA CSIR UGC NET/SET/JRF Mathematical
Sciences Linear Algebra 2024

3.8 SUGGESTED READING: -

e A.R. Vasishtha, J.N.Sharma and A.K. Vasishtha (52th Edition,
2022), Krishna Publication, Linear Algebra.
e K.P.Gupta (20" Edition,2019), Pragati Publication, Linear Algebra

e Kuldeep Singh (2020) — Linear Algebra: Step by Step (Oxford Uni.
Press, distributed by Dev Publishers, India)

3.9 TERMINAL QUESTIONS: -

(TQ-1) Prove that the set of non-zero vectors ay, ay, ..., a, of V (F) is
linearly dependent < one of these vectors is a linear combination of the
remaining (n — 1) vectors.

(TQ-2) Prove that any subset of a linearly independent set of vectors is
also linearly independent.

(TQ-3) In the vector space F[x] of all polynomials over the field F the
infinite set S = {1, x, x2,x3,...} is linearly independent.

(TQ-4) If a, B,y are linearly independent vectors of V (F) where F is the
field of complex numbers, then so also are

a+p,a—p,a—2+y
(TQ-5) Is the vector (3,— 1,0, — 1) in the subspace of R* spanned by the
vectors, (2,-1,3,2),(—-1,1,1,-3) and (1,1,9,-5)?
(TQ-6) Determine whether the vectors (1,2,3), (2,4,6), and (3,6,9) in
R3are linearly independent.
(TQ-7) Check if the vectors (1,0,1), (0,1,1), and (1,1,2) are linearly
independent in R3.
(TQ-8) Find the values of a for which the vectors (1,a,0), (0,1,a), and
(a,0,1) are linearly dependent.
(TQ-9) Show that the set {1, x,x2}is linearly independent in the vector
space of polynomials P,.
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(TQ-10) Determine whether the vectors (1,2), (3,6) are linearly

independent in R3.

(TQ-11) Show that in R3, any set of four vectors must be linearly

dependent.

(TQ-12) Prove that if a subset S of a vector space is linearly independent,

then every subset of S is also linearly independent.

(TQ-13) Show that the set {1,x,1 + x + x?} is a linearly independent set

of vectors in the vector space of all polynomials over the real number field.

(TQ-14) If a, B,y are linearly dependent vectors of V(F) where F is any

subfield of the field of complex numbers then prove that also are a + 8, +

v,y +a.

(TQ-15) Inthe vector space V, (F), then prove that the system of n vectors
e; = (1,0,0, ...,0),e, = (0,1,0, ...,0), ..., e, = (0,0,0, ...,0,1)

is linearly independent where 1 denotes the unity of the field F.

(TQ-16) Determine all values of k for which the vectors
(1,k,1),(2,1,3),(1,1,2) are linearly dependent.
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UNIT 4: -Basis
CONTENTS:

4.1  Introduction
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4.6  Dimension of a Subspace

4.7  Summary

4.8 Glossary

4.9  References

4.10 Suggested Reading

4.11 Terminal questions

4.1 INTRODUCTION: -

In linear algebra, a basis of a vector space is a set of vectors that is both
linearly independent and spans the entire space. This means that every
vector in the space can be uniquely expressed as a linear combination of the
basis vectors. The concept of a basis provides the simplest and most
efficient way to describe a vector space, removing redundancy and ensuring
uniqueness of representation.

The number of vectors in a basis is called the dimension of the vector space,
which serves as a measure of its size or degrees of freedom. Choosing an
appropriate basis is fundamental for simplifying problems in vector spaces,
such as solving systems of equations, representing linear transformations,
and performing computations in geometry and applied mathematics.

4.2 OBJECTIVES: -

After studying this unit, the learner’s will be able to

e Define Basis of a Vector Space.
e Understand Finite Dimensional Vector Space.
e Solve Dimension of a Vector Space and Dimension of a Subspace.
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4.3 BASIS OF A VECTOR SPACE: -

A basis of V (F) is a subset S of a vector space V (F), if

i.  The vectorsin S are linearly independent.

ii. V(F)isgenerated by S, i.e.L(S) =V i.e., where each vector in V is
a linear combination of a finite number of S.

Examplel. A system S consisting of n vectors e, = (1,0,0, ...,0),e, =
(0,1,0,...,0), ..., e, = (0,0,0, ...,0,1) is a basis of V (F).

Solution: We should first show that S is a set of vectors that are linearly
independent.

Let aq, a,, ..., a, be any scalars, then
a,e; +aze, +---+a,e, =0

= a,(1,0,0,...,0) + a,(0,1,0, ...,0) + --- + a,,(0,0,0, ...,0,1) = 0
= (a,a,, ...,a,) = (0,0, ...,0)
= a; =0,a,=0,..,a,=0

Therefore the given set of n vectors is linearly independent.

The next step is to prove that L(S) = V},(F). Every time, we have L(S) €
V,(F). We have to prove that I,(F) € L(S), that is, that every vector in
V,,(F) is a linear combination of S’s elements.

Let a = (aq,a,, ..., a,) be any vector in V, (F). We can write

(a,ay, ...,a,) = a,(1,0,...,0) + a,(0,1,0,...,0) + -+
+a,(0,0,...,0,1)
i.e. a =a.eq +aze, +--+ae,

Hence S is a basis of V(F). We shall call this particular basis the standard
basis of 1},(F).

4.4 FINITE DIMENSIONAL VECTOR SPACE: -

If there is a finite subset S of V such that V = L (S), then the vector
space V (F) is said to be finite dimensional or finitely generated.

V,(F), the vector space of n — tuples, is a vector space with finite
dimensions.

There are no finite dimensions in the vector space F [x] of all polynomials
over a field F. It is impossible to find a finite subset S of F [x] that spans
F [x]. It is possible to refer to a vector space that is not finitely created as
an infinite dimensional space. For all polynomials over a field, the vector
space F [x] is hence infinitely dimensional.
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Theorem1. Existence of basis of a finite dimensional vector space: There
exists a basis for each finite dimensional vector space.

Proof: Let V(F) be a finitely generated vector space. Let S =
{ay, ay, ..., a,,} be a finite subset of such that L (S) = V. We can assume
that S has no zero members.

If S is linearly independent, then S itself is a basis of V. If S is linearly
dependent, then there exists a vector a; € S which may be written as a linear
combination of the preceding vectors a;, a,, ..., @;_1.

If we omit this vector a; € S, then the remaining set S’ of m —1
vectors ay, ay, ..., Xj_1, Xi11q, -, Ay AlSO generates Vi.e.,V =L (S"). For
if a is any element of V, then L(S) = V implies that a can be written as a
linear combination of a;,ay,..,a, Let a=aa;+aya,+ -+
a_10;_1 +a;a; +a; ;.1 + -+ a,a, Buta; can be expressed as a
linear combination of ay,a,,..,a;—; . Let a; =bja; + bya, + -+
b;,_,a;_,. Putting this value of «; in the expression for a, we get

a=a,aq + a,x, + -+ a1 + ai(blal + bzafz + -+ bi—lai—l) +
Aj41Qip1 T+ apay

Thus a has been expressed as a linear combination of the
VECtors aq, @y, ..o, Aj_q, Xjpq, -, &y - N this way a €V = a can be
expressed as a linear combination of the vectors belonging to the set S'.
Thus S’ generates Vi.e.,L(S") = V.

S"is a basis of V if it is linearly independent Following the preceding
procedure, we will obtain a new set of n — 2 vectors that produce V if S’ is
linearly dependent. If we keep doing this, we will eventually get a linearly
independent subset of S that generates and is so a basis of V after a limited
number of steps.

The most likely scenario is that we will be left with a subset of S that span V
and has just one non-zero vector. A set with a single non-zero vector will
constitute a basis of V since we know that it is absolutely linearly
independent.

Theorem2. Dimension theorem for vector space. If V(F) is a finite
dimensional vector space, then any two bases of VV have the same number
of elements.
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Proof: Assume that V(F) is a finite dimensional vector space. Then V
definitely possesses a basis. Let S, ={ay,ay, ...,a,} and S, =
{ B1, B2, ..., B} be two bases of V. We shall prove that m = n.
Since V = L(S,) andB; € VV, therefore 5, can be expressed as a linear
combination of a;,a,,..,a, . Consequently, the set S;=
{B1, ay, as, ...,a,}, which also obviously generates V(F) is linearly
dependent. Therefore, there exists a membera; # £;, of this set S5, such
that «;, is a linear combination of the preceding vectors 8, a;, a5, ..., @;_1.
if we omit the vector a; from S5 then V is also generated by the remaining
set

54 = {ﬁl) U1, Aoy ooy A1, Ay, weey am}
Since V = L(S,) and B, € V therefore B, can be expressed as a linear
combination of the vectors belonging to S,. Consequently, the set

55 = {ﬁZJ ,81, U1, Aoy ey A1, Ay, ooy am}
is linearly dependent. Therefore, there exists a membera; of this setSs, such
thata; is a linear combination of the preceding vectors. Obviously a;
will be different from S, and B, since {£;, B,} is a linearly independent set.
If we exclude the vector a; from Ss. then the remaining set will generate
V (F).
We may continue to proceed in this manner. Here each step consists in the
exclusion of an a and the inclusion of a 8 in the set S;.
Obviously, the set S; of a's cannot be exhausted before the setS, of B's
otherwise V' (F) will be a linear span of a proper subset of S,, and thus S,
will become linearly dependent. Therefore, we must have

m<n
Interchanging the role of S; and S,, we shall get that
n<Lm
Hence m=n

45 DIMENSION OF A FINITELY GENERATED
VECTOR SPACE: -

The dimension of a finite dimensional vector space V (F) is the number of
elements in any basis of that space, and it is represented by dim V.
The vector space V},(F), is of dimension n. The vector space V5 (F), is of

dimension 3.

Theorem3. Extension theorem: Every linearly independent subset of a
finitely generated vector space V (F) forms a part of a basis of V.

Or
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Every linearly independent subset of a finitely generated vector space V (F)
is either a basis of V or can be extended to form a basis of V.

Proof: Let S = {a,, @y, ..., a,, } be a subset of a finite dimensional vector
space V (F) that is linearly independent. V has a finite basis, say
{B1, B2, -, Bn}, if dim V = n. Consider the set

Sl = {al, az, ey am, ﬁlJﬁZJ ...,ﬁn}

Obviously L(S;) =V . Since the a's can be expressed as linear
combinations of the B’s therefore the set S; is linearly dependent.

Consequently, a certain vector of S; is a linear combination of its previous
vectors. Due to the linear independence of the a's, this vector cannot be any
of them. Consequently, this vector needs to be some g, let's say £5;. Consider
the set after removing the vector g;. from S;.

SZ = {(11,(12, s Uy ﬁl) 1821 L] :Bi—ll ,Bi+1, "'J:Bn}

Obviously L(S,) = V. S, is the necessary extended set that is a basis of VV
and will be a basis of V if it is linearly independent. The preceding
procedure can be repeated a limited number of times to obtain a linearly
independent set that contains a,, @,, ..., a,,and spans V if S, is not linearly
independent. This collection will contain S and will be a basis for V.
Exactly n — m elements of the set of B's will be adjacent to S to form a
basis of IV since every basis of IV has the same number of elements.

Theorem4. Each set of (n + 1) or more vectors of a finite dimensional
vector space V (F) of dimension n are linearly dependent.

Proof: Let V (F) be a vector space of dimension n that has a finite
dimension. Let S be a subset of V that contains (n + 1) or more vectors and
is linearly independent. S will then be a component of V's basis. As a result,
a basis of IV with more than n vectors will be obtained. However, there will
be exactly n vectors in each basis of V. Thus, our "assumption" is incorrect.
S must therefore be linearly dependent if it consists of (n + 1) or more
vectors.

Theorem5. Let IV be a vector space which is spanned by a finite set of
vectors 4, 2, ---, Bm- Then any linearly independent set of vectors in V' is
finite and contains no more than m vectors.

Proof: Let S = {B1, B2, ) Bin}
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V has a finite basis and dim V < m since L (S) = V. Because of this, all
subsets S’ of V that have more than m vectors are linearly dependent. The
theorem is so proved.

Theorem6. If V(F) is a finite dimensional vector space of dimension n,
then any set of n linearly independent vectors in V forms a basis of V.

Proof: Let {a,, a,, ..., a,} be a linearly independent subset of a vector
space V(F) of dimension n, which has a finite dimension. It is possible to
extend S to form a basis of V if it is not a basis of V. As a result, a basis of
V' with more than n  vectors  will be  obtained.
However, there must be exactly n vectors in each basis of V. As a result,
S must be a basis of V and our assumption is incorrect.

Theorem?. Ifaset S of n vectors of a finite dimensional vector space V (F)
of dimension n generates V(F), then S is a basis of V.

Proof: Let VV (F) be a vector space of dimension n that has a finite
dimension. Consider a subset of V,S = {a4, a3, ..., @, }, such that L(S) =
V. Sisabasis of V ifit is linearly independent. There will be a proper subset
of S that forms a basis of VV if S is not linearly independent. Consequently,
we will have a basis of IV with less than n elements. However, there must
be exactly n elements in each basis of V.S must therefore be the basis of IV
as it cannot be linearly dependent.

4.6 DIMENSION OF A SUBSPACE: -

Theorem8. Every subspace W of a finite dimensional vector space V (F) of
dimension n is a finite dimensional space with dimm < n.

Also V=WiffdimV =dimW

Proof: Let V(F) be a vector space of dimn with finite dimensions.
Assume that VV has a subspace W. Any (n + 1) vectors in V are linearly
dependent, and any subset of W with (n + 1) or more vectors is also a
subset of V. Consequently, there can be a maximum of n vectors in any
linearly independent set of vectors in W. Let S = {ay,a,, ..., a;,} be a
linearly independent subset of W with maximum number of elements. We
claim that S is a basis of W. The proof is as follows:
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Q) S is a linearly independent subset of W.
@iy LS)=w

Let a be any of W's elements. We assume that the biggest independent
subset of W contains m  vectors, SO the (m+
1) vectors a,ay,a,,..,a, belong to W are linearly dependent.
At this point, the set {a;, a5, ..., a,,} is linearly dependent. As a result, it
has a vector that can be represented as a linear combination of the vectors
that came before it. This vector cannot be any of these m vectors
asay, ay, ..., &, are linearly independent. It must therefore be «a itself.
Thus a can be expressed as a linear combination of a4, ay, ..., a,,. Hence
L(S)=W.
Sisabasisof W.

dimW =mandm<n

Now if V = W, then every basis of Vis also a basis of W. Hence dimV =
dimW =n.

Conversely let dim W = dim V = n. Then to prove that W = V.

Let S be one of W's bases. If S includes n vectors, then L(S) = W. Given
that S is a subset of V and contains n linearly independent vectors, S is also
a basis of V, Therefore L(S) = V. Hence W = V. We thus conclude:

If W is a proper subspace of a finite-dimensional vector space V then W is
finite dimensional and dim W < dim V.

Theorem9. If W is a subspace of a finite-dimensional vector space V, every
linearly independent subset of W is finite and is part of a (finite) basis for
w.

Proof: Let dim VV = n. Assume that IV has a subspace . Let S, be a subset
of W that is linearly independent. Let S be a linearly independent subset
of W that has the greatest number of elements and contains S, .
Consequently, S is a linearly independent subset of V as well. Thus, S will
have no more than n elements. S is finite as a result, and S, is also finite.
We are now claiming that S is a basis of W. The following is the proof:

(N S is a linearly independent subset of W.
(i) L(S) =W
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Because 8 must be in the linear span of S if it is in W. The subset of W
those results from adjoining beta to S will be linearly independent if S is
not in the linear span of S. Consequently, S will no longer be the largest
linearly independent subset of W that contains S,. Thus,f e W = B €
L(S) . Consequently W < L (S). L(S) € W since S is a subset of the
subspace W.

Hence LS =W

Thus S is finite basis of W and S, < S.

Theorem10. Let S = {ay, a5, ..., a,}, be a basis of a finite dimensional
vector space V(F) of dimension n. Then every element a of VV can be
uniquely expressed as ¢ = a @y + aya, + -+ a,a,; aq,ay, ..., a, €EF

Proof: Since S is a basis of V, therefore L(S) = V Therefore any
vector a € W can be expressed as

a=aa +aa,+-+a,a,
To show uniqueness let us suppose that
a=bia, + ba, +--+ by,
Then we must show that a; = by,a, = b, ...,a,, = b,
We have
a,a, + aya, + -+ a,a, = byay + bya, + -+ by,
= (a; — bay + (az — by)ay + -+ (@, — bp)a, =0
= a,—b,=0a,—-b,=0,...,a,—b, =0
“ 4, Ay, ..., Ay, are linearly independent.

= a1=b1,a2=b2,...,an=bn

Theoreml1l. If W, and W, are two subspaces of a finite dimensional
vector space V(F), then

Proof: Let dim (W; nW,) =k and let the set S = {y1,¥2, ..., ¥} be a
basisof W, N W,. ThenS € W, and S € W,.
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Since S is linearly independent and S © W, therefore S can be extended to
forma basis of W;. Let {y1, V2, -, Yi» @1, @3, ..., &y } DE @ basis of W, . Then
dim W, = k + m. Similarly let {yy, v, ..., Y%, B1, B2, ---, B+ } be a basis of
W,. Thendim W, = k + t.
dimW; + dim W, —dim(W, nW,) = (m+k)+ (k+t) — k
=k+m+t
Therefore, to prove the theorem we must show that
dim(W, + W) =k+m+t
We claim that the set S; = {y1, V2, ) Vi» @1, Ay oo, A, Br, By o, Be ) IS @
basis of W; + W,.
Firstly, we have to show that S; is linearly independent. Let
C1¥1 + Yo + o+ Vi Fagaq + aa; + -+ apay + by + by,
++bf:=0 ..(2)
= b1y + by + -+ by
= —(c1V1 + ¥z + o+ Vi + agay + aza; +
+ a,a,) . (2)

Now —(c1y1 + Y2 + o+ ey + aaq + aya, + -+ apa,) €W,
since it is a linear combination of a basis of ;. Again
bify + by, + -+ b €W,
Since it is a linear combination of elements belonging to a basis of IW/,.
Also, by virtue of the equality (2), byf; + b,B, + -+ b B €W, .
Therefore b8y + by, + -+ b € W, N W, . Therefore it can be
expressed as a liner combination of the basis of W, n W,. Thus we have a
relation of the form
bif1 + byfy + -+ beffy = diys +dyy, + o+ di Vi
= bif1+Dbyfy + -+ beffr —diys —dyy, — - —diyxk =0
But B4, B3, -, B, V1, V2, -, Vi @re linearly independent vectors. Therefore
we must have
b, =0,b, =0,..,b, =0
Putting these values in equation (1), we get
C1Y1 + CYy + o+ Y + a1 +aza, + -+ apay, =0
= ¢ =0¢=0,..,¢=0a=0,a,=0,..,a, =0
Since the vectors y;,v,, ..., Yk, @1, A, ..., &, are linearly independent.
Thus, the relation (1) implies
c¢=0,..,c¢=0a=0,..,4,=0,b;,=0,...,b, =0
Therefore, the set S, is linearly independent.
Now to show that L(S;) = W, + W,
Since W, + W, is a subspace of V and each elements of S; € W; + W,,
therefore L(S;) € W, + W,.
Again let a be any element of W; + W,. Then
a = some element of W, + some element of W,
= a linear combination of elements of basis of W;
+ a linear combination of elements of basis of W,
= a linear combination of elements of basis of S;
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a € L(S,). henceW; + W, < L(S;)
L(S) =W+ W,
S is a basis of W, + W,and consequently
dim(W, + W) =k+m+t
Hence the theorem proved.

Example2. Let V be the vector space of all 2 x 2 matrices over the field F.
Prove that V has dimension 4 by exhibiting a basis for V which has 4
elements.

10

oo]’ﬁ_oo 0 1

_01] 00
’ 01

Y= 0] and § =

Solution: Let «a =[ ] four

elements of I/.
The subset S = {a, 5,y,6} of V is linearly independent because
aa +bf +cy+dé =0

5 ofg §volf o +e[} Blvaly =

=z [? d]z 0 o]

= a=0b=0,c=0,d=0

Also L(S) = V because if [? Z]is any vector in V, then we can write
[? 3]=aa+bﬁ+cy+d6

Therefore S is a basis of V. since no. of elements in S is 4, therefore
dimV = 4.

Example3. If W, and W, are finite-dimensional subspaces with the same
dimension, and if W; € W,,then W, = W, .

Solution: Since W, € W,, therefore W, is also a subspace of W,. Now
dim W, = dim W,. Therefore we must have W, = W,.

Example4. Let VV be the vector space of ordered pairs of complex numbers

over the real field R i.e., let V be the vector space C(R). Show that the set

S§=1{(1,0),(i,0),(0,1),(0,i)} is a basis for V.

Solution: S is linearly independent. We have
a(1,0)+b(i,0)+c(0,1)+d (0,i) = (0,0)

= (a+ib,c+id) = (0,0)

= a+ib=0,c+id=0

= a=0,b=0,c=0,d=0.

Therefore S is linearly independent. Where a, b,c,d € R

Now we shall show that L(S) = V. Letany ordered pair (a + ib,c + id) €
V where a,b,c,d € R. Then as shown above we can write (a + ib,c +
id)=a(1,0)+b (i,0) +c (0,1) + d (0,i) . Thus any vector in Vis
expressible as a linear combination of elements of S. Therefore L(S) =V
and so S is a basis for V.
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Example5. Show that a system X consisting of the vectors a; =
(1,0,0,0), a, = (0,1,0,0), a5 = (0,0,1,0)and a, = (0,0,0,1) is a basis set
of R*(R).
Solution: First we show that the set X is a linearly independent set of
vectors.
If a;, a,, as, a, be any scalars i.e, elements of the field R, then
a,a, + aa, +azaz + asa, = zero vector
= a,(1,0,0,0) + a,(0,1,0,0) + a;(0,0,1,0) + a,(0,0,0,1) = (0,0,0,0)
= (ay,ay,a3,a,) = (0,0,0,0)
= a, =0,a, =0,a3=0,a, =0
Therefore the given set X of four vectors is linearly independent. Now we
shall show that X generates R* i.e., each vector of R* can be expressed as a
linear combination of the vectors of X.
Let (a, b, c, d) be any vector inR*. We can write
(a,b,c,d) =a(1,0,0,0) + b(0,1,0,0) + ¢ (0,0,1,0) +d (0,0,0,1)
=aa, +ba, +cas; +da,
Thus (a, b, ¢, d) has been expressed as a linear combination of the vectors
of X and so X generates R*.
Since X is a linearly independent subset of R* and it also generates R*,
therefore it is a basis of R*.

4.7 SUMMARY: -

In this unit we have studied the vector space’s basis is a linearly independent
set of vectors that spans the space and offers a minimum and comprehensive
representation of all of its elements. We have examined this idea in this unit.
We investigated finite-dimensional vector spaces, in which the number of
vectors in the basis is finite, and we proved that the dimension of the space
is determined by the number of vectors in any basis. We also looked at the
dimension of a finitely produced vector space, highlighting how it is
dependent on the size of the generating basis. We then applied this concept
to the study of a subspace, demonstrating that the subspace inherits a
dimension that is smaller than or equal to the parent spaces.

4.8 GLOSSARY:: -

e Basis — A set of linearly independent vectors that spans a vector
space; provides the simplest building blocks to represent all vectors
in the space.
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Spanning Set — A set of vectors whose linear combinations can
generate the entire vector space. Every basis is a spanning set but
with the extra condition of linear independence.

Finite Basis — A basis consisting of a finite number of vectors. A
vector space with such a basis is called a finite-dimensional vector
space.

Infinite Basis — A basis with infinitely many vectors, associated
with infinite-dimensional vector spaces (e.g., function spaces).
Cardinality of Basis — The number of vectors in a basis; defines the
dimension of the vector space.

Standard Basis — A commonly used basis for Euclidean spaces
(e.g., for R", the standard basis is {(I, 0...,0),
(0,1,0,...,0),...,(0,0,...,1)}.

Ordered Basis — A basis in which the order of vectors matters,
important for defining coordinates of vectors uniquely.

Change of Basis — The process of converting coordinates of a vector
from one basis to another, often represented using a change-of-basis
matrix.

Orthonormal Basis — A basis where vectors are orthogonal
(perpendicular) and normalized (length 1). Useful in inner product
spaces.

Hamel Basis — A basis for a vector space over a field where every
element can be written as a finite linear combination of basic
elements.

Schauder Basis — A type of basis for infinite-dimensional spaces
where infinite linear combinations (series) may be used.

Basis Vector — An individual vector belonging to a basis set;
together with others, it helps in uniquely representing any vector in
the space.

Coordinate Vector (relative to a basis) — The unique list of scalars
(coefficients) corresponding to the linear combination of basis
vectors that represent a given vector.
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4.11 TERMINAL QUESTIONS: -

(TQ-1) Show that the infinite set S = {1,x,x2,...,x™, ...} isa basis of the
vector space F[x] of polynomials over the field F.

(TQ-2) Show that the set S = {1, x, x?,...,x"} of n + 1 polynomials in x
is a basis of the wvector space P,(R) , of all polynomials
in x (of degree at most n) over the field of real numbers.

(TQ-2) Show that the vectors a; = (1,0,—1),a, = (1,2,1),a;5 =
(0,—3,2) form a basis set of R3.

(TQ-4) Prove that any finite set S of vectors, not all zero vectors, contains
a linearly independent subset T which spans the same space as S.

(TQ-5) If Wy and W, are finite-dimensional subspaces with the same
dimension, and if W; € W,,then W, = W, .

(TQ-6) If Wy and W, are two subspaces of a finite dimensional vector
space V(F), then

(TQ-7) Let S = {ay,ay, ..., a,}, be a basis of a finite dimensional vector
space V(F) of dimension n. Then every element a of IV can be uniquely
expressed as @ = a,a; + a,a, + -+ a,a,; 44,4y, ..., 4, €EF

(TQ-8) Show that a system X consisting of the vectors a; =
(1,0,0,0), @, = (0,1,0,0), a5 = (0,0,1,0)and a, = (0,0,0,1) is a basis set
of R*(R).
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BLOCK II
LINEAR TRANSFORMATION,
HOMOMORPHISMAND DUAL SPACE
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UNIT 5: -Linear Transformation

CONTENTS:

5.1 Introduction

5.2  Objectives

5.3  Linear Transformation

5.4  Linear Operator

5.5 Range and Null Space of Linear Transformation
5.6  Rank and Nullity of Linear Transformation
5.7  Algebra of Linear Transformation

5.8  Linear Functional

5.9  Summary

5.10 Glossary

5.11 References

5.12 Suggested Reading

5.13 Terminal questions

5.14  Answers

5.1 INTRODUCTION

In linear algebra, a linear transformation is a special type of function
between two vector spaces that preserves the fundamental operations of
vector addition and scalar multiplication.Linear transformations are
important because they connect the abstract concept of vector spaces with
concrete matrix operations. Every linear transformation can be represented
by a matrix, and operations such as rotation, reflection, projection, and
scaling in geometry are practical examples of linear transformations.

Thus, linear transformation serves as a bridge between algebraic structures
and geometric interpretations, making it a fundamental tool in
mathematics, physics, computer science, and engineering.

5.2 OBJECTIVES

After studying this unit, the learner’s will be able to

e Understand the Concept of a Linear Transformation
e Learn The fundamental Properties
e Explore the Relationship.
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e Apply Linear Transformations.
e Define Linear Operator and Linear Functional.

5.3 LINEAR TRANSFORMATION

Consider the vector spaces U(F) and V (F) over the same field F. A linear
transformation is a function T from U into V such that, for all a,p €
Uanda,b € F,

T(aa + bB) = aT(a) + bT(B) .. (1)
The linearity property is another name for condition (1). It is clear that for
any a, B € U and for all scalars a € F, the condition (1) is equal to the
condition

T(aa+ B) = aT(a) + T(B)

54 LINEAR OPERATOR

Consider a vector space V(F). A linear operator on V is a function T from
V such that, forall o, € U and a,b € F,
T(aa + bB) = aT(a) + bT(B)

If T is a linear transformation from V into V itself, then T is a linear
operator on V.

Examplel. The function T:V3(R) = V,(R) defined by T(a,b,c) =
(a,b)¥ a,b,c € Ris a linear transformation from V;(R)into V,(R) .
Solution: Leta = (a4, by,¢1), 8 = (ay, by, ;) € V3(R)
If a,b € R, then
T(aa + bp) = Tla(ay, by, c1) + b(ay, by, c;)]
= T(aa, + ba,,ab; + bb,,ac; + bcy)
= (aay, ba,) + (aby, bb,)
= (aaq,aby) + (ba,, bby)
= a(a,,b;) +b.(a2,b2)
=aT(a,,b,,c1)+ bT(ay by, cy)
= aT(a) + bT(B)
~ T is a linear fromV5(R)into V,(R).

Example2. LetV (F) be the vector space of all m X n matrices over the
field F. Let P be a fixed m x m matrix over F, and let Q be a fixedn X n
matrix over F. The correspondence T from V into V defined by T(4) =
PAQ VA € V isa linear operatoron V.

Solution: If Ais am x n matrix over the field F, then PAQ is also an
m X n matrix over the field F. Therefore T is a function from V into V.
Now letA,B € Vanda,b € F. Then

T(aA + bB) = P(aA + bB)Q [by def.of T]
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= (aPA + bPB)Q

=a PAQ + b PBQ

= aT (A) + bT(B)
=~ T is a linear transformation from Vinto V. Thus T is a linear operator on
V.

Example3. Let V (F) be the vector space of all polynomials over the
field F. Let f(x) = ag + a1x + a,x%+...+a,x™ €V be a polynomial of
degree n in the indeterminate x. Let us define

Df(x) = a; + 2a,x + -+ na,x" 1 ifn>1
and Df(x) = 0if f(x) is a constant polynomial.
Then the correspondence D from V into V is a linear operator on V.
Solution: If f(x) is a polynomial over the field F, then Df (x) as defined
above is also a polynomial over the field F. Thus if f(x) € V, then
Df (x) € V. Therefore D is a function from V into V.
Also if f(x),g(x) e Vanda,b € F, then

Dlaf(x) + bg(x)] = a Df (x) + bDg(x).

=~ D is a linear transformation from Vinto V.
The operator D on V is called the differentiation operator. It should be
noted that for polynomials the definition of differentiation can be given
purely algebraically, and does not require the usual theory of limiting
processes.

Example4. Let V(R) be the vector space of all continuous functions from
R into R. If f € V and we define T by

(THX) = fo(t) dt Vx € R
0

Then T is a linear transformation from V into V.
Solution: If f is real valued continuous function, then Tf, as defined
above, is also a real valued continuous function. Thus

feEVTfeV.
Also the operation of integration satisfies the linearity property. Therefore
T is a linear transformation from V into V.

Theoreml. Let T be a linear transformation from a vector space U(F) into
a vector space V(F). Then
i. T(0)=0;0 on the left hand side is zero vector of U and 0 on the
right hand side is zero vector of V.
ii. T(—a)=-T(a)Va€eU
iii. Tla—pB)=T(a)—-T(B)Va,peU.
iv. T(aia;+aya,+-+aya,) =a,;T(a)+a,T(ay) + -+
a,T(a,)Wherea,, ay, ...,a, € Uand a4, a,, ...,a, € F.
Proof:
I. Leta € U. ThenT(a) € V. We have
T(a)+0=T(a) [ 0is zero vector of Vand T(a) € V]
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=T(a+0) [
*+ 0 is zero vector of U]

=T(a)+T(0) [+Tisalinear transformation]
Now in the vector space V, we have
= 0=T(0)
By left cancellation law for addition in V.

ii. We have
Tla+ (—a)] =T(a) + T(—a)
[+ T is a linear transformation|
ButT [a+ (—a)]=T(0)=0€V [by ()]
Thus in V, we have
Tla+ (—a)]=0

= T(—a) =-T(a)
iii. T(a—p) =Tla + (—p)]
=T(a) +T(—p) [ T is linear]
=T(a) +[-T(B)] [by (ii)]
=T(a) = T(p).
iv. We shall prove the result by induction on n, the number of vectors

in the linear combinationa, a; + a,a, + - + a,a,. Suppose
T(a,a, + ayay + -+ ap_1p_q)
=a.T(a;) + a,T(ay) + -+ an_1T(Ap_1) ...(1)
Then
T(aya + aya, + -+ azay,)
=T(a,a; +aya, + -+ ap_1an_1 + apay,)
=T(a,a; + aya, + -+ ap_1a,_1) + a,T(ay,)
= [a,T(ay) + a;T(az) + -+ ap1T(ay_1)] +
a,T(an)  [by (1)]
= a;T(ay) + a;T(az) + - + an1T(an-1) + anT(ay)
Now the proof is complete by induction since the result is true when the
number of vectors in the linear combination is 1.

5.5 RANGE AND NULL SPACE OF LINEAR
TRANSFORMATION

Range of a linear transformation: Let T be the linear transformation
from U into V, and let U(F) and V (F) be two vector spaces. In this case,
the set of all vectors §inV such that § = T(«) for some a in U is the
range of T, denoted as R(T).

The image set of U under T is hence the range of T, i.e.

Range(T) = {T(a) €V ;a € U}
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Theorem2. If U(F) and V(F) are two vector spaces and T is a linear
transformation from U into V, then range of T is a subspace of V.
Proof: Obviously R(T) is a non-empty subset of V.
Let 81, B> € R(T). Then there exist vectors a4, @, in U such that
T(a1) = B, T(az) = B2
Let a, b be any elements of the field F. We have
af; +b By =aT(a') +bT(ay)

=T (aa; + bay) [+ T is a linear transformation]
Now U is a vector space. Therefore a;, @, € Uanda,b € F
= aa; +ba, € U.

Consequently T (aa; + bay) = af; + b B, € R(T).
Thusa,b € F and 4,5, € R(T)

> af1+ b B, € R(T)

Therefore R(T) is a subspace of V.

Null space of a linear transformation: Let T be a linear transformation
from U into V, and let U(F) and V(F) be two vector spaces. The set of
all vectors a in U such that T(a) = 0 (zero vector of V) is then the null
space of T, denoted as N(T). Consequently,

N(T)={a€ U:T(a) =0 €V}
The null space of T is also known as the kernel of T if we consider the
linear transformation T fromUintoV to be a vector space
homomorphism of U into V.

Theorem3. If U(F) and V(F) are two vector spaces and T is a linear

transformation from U into V, then the kernel of T or the null space of T is

a subspace of U.

Proof: Let N(T) = {a € U:T(a) =0 €V).

Since T(0) = 0 €V, therefore at least 0 € N(T)

Thus N(T) is a non-empty subset of U.

Leta;,a, € N(T) ThenT(a;) = 0and T'(a;) = 0.

Leta,b € F.Thenaa,; + ba, € U and

T (aa; + bay) =aT(ay) + bT(ay) [~ T is a linear transformation|
=a0+b0=0+0=0 € V.

: aa; +ba, € N(T)

Thusa beFanda;,a, € N(T) = aa, + ba, € N(T).

Therefore N(T) is a subspace of U.

56 RANK AND NULLITY OF LINEAR
TRANSFORMATION
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Considering U to be finite dimensional, let T be a linear transformation
from a vector space U(F) onto a vector space V(F). The dimension of the
range of T is represented by the rank of T,p(T), which is equal
todim R(T). i.e.

p(T) = dimR(T)

The dimension of the null space of T is represented by the nullity
of T, represented by v(T). i.e.
v(T) = dim N(T)

Theorem5. Let U and V be vector spaces over the field F and let T be a
linear transformation from U into V. Suppose that U is finite dimensional.
Then

rank (T) + nullity (T) = dim U.

Proof: Let N be the null space of T. Then N is a subspace of U. Since U is
finite dimensional, therefore N is finite dimensional. Let dim N =
nullity (T) = k and let {a;, a5, ..., a; } be a basis for N.

Since {ay, ay, ..., @y} is a linearly independent subset of U, therefore we
can extend it to form a basis of U . Let dimU=n and let
{ay, ay, ..., Q, A 41, -, &y} be abasis for U.

The vectorsT (a,), T (a3), ..., T(ay), T( ax41), ..., T(ay) are in range of T
We claim that {T( ay41), ..., T(ay)} is a basis for the range of T

(i) First we shall prove that the vectors
T( @x41), -, T(ay,) span the range of T.

LetB € range of T. Then there exists @ € U such that T(a) = 8.
Now «a €U = 3aqa,,..,a, €F suchthata = a,a; +aa, + -+

aTLaTl
= T(a) =T(a1a, + aya, + -+ a,ay)
= f=a;T(a;) + a,T(az)+, ..., +a,T(ay) + ape1 T(agsq) + -

+ a, T (ay)
= B = ars1T(areq) + -+ anT(ay)
Y, Ay, e, A eEN> T(Oll) = O, T(az) = 0, ,T(ak) =0

=~ The vectors T( ax41), ..., T(a,,) span the range of T.

(if) Now we shall show that the vectors T( @y41), ..., T(a,) are linearly
independent.

Let ck4q, ..., €y € F such that
Cre1T (agyr) + -+ cyT(ay) =0
T[Ck+1ak+1 + et Cnan] =0

=
= Cr410k41 + -+ cpay, € null space of Ti.e.N
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= Cr41Qpyq + -+ Cpay = byag + -+ bray
For someb,, ..., b, € F
[+ each vector in N can be expressed as a linear combination of the
vectorsa, ay, ..., a; forming a basis of N]
=The vectors T( ay41), -.., T (a,,) are linearly independent.
~The vectors T( ay44), ..., T (a,,) form a basis of range of T
y rank T = dimof range of T =n — k.
rank (T) + nullity (T) = (n—k)+k=n=dim U.

Example5. Show that the mapping T: V,(R) — V5(R) defined as
T(a,b) =(a+b,a—Db,b)
is a linear transformation fromV,(R)into V3(R). Find the range, rank,
null-space and nullity of T.
Solution: Let @ = (a4, b1), 8 = (az, by) € V,(R).
ThenT(a) = (ay + by,a; — by, b)) and T(B) = (a, + by, a, — by, by).
Also leta,b € R. Thenaa + bp € V,(R) and
T(aa + bp) = Tla (ay,by) + b (az, by)]
=T (aa, + ba,, ab, + bb,)
= (aay + ba, + ab, + bb,,aa, + ba, — ab; — bb,, ab,
+ bb,)
= (a(a; + by) + b(a, + by),a (a, + b,) + b(a, — by),ab;
+ bb,)
=a (a; + by,a; — by, by) + b (ay + by, a, — by, by)
= aT(a) + bT(B)
=~ T is a linear transformation from V, (R)into V5(R).
Now {(1,0), (0, 1)}is a basis for V/,(R). We have
T(1,0) = (1+0,1-0,0) = (1,1,0)
and 7(0,1) = (0+1,0-1,0) = (1,-1,1)
The vectors T'(1,0), T (0, 1) span the range of T. Thus the range of T is the
subspace of V5 (R) spanned by the vectors (1,1, 0), (1,—1, 1).
Now the vectors (1,1,0),(1,—1,1) € V5(R) are linearly independent
because if x,y € R, then
x(1,1,0)+y(1,-1,1) = (0,0,0)
(x +yx _Y'J’) = (0,0,0)
x+y=0x—y=0y=0
x=0,y=0.
~The vectors (1,1, 0), (1,—1, 1) form a basis for range of T.
Hence rank T = dim of range of T = 2.
Nullity of T = dim of V2(R) —rank T =2 — 2 = 0.
Null space of T must be the zero subspace of V,(R).
Otherwise, (a, b) € null space of T

=
=

= T(a,b) =(0,0,0)

= (a+b,a—b,b) =(0,0,0)

= a+b=0a-b=0b=0
= a=0,b=0.
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=~ (0,0) is the only element of VV,(R) which belongs to null space of T.
Null space of T is the zero subspace of V,(R).

Example6. Consider the basis S = {a;,a, a3} of R® where a; =
(1,1,1),a;, =(1,1,0), a3 = (1,0,0). Express (2,—3,5) in terms of the
basisa,, a,, as.

Let T: R® — R? be defined as
T(ay) =(1,0),T(ay) = (2,—1),T(a3) = (4,3). FindT(2,-3,5).
Solution: Let (2,—3,5) = aa; + ba, + cas
= a(1,1,1) + b(1,1,0) + c(1,0,0).
Thena+b+c=2,a+b=-3,a=>5.
Solving these equations, we geta =5,b = —8,c = 5.
~ (2,-3,5) = 5a; —8a, + 5a;.
Now T'(2,—3,5) = T(5a; — 8a, + 5a3)

= 5T(a;) — 8T (ay) + 5T (as3)

[ T is a linear transformation]

5(1,0) —8(2,—1) + 5 (4,3)
(5,0) — (16,—8) + (20,15)
(9,23).

5.7 ALGEBRA OF LINEAR TRANSFORMATION

Let V be a vector space over a field F. The set of all linear transformations
from V to itself is denoted by

L(V)={T:V - V | Tislinear}.

This set becomes an algebra (called the algebra of linear transformations)
when we define the following operations:

1. Addition:
ForT,, T, € L(V)and v € V

(T1 + T2)(v) = T1(v) + T2 (v)

2. Scalar Multiplication:
Fora € F,and T € L(V)

(@) =a-T()

3. Multiplication (Composition):
ForT,,T, € L(V)andv €V
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(I')T,)(w) =T, (Tz (U))
These operations satisfy the properties of algebra over F:

e Under addition and scalar multiplication, L(V) is a vector space.

e Under multiplication (composition), L(V) is closed and
associative.

o Multiplication distributes over addition.

5.8 LINEAR FUNCTIONAL

Consider a vector space V (F). We know that the field F is a vector space
over F. This is the vector space F(F). We'll just write it as F. A linear
functional on V is a linear transformation from Vinto F. We will now
define a linear functional independently.
Consider a vector space V (F). A linear functional on V is defined as a
function f from V into F if
flaa+ bB) = af(a) + bf(B)Va,bE Fand a,f EV
foreveryainV, f (a) isin F if f is a linear functional on V (F). A linear
function on V is a scalar valued function since f(«) is a scalar.
Example7. Let V,(F) be the vector space of ordered n-tuples of the
elements of the field F.
Let x4, x5, ..., X,,, be n field elements of F. If
a= (ai,ay,..,a,) € V(F)
Let f be a function from V,,(F) into F defined by
f(x) =x1a4 + x50, + -+ x50,

Then prove that f is a functional on V,(F).
Solution: Let 8 = (by, by, ...,b,) € V,(F).Ifa,b € F,we have
f (aa+bB) = f [a(ay,ay, ...,a,) + b (by, by, ..., by)]

= f(aa, + bby, ...,aa, + bb,)

= x,(aa; + bb,), ..., x, (aa, + bb,)

=a(x;aq + -+ x,a,) + b (x by + -+ + x,b,)

=af (ai,ay,...,a,) + bf (by, by, ..., by)

=af(a) + bf (B)

~ fis a linear functional on V,(F).

Example8. Prove that the trace function is a linear functional on the space
of all n X n matrices over a field F.

Solution: Let n be a positive integer and F be a field. Let V (F) be the
vector space of all n x n matrices over F. If A = [a;],xn €V, then the

trace of 4 is the scalar
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n

tT‘A = a11 + a22+.. . +a,m == 2 aii
i=1
Thus, the trace of A is the scalar obtained by adding the elements of A
lying along the principal diagonal.
The trace function is a linear functional on V because if a,b € F and
A= [aij]nxan = [bij]nxn € V, then

tr (aA + bB) = tr (a o], + b[bif]nxn)

n

=tr ([aaij + bbij]an) = Z(aaii + bb;;)

=1
n n
= az a;; + bzbii
i=1

i=1
=a (tr A) + b (tr B).
= The trace function is a linear functional.

Theorem6. Let f be a linear functional on a vector space V (F). Then
Q) £(0) = 0 Where 0 on the left-hand side is zero vector of V,and 0
on the right-hand side is zero element of F.

(i) f(—a)=—-f(e)Va€el.
Proof:(i) Leta € V. Then f(a) € F. We have

fl@)+0=f(a) [ 0 is zero element of F |
= f(a+0) [+ 0 is zero element of V]
= f(a)+ f(0) [ f is a linear functional]

Now F is a field, we have

fl@)+0=f(a)+f(0)

= f(0)=0
By left cancellation law for addition in F.
(ii) We have
fla+ ()] =f(a) + f(-a)

[+ f is a linear functional]
But f [a + (—a)] = f(0) =0 [by (D]
Thus in F, we have

fl@)+f(=a)=0

5 f(=a) = —f(a)

5.9 SUMMARY

In this unit, we studied the concept of Linear Transformation, which is a
mapping between vector spaces that preserves vector addition and scalar
multiplication. We explored Linear Operators (transformations from a
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vector space to itself), the Range (Image) and Null Space (Kernel) of a
transformation, and the important Rank-Nullity Theorem, which relates
the dimension of the range and null space to the dimension of the domain.
We also discussed the Algebra of Linear Transformations, covering
their addition, scalar multiplication, and composition, as well as the notion
of Linear Functionals, which are special linear transformations mapping
vectors to scalars. Together, these topics provide a foundation for
understanding the structure and behavior of linear systems in abstract and
applied mathematics.

5.10 GLOSSARY

e Linear Mapping: Another term for a linear transformation;
emphasizes the mapping property from one vector space to
another.

e Linear Operator: A linear transformation from a vector space V
to itself (T:V—V).

e Endomorphism: A homomorphism (linear transformation) from a
vector space to itself.

e Automorphism: A bijective linear transformation from a vector
space to itself (an invertible linear operator).

e Matrix Representation: Every linear transformation T:V—W can
be represented as a matrix once bases for V and W are chosen.

e Kernel (Null Space): The set of all vectors in the domain that are
mapped to the zero vector.

e Range (Image): The set of all possible outputs (values) of a linear
transformation.

e Rank: The dimension of the range (image) of a linear
transformation.

e Nullity: The dimension of the kernel (null space) of a linear
transformation.

e Algebra of Linear Transformations: The study of addition,
scalar multiplication, and composition of linear transformations.

e Linear Functional: A special linear transformation from a vector
space to its underlying field, i.e., f:V—F.

e Diagonalizable Operator: A linear operator that can be
represented by a diagonal matrix with respect to some basis.

e Invertible Transformation: A linear transformation that has an
inverse mapping, requiring it to be both injective and surjective.
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5.13 TERMINAL QUESTIONS

(TQ-1) The function T:V5(R) — V,(R) defined by T'(a,b,c) = (3a —
2b+c,a—3b—2c)Va,b,c € R is a linear transformation
fromV;(R)into V,(R).

(TQ-2) The function T:V5(R) = V,(R) defined by T(a,b,c) = (a—
b,a — c) is a linear transformation.

(TQ-3) Show that the mapping T: R? — R? is defined as T'(a,b) = (a —
b,b —a,—a) is a linear transformation fromR?into R3. Find the range,
rank, null space and nullity of T.

(TQ-4) Let V be a finite-dimensional vector space over the field F and let
B be an ordered basis for V. Prove that the function f; which assigns to
each vector a in V the i** coordinate of « relative to the ordered basis B is
a linear functional on V.
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(TQ-5) What is the difference between a linear transformation and a
general function?

(TQ-6) Define the kernel and range of a linear transformation.

(TQ-7) What do you mean by the rank and nullity of a linear
transformation? State the Rank-Nullity Theorem.

(TQ-8) Explain the difference between a linear transformation and a
linear operator.

(TQ-9) Define a linear functional. Give an example.

(TQ-10) Prove that the composition of two linear transformations is also
linear.

(TQ-11) Show that every linear transformation from R™ tom R™can be
represented by a matrix.

(TQ-12) State and prove the Rank-Nullity Theorem.

(TQ-13) Let V,(F) be the vector space of ordered n-tuples of the
elements of the field F.
Let x4, x5, ..., X,,, be n field elements of F. If
a= (aq,ay,..,a,) € V(F)

Let f be a function from V,,(F) into F defined by

f(x) =x1aq + x50, + -+ x50,
Then prove that f is a functional on V,(F).
(TQ-15) Consider the basis S = {a,ay, a3} of R®* where a; =
(1,1,1),a, =(1,1,0), a3 = (1,0,0). Express (2,—3,5) in terms of the
basisa,, a,, as.
(TQ-16) Let T: R® > R? be defined as
T(a) = (1,0),T(ay) = (2,— 1), T(a3) = (4,3). Find T(2,-3,5).
The function T: V3(R) — V,(R) defined by T(a,b,c) = (a,b)V a,b,c €
Ris a linear transformation fromV;(R)into V,(R).

5.14 ANSWERS

(TQ-3) Null space of T = {0}, nullity of T =0, rank of T = 2. The
set{(1,—1,—-1),(—1,1,0)} is a basis set for R(T).
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UNIT 6: -Homomorphism and Isomorphism
CONTENTS:

6.1 Introduction

6.2  Objectives

6.3 Homomorphism of a Vector Space
6.4  Isomorphism of a VVector Space
6.5 Quotient Space

6.6  Direct Sum of Spaces

6.7  Coordinates

6.8  Kernel of A Homomorphism

6.9  Injective Homomorphism (One-To-One):
6.10 Image Of A Homomorphism

6.11 Summary

6.12  Glossary

6.13 References

6.14 Suggested Reading

6.15 Terminal questions

6.1 INTRODUCTION

This section will cover some key ideas that create more complex
relationships and structures in vector spaces. A vector space is said to be
homomorphic if linear transformations maintain scalar multiplication and
vector addition. A specific bijective homomorphism that demonstrates the
structural similarity of two vector spaces is called an isomorphism of a
vector space. A subspace of a vector space can be "factored out" to create
a new space of cosets, which is the quotient space. In order to ensure that
every vector has a distinct decomposition, the direct sum of spaces offers a
method for building larger vector spaces from smaller ones. Last but not
least, coordinates explain how vectors can be uniquely defined in relation
to a selected basis.

In linear algebra, a homomorphism is a structure-preserving map between
two vector spaces defined over the same field. It is essentially a linear
transformation that respects the operations of vector addition and scalar
multiplication.

An isomorphism is a special kind of homomorphism that is both one-to-
one (injective) and onto (surjective). It establishes a perfect
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correspondence between two vector spaces, showing that they are
essentially the same in terms of structure.

6.2 OBJECTIVES

After studying this unit, the learner’s will be able to

e Understand Homomorphism of a Vector Space.

e Explore Isomorphism of a Vector Space.

e Study Quotient Space.

e Examine Direct Sum of Spaces and Disjoint Subspaces.

6.3 HOMOMORPHISM OF A VECTOR SPACE

We consider two vector spaces U(F) and V (F). Then a mapping
f:u-Vv
is called to as a homomorphism or a linear transformation if

i fl@a+B)=f@+fBVapeU
ii. f(aa)=af(@)Va€EF,VaeU
Then the conditions (i) and (ii) can be combined into a single condition

flaa+bB) =af(a) + bf(f)Va,f €Uand V a,b € F

If £ is a homomorphism of U onto V, then V is called a homomorphic
image of U.

Theoreml. If f is a homomorphism of U(F) into V (F), then

(i) f(0) =0" where 0and 0" are the zero vectors of U andV
respectively.

(i) f(-a)=—-f(a)Va€eU

Proof: (i) Leta € U. Then f(a) € V. Since 0" is the zero vector of V,
therefore

f(@)+0" = f(a) = (a+0) =f(ax) + f(0).
Now V is an abelian group with respect to addition of vectors.
f(@)+0"=f(a) + f(0)
= 0" = £(0) by left cancellation law.

(i) If ¢ € U, then—a € U. Also, we have
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0'=f(0) = fla + ()] = f(a) + f(—a)
Now f(a) + f(—a) = 0" = f(—a) = additive inverse of f(a)

= f(-a) = ~f(@).
6.4 ISOMORPHISM VECTOR SPACE

We consider two vector spaces U(F) and V(F). Then a mapping

fu-Vv
is called to as a isomorphism of U onto V if
I.  fisone-one.
ii.  fisonto.

iii. f(aa+bp)=af(a)+bf(B)Va,B€EUandV a,b€EF

Symbolically, we write U(F) = V(F) to indicate that the two vector
spaces U and V are isomorphic.

The vector space V(F) is also called the isomorphic image of the vector
space U(F).

If £ is a homomorphism of U(F) into V(F), then f will become an
isomorphism of U into V if f is one-one. Also, in addition if f is onto V,
then f will become an isomorphism of U onto V.

Theorem?2. Two finite dimensional vector spaces over the same field are
isomorphic if and only if they are of the same dimension.
Proof: Let U(F) and V(F) be two vector spaces of dimension n, each of

which has a finite dimension. Then prove that U(F) = (F) .
Let the set of vectors {a;, ay, ..., @, }and {B4, B, ..., Bn} be the basis of
U and V respectively.

Any vector a € U can be uniquely expressed as
a=aa +aa, +--+a,a,
Let f: U — V be defined by
fl@) =a181+ axfz + -+ anfn

Since in the expression of a as a linear combination of a4, a,, ..., a,, the
scalarsa,, a,, ..., ayare unique, therefore the mapping f is well defined

i.e., f(a) is aunique element of V.

f is one-one. We have
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flajay + azay + -+ apay) = f(byay + bya, + -+ bpay)

= a1p1 + azfa + -+ anPn = b1f1 + baffy + -+ by

= (ay —by)By + (az = b2)Bz + -+ (@ — b)) =0

= a,—by=0a,—b,=0,...,a,—b, =0

= a, =bj,a, =b,,...,a, = b,

= a,a; +a,a, + -+ a,a, = b;a, + b,a, + -+ ba,
=~ f is one-one.

fisontoV. If a;3; + a,B, + -+ a, 5, is any element of V, then 3 an
element a,f; + a,f, + -+ a,f, € U such that

flaras + aza; + -+ apan) = a1y + azfz + -+ anfy
=~ f is onto.
f is a linear transformation. We have
fla(a,ay + ayay + -+ + ayay) + b(byay + byay + -+ + bpay,)]
= fl(aa, + bby)ay, (aa, + bby)ay, ..., (aa, + bb,)a,]
= (aa; + bby)B4, (aa, + bby)pB,, ..., (aa, + bb,) By
= a(a,f1 + afy + -+ apPfn) + b(b1f1 + by + -+ by )
=af(ay + aya, + -+ aya,) + bf(byay + bya, + -+ + bay,)
=~ f is a linear transformation.
Hence f is an isomorphism of Uonto V.
u=v.

Conversely, let U(F) and V(F) be two isomorphic finite dimensional
vector spaces.

Then to prove that dim U = dim V.

Let dimU =n. Let S ={a;,ay,...,a,} be a basis of U. If f is an
isomorphism of UontoV , we shall show

Department of Mathematics
Uttarakhand Open University Page 73



LINEAR ALGEBRA MT(N)-301
that S" = {f(ay), f(a3), ..., f(a,)} is a basis of V. Then V will also be of
dimension n.
First, we shall show that S’ is linearly independent.
Let a,f(a)) + ayf(az) + -+ anf (a,) = 0(zero vector of V)
= flaga; + aza, + -+ aya,) = 0 [+ f is linear transformation. |
= a;0; +aya,++a,a, =0 [v fisone—oneand f(0) = 0]
= a,=0a,=0,..,a,=0

[ a1, ay, ..., a, are linearly independent]
=~ S"is linearly independent.

Now we have to prove that L(S') =V . For this we prove that any
vector B € V can be expressed as a linear combination of the vectors of
the set S'. Since f isonto V. therefore B € V = 3a € U|f(a) = B.

Leta = cyay + cap + -+ cray
Then B = f(a) = f(cia; + coa, + -+ + cLay,)
=1 f (1) + cof (@) + -+ cpf (ay)
Thus B is a linear combination of the vectors of the set S’. Hence
L(S) =V

=~ S"is a basis of V. Since S’ contains n vectors, thereforedimV = n.

Theorem3. Every n dimensional vector space V(F) is isomorphic to
Vi (F). |
Proof: Let {aq, a5, ..., a,} be any basis of V(F). Then every vector a« € V
can be uniquely expressed as

a=aa;+aa, +-+a,a,; a; €F

The ordered n — tuple (a4, ay, ..., a,) € V,,(F).

Let f:V(F) - V,,(F) be defined by f(a) = (a;,ay, ..., a,).
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Since in the expression of a as a linear combination of a4, ay, ..., a, the
scalars a4, a,, ...,a, are unique, therefore f(a) is a unique element
of V, (F) and thus the mapping f is well defined

fis one-one. Leta = a a7 + aya, + -+ a,a, and f = bya; + by, +
-+ b, a,, be any two elements of V. We have

fl@)=f(B)

=  flaaq + aza; + -+ apay) = f(byay + byay + -+ + byay)

= (a1,ay, ...,a,) = (by, by, ..., by)
= a, =by,a, = by, ...,a, = b,
EN a=p

=~ f is one-one.

f isontoV,(F). Let (aq,a,, ...,a,) € V,(F). Then3 an element a,a; +
a,a, + -+ a,a, € V(F) such that

flagaq + ayay + -+ azay) = (aq,ay, ..., a,)
=~ f is onto.
f is a linear transformation. If a,b € F and «, f € V(F), we have
f(aa + bB)
= fla(a;aq + aya; + -+ apa,) + b(byay + byay + - + bpay,)]
= f[(aa; + bby)a, + (aa, + bby)a, + -+ + (aa,, + bb,)a,]
= (aa; + bb;), (aa, + bb,), ..., (aa, + bb,)
= (aaq, aa,, ...,aa,) + (bby, bb,, ..., bb,,)
= a(ay,ay, ...,ay) + b(by, by, ..., by)
=af(ayy + aya, + -+ aya,) + bf(byay + bya, + -+ + bay,)
= af (a) + bf (B)
=~ f is a linear transformation.

Hence f is an isomorphism of V(F)ontoV,,(F) .
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V(F) = V,(F) .

Examplel. Show that the mapping f :V;(F)— V,(F) defined
by f: (a4, a,, as) = (aq,a,) is a homomorphism of V5 (F)onto V,(F).

Solution: Let @ = (a4, a,, a3) and B = (by, b, b3) be any two elements
of V3(F). Also let a, b be any two elements of F. We have
flaa +bp) = fla(ay, az,a3) + b(by, by, bs)]
= f[(aa, + bby,aa, + bb,,aa; + bbs)]
= (aa, + bb,,aa, + bb,)
= a(ay,a;) + b(by, by)
= af(ay,ay,a3) + bf (by, by, b3)
=~ f is a linear transformation.
To show that f is onto V,(F). Let (a4, a,) be any element of V,(F). Then
(aq,a,,0) € V53(F) and we have f(aq,a,,0) = (aq,a,). Therefore f is
onto V, (F).
Therefore f is a homomorphism of V5 (F)onto V,(F).

Example2. If V is a finite dimensional vector space and f is an
isomorphism of V into V, prove that f must map V onto V.
Solution: Let V (F) be a vector space of dimension n that has finite

dimensions. Let f be a linear transformation, f is one-one, and let f be an
isomorphism of f into V. To prove that f is onto V.

Let V have a basis S = {a;,a,, ..., a,}. First, we will prove that S’ =
{f(a), f(ay), ..., f(ay)} is also a basis of V. We claim that S’ is linearly
independent. The proof is as follows:

Let a:f(ar) +axf(az) + -+ apf(ay) =0
= f(aja; +aya, + -+ aya,) =0 [+~ f is linear transformation. ]
= a0, +aa,++a,a, =0 [~ fisone—oneand f(0) = 0]
= a,=0a,=0,..,a,=0

[ a1, ay, ..., a, are linearly independent]
=~ S"is linearly independent.

Now V is of dimension n and S’ is a linearly independent subset
of VV containing n vectors. Therefore S must be a basis of V. Therefore
each vector inV can be expressed as a linear combination of the vectors
belonging to S'.
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Now we shall show that f is onto V. Let a be any element of V. Then there
exist scalarsc,, ¢y, ..., c,Such that

a=cf(a) +caf (ax) + -+ cpf (ay)
= f(ciay + cya, + -+ + chay)

Nowc,aq + cya, + -+ cpa, € V and the f — image of this element is
a. Therefore f is onto V. Hence f is an isomorphism of VV onto V.

Example3. If V is finite dimensional and f is a homomorphism of V into
itself which is not onto prove that there is some @ # 0 inV such that
f(a) = 0.

Solution: If f is a homomorphism of V into itself, then f(0) = 0
Suppose there is no non-zero vector a in V such that f(a) = 0. Then f is
one-one. Because

fB) =1
= fB)-fy)=0
= fB-y)=0 [ fis a linear transformation]
= f-y=0=[F=y

Now V is finite dimensional and f is a linear transformation of V' into
itself. Since f is one-one, therefore f must be onto V. But it is given
that £ is not onto. Therefore, our assumption is wrong. Hence there will be
a non-zero vector a in V such that f(a) = 0.

Example4. Define linear transformation of a vector space V(F) into a
vector space W (F). Show that
T:(a,b) » (a+2,b+3)

the mapping of VV,(R) into itself is not a linear transformation.
Solution: Let V(F) and W(F) be two vector spaces over the same
field F. A mapping T:V — W is called a linear transformation of V into W
if

T(aa + bB) = aT(a) + bT(B)Va,B €V andV a,b € F

Now to show that the mapping
T:(a,b) » (a+2,b+3)
of V,(R)into itself is not a linear transformation.
Take @« = (1,2) and B = (1,3) as two vectors of V,(R)anda =1,b =
1 as two elements of the field R.
Then aa + b = 1(1,2) + 1(1,3) = (2,5)
By the definition of mapping T, we have

Taa+bB)=T((2,5)=(2+2,5+3)=(4,8) (1)
Also T(@)=T1,2)=(1+2,2+3)=(35)
and T(B)=T1,3)=(1+2,3+3)=(3,6).
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aT(a) +bT(B)=1(3,5)+1(3,6) =(3,5) +(3,6)
= (6,11) - (2)
From equation (1) and (2), we see that
T(aa + bB) + aT(a) + bT(B)
Hence T is not a linear transformation of V,(R) into itself.

6.5 QUOTIENT SPACE

Let W be any subspace of V(F), which is a vector space. Let a be any of
V's elements. Then the set
W+a={y+a yeW}
is called a right cost of W in V generated by a. Similarly, the set
a+W={a+y;,y e W}
is called a left cost of W in V generated by «.
We will refer to W + a as simply a coset of W in V created by a. It is
obvious that both W + a and a + W are subsets of V. Since addition in V
is commutative, we getW +a = a+ W .
The following results about costs are both to be remembered:

Q) We have 0 € Vand W + 0 = W. Therefore W itself is a coset of
WinV.
(i) aeWsWH+a=W

6.6 DIRECT SUM OF SPACES

Let Wy, W,, ..., W, be subspaces of a vector space V(F). If each element
a € V can be expressed in one and only one way as a = a4, &y, ..., @y,
then V is said to be the direct sum of W;,W,,...,W,, where a, €
Wi, a, €W, ..., apy € Wy,

If a vector space V(F) is a direct sum of its two
subspaces W, and W, then we should have not only V = W, + W, but
also that each vector of IV can be uniquely expressed as sum of an element
of W, and an element of W,. Symbolically the direct sum is represented
by the notation V = W, ®W,.

Disjoint subspaces: In the vector space V(F), two subspaces W;and W,
are considered disjoint if their intersection is the zero subspace, i.e. if
Wl n W2 = {0}

6.7 COORDINATES
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Let V(F) be a wvector space with finite dimensions. Let
B = {ay, ay, ..., @y} be an ordered basis for V.
When we say that the vectors of B have been enumerated in a well-defined
manner, we mean that the vectors that occupy the first, second, nth
positions in the set B are fixed.
Let a € V. Then there exists a unique n — tuple (x4, x5, ..., X, ) Of scalars
such that
n
a=x10; + X0, + -+ X0, = z XiQ;
i=1

The n — tuple (x4, x5, ..., x,) is called the n — tuple of coordinates ofa
relative to the ordered basis B. The scalarx;, is called i t* coordinate of a
relative to the ordered basis B. The n X 1 matrix

X1

x ="

xn
Is called the coordinate matrix of a relative to the ordered basis B.
It should be mentioned that the a vector's coordinates are unique for the
same basis set B, but only in relation to a specific ordering of B. There are
various ways to arrange the basis of set B. The coordinates of @ may
change with a change in the ordering of B.

6.8 KERNEL OF A HOMOMORPHISM

If T:V -W is a linear transformation (homomorphism) between vector
spaces V and W, then the kernel of T is defined as

KerT={veV:Tv=0,}
where 0,, is the zero vector in W
The kernel consists of all vectors in the domain V that are mapped to the
zero vector of the codomain W.
Example: Let T: R - R2be defined by

T(x,y,z) =(x+y,y+2z)
Then

KerT={(x,v,z) ER%x+y=0,y+z =0}

Properties:
1. Ker T is always a subspace of V.
Sol: The T:V - Wis

ker(T) ={v e V,T(v) = 0}
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To be a subspace of V, a set must satisfy three conditions:

Since T(0) = 0,0 € ker(T)

If v,,v, EkerT,thenT(v; +v,) =0+0=0,50v; + v, € kerT.

IfvekerT,ce RthenT(cv) =cT(v) =0=c.0=0s0cv €
kerT.

2.

If Ker T = {0}, then T is injective (one-to-one).

By definition, T is injective if

Tw)=T() = v,=v,=TWw)=0=v=0

But this is exactly the definition of Ker T = {0}. So If the kernel
only contains the zero vector, then no two distinct vectors in V can

map to the same image — T is injective.

The dimension of the kernel is called the nullity of T. Nullity is
defined as:

Nullity(T) = dim((kerT))

It measures how many "degrees of freedom" there are in the solution to
T(v) = 0. By the Rank-Nullity Theorem:

where:

dimv = rank(T) + nullity (T)

rank(T) = dim(Im(T)) (dimension of the image),
Nullity(T) = dim((kerT))

6.9

INJECTIVE HOMOMORPHISM (ONE-TO-
ONE)

An injective homomorphism (or one-to-one linear transformation) is a
linear map T:V — W between two vector spaces such that different
vectors in V map to different vectors in W. Formally, T is injective if

T(v) =T(vy) = vy =1y, = vy, 10,6V
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Equivalently, T is injective if and only if its kernel is trivial, i.e.,

Ker T = {0}
This means that the only vector in V that maps to the zero vector in W is
the zero vector itself. Injective homomorphisms preserve distinctness of
elements and play a key role in establishing isomorphisms between vector
spaces.

6.10 IMAGE OF A HOMOMORPHISM

The image of a homomorphism (also called the range) describes the set
of all possible outputs of the homomorphism.
If T:V -W is a linear homomorphism (linear transformation) between
vector spaces, then the image of T is defined as:

Im(T)={T(w)eW Jv eV}
Properties:

1. Subspace Property: Im(T) is always a subspace of W.

2. Relation to Subjectivity: If Im(T) = W, then T is surjective
(onto).

3. Rank: The dimension of Im(T) is called the rank of T.

Example5. Show that the set S = ((1,0,0),(1,1,0),(1,1, 1)} is a basis of
R? (R) where R is the field of real numbers. Hence find the coordinates of
the vector (a, b, ¢) with respect to the above basis.
Solution: The dimension of the vector space R® (R) is 3. If the set S is
linearly independent, then S will form a basis of R® (R) because S contains
3 vectors. Let x, y, z be scalars in R such that

x(1,0,0) +v(1,1,0) +2(1,1,1) =0 = (0,0,0)

> x+y+zy+z2)=1(000)
= x+y+z=0,y+z=0,z=0>=>x=0,y=0,z=0
= the set S is linearly independent.

S is a basis of R® (R).

Now to find the coordinates of (a, b, c) with respect to the ordered basis S.
Let p, g, r be scalars in R such that

(a,b,c)=p(1,0,0) +q(1,1,0) + r(1,1,1)
= (a,b,c)=(p+q+7r,q+r17T)
= p+q+r=aq+r=br=c
= r=c,q=b—-—c,p=a->b
Hence the coordinates of the vector (a, b,c) are (p,q,7r) i.e.,(a —b,b —
c,C).
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Example6. Construct three subspacesW,, W,, W5 of a vector space V' so
that V. = W,@W, = W,®Wsbut W, + W .
Solution: Take the vector space V = R?
Obviously W, ={(a,0);a € R}, W, ={(0,a);a € R}and W5 =
{(a,a); a € R} are three subspaces of R2.
We have V=W, +W,and W, n W, = {(0,0)}
V=W, ew,
Also it can be easily shown that
V=W, +W;and W, n W; = {(0,0)}
vV =W,0ew,
ThusV = W, W, = W,®&W;but W, # Ws .

6.11 SUMMARY

An important term in the study of vector spaces is homomorphism and
isomorphism. A homomorphism is a linear transformation between two
vector spaces that respects the algebraic structure of the spaces by
preserving the operations of scalar multiplication and vector addition. By
transferring vector spaces into one another while preserving their linear
characteristics, homomorphisms aid in our understanding of their linkages.
In contrast, an isomorphism is a unique kind of homomorphism that is
both onto (surjective) and one-to-one (injective). By establishing a perfect
correspondence between two vector spaces, an isomorphism demonstrates
that they are structurally similar and only differ in the labels of their
constituent parts.

6.12 GLOSSARY

e Homomorphism (Linear Transformation): A function T:V -W
between two vector spaces that preserves vector addition and
scalar multiplication.

e Isomorphism: A bijective (one-to-one and onto) homomorphism
that establishes structural equivalence between two vector spaces.

o Kernel of a Homomorphism: The set of all vectors in V that map
to the zero vector in W under T.

e Image of a Homomorphism: The set of all vectors in W that are
outputs of T (v) for some v € V.

e Injective  Homomorphism (One-to-One): A homomorphism
where distinct vectors in V map to distinct vectors in W,
equivalently, the kernel contains only the zero vector.

e Surjective Homomorphism (Onto): A homomorphism whose
image equals the entire codomain W.
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e Linear Isomorphism: A bijective homomorphism, implying that
the two vector spaces have the same dimension.

e Automorphism: An isomorphism from a vector space to itself.

e Endomorphism: A homomorphism from a vector space to itself.

o Dimension Preservation: In isomorphisms, both vector spaces
must have the same dimension, ensuring structural equivalence.
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6.15 TERMINAL QUESTIONS

(TQ-1) Let V(R) be the vector space of all complex numbers a + ib
over the field of reals R and let T be a mapping from V(R)to V,(R)
definedas T(a + ib) = (a,b). Show that T is an isomorphism.

(TQ-2) vV (F) and W (F) are two finite dimensional vector spaces such
that dimV =dimW . If f is an isomorphism of V into W prove
that f must map V onto W'.

(TQ-3) Find the coordinates of the vector (2, 1, —6) of R3 relative to the
basis a; = (1,1,2),a, = (3,—1,0), a5 = (2,0,—1).

(TQ-4) Let W, and W, be two subspaces of a finite dimensional vector
space V. If dimV =dim W, +dimW,and W, n W, = {0} , prove
thatV =W, W, .

(TQ-5) Show that the setS = ((1,0,0),(1,1,0),(1,1,1)} is a basis of
R? (R) where R is the field of real numbers. Hence find the coordinates of

the vector (a, b, c) with respect to the above basis.
(TQ-6) Define a homomorphism between two vector spaces. Give an

example.
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(TQ-7) What is meant by the kernel and image of a homomorphism?
Prove that both are subspaces.

(TQ-8) Define Rank-Nullity.

(TQ-9) What is an isomorphism? Give necessary and sufficient conditions
for a linear transformation to be an isomorphism.

(TQ-10) Prove that if T: V — W is an isomorphism, then dimV = dimW.
(TQ-11) Show that the composition of two isomorphisms is an
isomorphism.

(TQ-12) Show that the inverse of an isomorphism is also an isomorphism.
(TQ-13) Give an example of a homomorphism that is not an
isomorphism.
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UNIT 7: -Dual Space
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7.1 INTRODUCTION: -

In linear algebra, the concept of dual space plays an important role in
extending the study of vector spaces. Given a vector space V over afield F,
the dual space of V, denoted by VV*, is defined as the set of all linear
functionals from V to F. A linear functional is a linear transformation that
maps a vector in IV to a scalar in the field F. The dual space itself forms a
vector space over the same field F . If V is finite-dimensional
with dim (V) = n, then the dual space V* also has dimension n. Each basis
of V gives rise to a dual basis in V*, which allows us to connect vectors
with linear functional in a systematic way.

The concept of dual space is significant because it provides a framework for
studying vector spaces from the perspective of linear functionals rather than
vectors. It is widely used in advanced topics like differential geometry,
functional analysis, optimization, and theoretical physics.

7.2 OBJECTIVES: -

After studying this unit, the learner’s will be able to

e Define Dual Space.
o Define Dual Bases.
e Define Second Dual Space.
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7.3 DUAL SPACE: -

Consider the vector space V over the field F. Then the set V', which
contains all linear functionals on V, is a vector space over the field F. The
dual space of I/ is the vector space V'.

The dual space of V is also sometimes denoted by the symbols V* and V.
Another name for the dual space of V is the conjugate space of V.

7.4 DUAL BASES: -

Theoreml. Let V be an n-dimensional vector space over the field F and
let B = {a;, ay, ..., @, } be an ordered basis for V. If {x;, x5, ..., x,} IS any
ordered set of n scalars, then there exists a unique linear functional f on V
suchthat f(a;)) =x;; i =1,2,...,n.

Proof: Existence of f. Leta € V.

Since B = {ay, @y, ..., a,} is a basis for V, therefore there exist unique
scalarsa,, a,, ..., a,, such that

a=aq,a, +aa, +--+a,a,
For this vector «, let us define
fla) =a;x; +a,x, + -+ a,x,

Obviously f () as defined above is a unique element of F. Therefore f is a
well-defined rule for associating with each vector a in V a unique scalar
f(a)in F. Thus f is a function from V into F.

The unique representation of a; € V as a linear combination of the vectors
belonging to the basis B is

a; =0a; +0a, + -+ 1a; + 0ajyq + -+ Oy
Therefore according to our definition of f, we have
f(a;)) = 0xy +0x, + -+ 4+ 1x; 4+ Ox;41 + -+ Ox,,
i.e. fla)=x;i=1,2,....,n

Now to show that f is a linear functional. Let a,b € F and @, 8 € V. Let
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a = a1a1 + azaz + -+ anan
and B =bia; + bya, + -+ ba,

Then
f(aa + bB)

= fla(aya, + aya, + -+ apa,) + b(byay + bya, + -+ byay,)]
= fl(aa, + bby)a; + (aa, + bby)a, + -+ (aa, + bb,)a,]

= (aa, + bby)x, + (aa, + bby)x, + ---+ (aa, + bb,)x,

= ala;xq + ayx, + -+ apxy) + b(a;x; + ayx, + -+ a,xy,)

= af (a) + bf ()

=~ f is a linear functional on V. Thus there exists a linear functional f on V
such thatf(al) = Xi; i=12,...,n

Uniqueness of f. Let g be the linear functional on Vsuch that
gla) =x;;i=1,2,...,n
For any vector ¢ = a2, + aya, + -+ a,a, € V, we have
g(@) = g(a1a1 + aza; + -+ apay)
=a;g(ay) + axg(ay) + -+ + ayg(ay) [ g is linear]
=a.x;+azx, + -+ ayx,
= f(a)
Thus g(a) = f(a)Va eV
g=f
The above expression shows the uniqueness of f.

Theorem2. Let V be an n-dimensional vector space over the field F and let
B = {ay,a,, ...,a,} be a basis for V. Then there is a uniquely determined

basis B' = {f1, f2, ..., fn} for V' such thatﬁ-(aj) = §;;. Consequently the
dual space of an n-dimensional space is n-dimensional

The basis B’ is called the dual basis of B.
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Proof: Let B = {a;, a5, ...,a,} is an ordered basis for V. Therefore by
theorem 1, there exists a unique linear functional f; on V such that

filay) =1, fi(a;) =0, ..., fi(a,) =0
Where {1,0,...,0} is an ordered set of n scalars.

In fact, foreachi = 1,2,...,n there exists a unique linear functional such
that

_(0ifi#]

ﬁ(%)_'tjfi=j
ie. fila;) = 6y (1)
Where 6;; € F is Kronecker deltai.e. §;; = 1if i = jand §;; = 0if i #

] -

Let B' = {fi, f2, .-, fn}. Then B" is a subset of V' containing n distinct
elements of V'. We shall show that B is a basis for V'.

First we shall show that B’ is linearly independent.

Let cifitcfp+ oty f,=0

= (C1f1+C2f2 +"'+Cnfn)(a)= ﬁ(a) Va eV

= 1 fi(@) + e f,(@) + -+ cp fy(@) = OVa € V [ 0(a) = 0]

n

> Zcifl-(a)zowxEV
i=1
Puttinga = a;;j =12,..,n

n

= Zcifi(aj)zo;jzl,z,...,n

=1

n

= Zci5ij = 0,] = 1,2, e, n
i=1
> ¢ =0;j =12 ..,n

= fi, f2, -, fn are linearly independent.
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Also, we have to prove that the linear span of B’ is equal to V',

Let f € V'. The linear functional f will be completely determined if we
define it on a basis for V. So let

f(a'l-) = a; }i = 1,2, e, n (2)

We have to prove that

n

f=afitaf,++af= ) af

i=1

We know that two linear functional on IV are equal if they agree on a basis
of V. Leta; € B;j = 1,2,...,n, then

D | @)= ) )

n
= Z a;0;; [from equation (1)]

i=1
= aj, on summing with respect
to i and remembering that
8;j =1wheni=jand;; =0
wheni # j
= f(a)

n

Thus [Z a; ﬁ] (o) = f(a;)Va, € B

=1

n
Therefore f = z a;f;
i=1

Thus every element f in V' can be expressed as a linear combination

of fi, f2, s fn-

~ V' = linear span of B'.
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Hence B’ is a basis for V.

Theorem3. Let VV be an n-dimensional vector space over the field F and
let B ={a,...,an) be a basis for V. Let B’ = {f}, f>, ..., f,} be the dual
basis of B. Then for each linear functional f on V, we have

f= if(ai)fi

and for each vector « in V we have

a= ifi(a)ai

Proof: Since B’ is dual basis of B, therefore
fi(aj) = 0y . (1)

If f is a linear functional on V, then f € V' for which B’ is basis. Therefore
f can be expressed as a linear combination of f3, f5, ..., f,,. Let

f= i cifi
i=1

Then

1) =Y e @)

i=1

n

= Z cifi (aj)

i=1

n

= ZCL' 611

i=1

=¢i;j= 1,2,..,n

f= if(“i)fi
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Now let a be any vector in V. Let
n
a=x10q X305 + -+ x00, = z X;Q; - (2)

Then

fila) = f;

n
X [from equation(2)]
=1

n

= Z xifi(a;) [+ fiis linear functional]

j=1

v = [@a + @+ fu(@an = ) fil@a
i=1

Theorem4. Let V be an n-dimensional vector space over the field F. If a is
a non-zero vector in V, there exists a linear functional f on V such that

f(a) #0.

Proof: Since a # 0, therefore {a} is a linearly independent subset of V. So
it can be extended to form a basis for V. Thus there exists a basis B =
{a,, ay, ..., @} for V such that a; = a.

If B" = {fi, f2, .-, fn} is the dual basis, then
fi(@)=fi(ay) = 1+0.
Thus there exists linear functionals f;, such that
fi(a) #0
Corollary: Let V be an n-dimensional vector space over the field F. If

f (a) =0Vf € V', thena = 0.
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Proof: Suppose a # 0. Then there is a linear functional f on V such that
f(a) # 0. This contradicts the hypothesis that

f (@) = 0Vf € V'. Hence we must have a = 0.

Theoremb5. Let V be an n-dimensional vector space over the field F. If a, B
are any two different vectors in V , then there exists a linear
functional f on V such that f (a) # f(f).

Proof: Wehavea # f = a— [ # 0.

Now a — 8 is a non-zero vector in V. Therefore by theorem 4, there exists,
a linear functional f on V such that

fla=p)=#0
= fl@-fpB)+0
= fla) = f (B).

Hence the result.

7.5 SECOND DUAL SPACE: -

Every vector space V is known to have a dual space V' that contains all of
the linear functionalson V.

V' is now a vector space as well. It will therefore also have a dual space
(V") that contains all linear functionals on V'. This dual space of V' is
known as the Second Dual Space of V, and we will simply refer to it as V"’

dimV = dim V' = dim V" indicates that they are isomorphic to each other
if V is finite-dimensional.

Theorem6. Let V be a finite dimensional vector space over the field F. If «
is any vector in V, the function L, on V' defined by

Lo=f(@)Vf eV
is a linear functionalon V i.e.L, € V"
Also the mapping a — L, is an isomorphism of VV onto V".

Proof: Ifa € V and f € V' then f (a) is a unique element of F. Therefore
the correspondence L, defined by
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Lo(f) = fla)Vf €V’ (1)
is a function from V' into F.
Leta,b € Fand f,g € V'.Then
Ly(af + bg) = (af + bg)(a)
= (af)(@) + (bg)(a)
= af(a) + bg(a)
[by scalar multiplication of linear functionals]
= a[Ls(f)] + b[La(9)]

Therefore L, is a linear functional on V' and thus L, € V''. Now let ¢ be
the function from V into V" defined by

Y(a) =L,Va eV
P isone-one. Ifa, § € V, then
Y(a) =9(B)

= Lo =Lg = Lo(f) = Lg(HIVf €V’
= fla) =f(Bvf eV’
=  fl@-fB)=0vfeV
> fl@a-p)=0vfev
= a—B=0 [by theorem 4]
= a=p
-~ 1 is one — one.
W is a linear transformation.
Leta,b € Fand a,B € V. Then

w(aa +bB) = Liaasop) [by definition of ]

For every f € V', we have
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Liaa+vpy)(f) = flaa + bB) = af (@) + bf (B) = aLy(f) + bLg(f)
= (aLy)(f) + (bLg)(f) = (aLq + bLp)(f)

 Lgasop) = AL + bLy = ap(a) + bip(B)

= Y(aa + bB) = ay(a) + by(B)

= 1) is a linear transformation from V into V'. Since we have dimV =
dim V'’ therefore v is one-one= 1y must also be onto.

Hence v is an isomorphism of VV onto V".

Theorem?. Let V be a finite dimensional vector space over the field F. If L
is a linear functional on the dual space V' of V, then there is a unique vector
a € Vsuchthat L(f) = f(a) Vf € V.

Proof: This theorem is an immediate corollary of theorem 6. We should
first prove theorem 6. Then we should conclude like this:

The correspondence a — L, is a one-to-one correspondence between
Vand V". Therefore if L € V", there exists a unique vector ¢ € V such
that L = L,. i.e. such that

L) =f@vfeV

Theorem8. Let VV be a finite dimensional vector space over the field F.
Each basis for V' is the dual of some basis for V.

Proof: Let B' = {f}, f2, ..., [} be a basis for VV. Then there exists a dual
basis (B')' = {L4, Ly, ..., Ly} for V"' such that

L(f;) = 6 (1)
By previous theorem, for each i there is a vector a; € V such that
Li=Lg; Lo,(f) = fla)Vf €V’ - (2)

The correspondence a — L, is an isomorphism of V onto V''. Under an
isomorphism of a basis is mapped onto a basis. Therefore B =
{a,, ay, ..., a,} is a basis for V because it is the image set of a basis
for V""under the above isomorphism.

Putting f = f;, in (2), we get
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fi(a) = Lo, (f;) = Li(f;) = 6

o~ B ={f1, f2, ..., fn} is the dual of the basis B. Hence the theorem.

Theorem9. Let V be a finite dimensional vector space over the field F. Let
B be a basis for V and B’ be the dual basis of B. Then show that

BII — (BI)I — B

Proof: Let B = {ay, ay, ..., a,,} be a basis for V, B' = {f, f5, ..., [} be the
dual basis of Bin V' and B” = (B")" = {L4, Ly, ..., L,,} be the dual basis of
BinV". Then

file) = 8
and Li(f)=6;i=12,..,n&j=12,..,n
If « € V, then there exists L, € V" such that

Lo(f) = f(@)V f eV

Taking «;, in place of a, we see that for eachj = 1,...,n,
Lo, (f;) = fi(a) = Li(f;) = &;

Thus Ly, and L;, agree on a basis for V'. Therefore

If we identify V" with V through natural isomorphism a < L,, then we
consider L, as the same element as a. So

Thus B” = B.

Examplel. Find the dual basis of the basis set B =
{(1,1,3),(0,1,-1),(0,3,—2)} for V5(R).

Solution: Leta; = (1,-1,3),a, = (0,1,-1),a;3 = (0,3,-2).
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Then B = {a;, @y, a3}. If B' = {f1, f>, f3} is a dual basis of B , then
filey) =1, fi(az) = 0,f1(a3) =0,
f2(a1) = 1,f,(az) =0, f(a3) =0
and fsla) =1, f3(az) =0, f3(az) =0
Now to find explicit expressions for f;, f>, f5. Let (a, b, c) € V5(R).
Let (a,b,c) = x(1,—1,3) + y(0,1,— 1) + 2(0,3,— 2) ...(1)
= xa;tya, +zas
Thenf;(a,b,c) = x,f,(a,b,c) = vy, f5(a,b,c) = z
Now to find the values of x, y, z.
From (1), we have
x=a-x+y+3z=b3x—y—2z=c
Solving these equations, we have
x =ay=7a—2b—3c,z=b+c— 2a
Hence f;(a, b,c) = a, fo(a,b,c) = 7a — 2b — 3c,
fs(a,b,c) = b + ¢ — 2a

ThereforeB’ = {fi, f, f3} isadual basis of B where f, f5, f5 are as defined
above.

Example2. The wvectors a; = (1,1,1),a, = (1,1,— 1) and a5 =
(1,—1,—1) form a basis V5(C) If {f;, f>, 5} the dual basis and if @ =
(0,1,0), find f; (), fy(a)and f;(a).

Solution: Leta = a,a; + a,a, + azas.Then

fila) = ay, f,(a) = azand f3(a) = as
Now a = aya; + a,a, + azas
= (0,1,0) =a,;(1,1,1) + a,(1,1,— 1) + a3(1,— 1,— 1)

= (0,1,0) = (a1+ a2+a3,a1+ az_a3,a1_a2_a3)
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ﬁal‘l' a2+a3=0,a1+ az_a3=1,a1_ az_a3=0

1
=>a,=0a, =§,a3 = ——

1 1
~fila) =0, fr(a) = Eand fz(a) = )

Example3. If f is a non-zero linear functional on a vector space V and
if x is an arbitrary scalar, does there necessarily exist a vector « in VV such
that f(a) = x?

Solution: f is a non-zero linear functional on V. Therefore there must be
some non-zero vector B inV such that f(8) = y where y is a non-zero
element of F.

If x is any element of F, then
x = (xy Dy = y™HFB) = fllxy™H)P]
[since f is linear functional]
Thus there exists x = (xy~1)B € V such that f(a) = «x.

Example4. Prove that if f is a linear functional on an n-dimen-sional vector
space V(F), then the set of all those vectors a for which f(a) = 0is a
subspace of I/, what is the dimension of that subspace?

Solution: LetN = {a € V: f(a) = 0}
N is not empty because at least 0 € N such that f(0) = 0
Leta,S € NThenf(a) = 0,f(B) =0
Ifa,b € F we have
flaa—bp) = af(a) + bf(f) =a0+b0=0+ aa+ b EN
Thusa,b € Fand a,f € N = aa+ b EN

= N is a subspace of IV . This subspace N is the null space of f. We know
that

dimV =dim N + dim (range of f).
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Q) If f is zero linear functional, then range of f consists of zero
element of F alone. Therefore dim (range f ) = 0 in this case.
In this case, we have
dimV =dimN +0 = n = dimN
(i) If f is a non-zero linear functional on V, then f is onto F. So range
of f consists of all F in this case. The dimension of the vector
space F' is 1. . In this case we have
dimV =dimN+1 =dimN =n — 1

7.6 SUMMARY:-

In linear algebra, the dual space of a vector space V over a field F, denoted
by V*, is the set of all linear functionals from V to F. A linear functional is
a linear transformation that maps a vector to a scalar while preserving
linearity. The dual space plays a crucial role in understanding the structure
of vector spaces, providing a way to study them through scalar-valued
functions. The dimension of VV*is equal to the dimension of V, and the dual
basis corresponding to a given basis of V provides an important link
between the space and its dual. Dual spaces are widely used in functional
analysis, quantum mechanics, and differential geometry, as they provide a
natural framework to study bilinear forms, adjoint operators, and duality
principles in mathematics.

7.7 GLOSSARY:-

e Dual Space (V*):The set of all linear functionals from a vector
space V into its underlying field F.

e Linear Functional: A linear transformation f:V—F that maps
vectors to scalars while preserving linearity, i.e.,

f(au + pv) = af (w) + Bf (v).

e Basis of a Vector Space:A linearly independent set of vectors in V
that spans the entire space.

e Dual Basis: For a basis {v,, v,, ... ... , U} of V, the corresponding
dual basis {f;, fo, ... ..., f,.} in V*is defined such that f;(v;) = &;;.

e Kronecker Delta (8;;): A function defined as §;; = 1, and §;; =
0 if i # 0. Used in defining dual bases.

e Dimension of Dual Space: If dim(V) = n, then dim(V*) = n.
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e Evaluation Map: A natural map ¢:V — V**(double dual), defined
by ¢(w)(f) = f(v), where f € V™.

e Double Dual (V**):The dual space of the dual space. There is a
canonical isomorphism V = V**for finite-dimensional spaces.

e Annihilator: For a subspace W < V, the annihilator W, € V * is
the set of all functionals f € V*such that f(w) =0 forallw € W.

e Reflexivity: The property that a finite-dimensional vector space V
is naturally isomorphic to its double dual V**.
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7.10 TERMINAL QUESTIONS: -

(TQ-1) Let V be a vector space over the field F. Let f be a non-zero linear
functional on VV and let N' be the null space of f. Fix a vector a, € V which
is not in N. Prove that for each « € V there is a scalar c and a vector
in N such that @« = cay + (. Prove that c and § are unique.

(TQ-2) Prove that every finite dimensional vector space Vis isomor-phic
to its second conjugate space v ** under an isomorphism which is
independent of the choice of a basis in V.

(TQ-3) Find the dual basis of the basis set B = {(1,0,0)(0,1,0),(0,0,1)}
for V5 (R).

(TQ-4) Find the dual basis of the basis set B =

{(1,-2,3)(1,-1,1),(2,— 4,7)} of V5 (R).
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(TQ-5) Prove that if f is a linear functional on an n-dimen-sional vector
space V(F), then the set of all those vectors a for which f(a) = 0is a
subspace of I/, what is the dimension of that subspace?

(TQ-6) Explain the difference between the dual space and the bidual space
(double dual).

(TQ-7) The wectors a;= (1,1,1),a, = (1,1,—1)and az =
(1,—1,—1) form a basis V5(C) If {f;, f>, 3} the dual basis and if @ =
(O' 1' O)v find fl (a)' f2 (a)and f3 (CZ)

(TQ-8) Find the dual basis of the basis set B =
{(1,1,3),(0,1,-1),(0,3,—2)} for V5(R).

7.11 ANSWERS: -

(TQ-3) B" = {f1, f2. 13} where fila,b,c) = a,f>(a,b,c) =
b fz(a,b,c) = ¢

(TQ-4) B' = {f1, f>, fs} where f,(a,b,c) = —3a —5b — 2¢, f,(a,b,c) =
2a+b f;(a,b,c) =a+2b+ ¢
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ALGEBRA OF POLYNOMIAL AND CANNONICAL FORM
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8.1 INTRODUCTION

In this unit, we focused on algebra of polynomial, Vandermonde matrix, eigen avalue and
eigen function. Now again, we emphasize on Vector Spaces. After the study of Linear
Transformation, we have studied some properties of a linear operator. Here, we shall elaborate
these concepts and matrices help us in a great deal. Basis of a matrix and its role to understand
eigen values and eigen vectors will be discussed in detail. Besides this, diagonalisation process
and required conditions will be discussed thoroughly.

8.2 OBJECTIVE

After the study of this chapter, learner shall understand:

Linear operators and their properties.

Polynomial of matrices.

Vandermonde matrix

For finite-dimensional vector spaces, T can be represented as a matrix.
How can we convert square matrix into diagonal matrix?

Role of basis of a linear transformation in diagonalisation.

POLYNOMIAL OF MATRICES

In linear algebra, the algebra of polynomials plays a central role, especially when dealing with
linear operators and matrices.

Definition: Let p(x) =a, +a,Xx +a,x* +...+a, X"

be a polynomial with coefficients from a field F (e.g., R, C).

If A is a square matrix of order mx m, then the polynomial of matrix A is defined as:
P(A) =a,l +a,A+a,A* +..+a,A"

Where, | is the identity matrix of the same size as A.

Example 1 (i): If p(x) =2 +3x+x* then for matrix A, p(A) = 21 +3A+ A®,

(ii):  If p(x) = x> —5x+7 then for matrix A, p(A)=A®>-5A+71.
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1 2 7 10
Example 2: If A= , then A*= . Let f(x)=2x*-3x+5 and
3 4 15 22

2 2 14 20] [-3 -6 [5 0] [16 14
g(x) =x* —5x—2 then, f(A)=2A?-3A+5I = N . _
30 44| |-9 —12| |0 5| |21 37

, 7 10] [-5 -10] [-2 07 [0 ©
And g(A) = A> —5A-2] = + + =
15 22| |-15 -20| |0 -2| |0 ©

Thus, we can say that Ais zero of g(t).

Properties: Let f, gbe the polynomials. Then for any square matrix A and scalar k, we have
the followings:

) (f+9)(A)=1(A+9(A) (i) (kf)(A) =kf(A)
(i) (fo)(A) = f(Ag(A) (iv)  f(Ag(A=9(Af(A)

Point (iv) shows that any two polynomials in A commute with each other.

8.4 FACTORISATION OF POLYNOMIAL

Let the ring K[t] of polynomials over a field K. A polynomial p e K[t] of positive degree is
said to be irreducible if p= fgimplies f or gis a scalar.

Lemma 1: Suppose peK]t] is irreducible. If p divides the product fgof polynomials
f,g eK|t], the pdivides g. More, generally, if pdivides the product of npolynomials
f,, then pdivides one of them.

Proof: Suppose pdivides fgbut not f . Because p is irreducible, the polynomials f and p
must then be relative prime. Thus, there exist polynomials m,n e K|[t] such that mf +np =1.
Multiplying this equation by g, we obtain g =mfg+npg .

Now suppose pdivides f,, f,,..., f . If p divides f,, then we are through. If not, then by the

above result p divides the product f,,..., f,. By induction on n,p divides one of the

n-

polynomials f,,..., f. Thus, the lemma is proved.
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Unique Factorization Theorem 1: Let f be a non-zero polynomial in K[t]. Then f can be
written uniquely (except for order) as a product, f =kp,p,...p,, where k € Kand p, are monic
irreducible polynomials in K]t].

Proof: We prove the existence of such a product first. If f is irreducible or if f € K, then such a
product clearly exists. On the other hand, suppose f =ghwhere f and g are nonscalars. Then g
and h have degrees less than that of f. By induction, we can assume

g =k,0,9,...9, and h=Kk,hh,...h
Where k,;,k, € Kand g; and h;are monic irreducible polynomials. Accordingly,
f =(kk,)9,0,...9, .k h,h,...h., is our desired representation.

We next prove uniqueness (except for order) of such a product for f . Suppose

f=()p.p,.Pp. = ququ"'qm

Where k,k e Kand p,, p,,...p,, G0, 0, are monic irreducible polynomials. Now p, divides
K Q,ds,...0,. Because p, is irreducible, it must divide one of the g,by the lemma. Say p,
divides g,. Because p, and g, are both irreducible and monic, p,=q,. Accordingly,

kp,...p, =K 0.9,
By induction, we have that n=m and p, =0q,,..., p, =¢,, for some rearrangement of the g,. We
also have that k = k. Thus, the theorem is prove.

When the field K is the complex field C, we obtain the result known as the Fundamental
Theorem of Algebra, whose proof is beyond the scope of this discussion.

Corollary 1: (Fundamental theorem of algebra): Let f(t) be a non-zero polynomial over the
complex field C. Then f(t) can be written uniquely (except order) as a product

f(t)=K(t—r)t-r,)..t-r)

Where, k,r. € C as a product of linear polynomials.

In the case of the real field R we have the following result.
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Corollary 2: (Fundamental theorem of algebra): Let f(t) be a non-zero polynomial over the
complex field R. Then f(t) can be written uniquely (except order) as a product

f(t) = kp, () p, (©)... P, (1)

Where, k € R and p;, (t) are monic irreducible polynomials of degree one or two.

8.5 LAGRANGES INTERPOLATION

Lagrange’s Interpolation is a technique to find out a unique polynomial of degree at most n that
passes through n+1 given distinct points (X, Yo), (X, ¥1)s- (X, ¥,,) -

i.e., if want to find out a unique polynomial P(x) of degree at most n such that:
P(x) =Yy, fori=0,1...,n. Then the Lagrange interpolation polynomial is:

n _ _ X — X,
P(x) =Y y;L;(X), where, the Lagrange basis polynomial are L, (x) =] | !

i =0 X =X
Here, each L,(x) satisfies:
(i) L(x)=1
(i) Li(x;) =0 for j=i
Thus, each term vy, L, (x) contributes only at its own X,

Example 3: Suppose we want the polynomial that passes through the points (1, 2),(2,3),(4,5)
then find the interpolating polating polynomial.

Solution: First, compute the basis polynomials:

(x=2)(x-4) _ (x=2)(x-4) _ (x=2)(x-4)
1-2)1-4) =D(=3) 3

I-o (X) =

)= (x=D(x-4) _ x-D(x-4) _(x-1(x-4)
2-D@2-4  OF2) 2

L, (x
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(x-D(x-2) _ (x-D(x-2) _(x-1(x-2)
(4-1)(4-2) 3)(2) 6

Lz (X) =

So, the required interpolating polynomial is P(x) = 2L, (x) + 3L, (X) + 5L, (x)

8.6 VANDERMONDE MATRIX

A Vandermonde matrix is a special type of matrix where each row is a geometric progression
of the corresponding x; . For n+1 distnict numbers x,, X, ..., X,, the Vandermonde matrix is:

1 X,
1 x
1 x,

1 X

n

Here, each row corresponds to powers of one interpolation point.
e Itis used to set up equations for finding coefficients of the interpolating polynomial.

e ltsdeterminantis, det(V) = J](x; —x)

0<i<j<n
which is nonzero if all x; are distinct.

o This ensures that the interpolation problem has a unique solution.

Note 1: The Vandermonde matrix links interpolation points to polynomial coefficients and
guarantees uniqueness when the x; values are distinct.

2: If we want to find a polynomial P(x) = a, +a,x +a,x* +...+a, X", that passes through the

points (x;,Y,), we can write the system:
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Thus, solving this system gives the coefficients of the interpolating polynomial.
Example 4: Let we have three data points, (0,1), (1, 3),(2,2) and we want to find the polynomial,
P(x) = a, +a,X +a,x".
Now, in the first step, the Vandermonde matrix is,

10 0

V=11 71
12 2°

In second step, write the system:

In third step, solve the equation:

On solving the first row: a, =1.
From second row: 1+ &, +a, =3=4a, +a, = 2.

From third row: 1+ 2a, +4a, =2 = 2a, +4a, =1.

So, we get the unknown, a, =1; a, :%; a, ~3

Hence the final polynomial is, P(x) =1+ % X— % X2,

8.7 POLYNOMIAL IDEAL

A polynomial ideal is a set of polynomials closed under addition and multiplication by any
polynomial, usually described by its generators. They are the algebraic foundation for solving
systems of polynomial equations.

When the ring is a polynomial ring R[X,X,,...,X,](for example R[x, y]), we talk about
polynomial ideals.

Department of Mathematics
Uttarakhand Open University Page 107




LINEAR ALGEBRA MT(N)-301

A polynomial ideal is just an ideal in this polynomial ring.
That means: it is a set of polynomials closed under addition and under multiplication by
any polynomial from the ring.

Generators of polynomial ideals

Every polynomial ideal can be described by its generators.
If f,f,,..., f are polynomials, then the ideal generated by them is:

<f,f,., fo>={0,f+0,f, +..+0,.f 19, e R[X,X,,.... X, ]}

This means: all combinations of f, f,,..., f, multiplied by arbitrary polynomials.
Example 5: In R[x]: < x* >={x*h(x) | h(x) € R[x]}

i.e., all polynomials divisible by x?.

INRX, y]: <%,y >={xh(x,y) +yg(x,y) | h,g € R[x, yI}

i.e., all polynomials with no constant term (since every term is at least divisible by x or y).

Importance: Polynomial ideals are central in algebraic geometry and computational algebra:

e They describe sets of polynomial equations.
o Thevariety of anideal < f, f,,..., f, >is the set of all points where all f; vanish.

o Algorithms like Grobner bases are used to work with polynomial ideals computationally.

8.8 TAYLOR’S FORMULA

For a smooth scalar function f(x), the Taylor expansion around a point a is:
f f"(a)

f(x)="f(@)+f (@(x—a)+ nl

Z(!a) (x—a)* +..+

(x-2a)" +R,(x)

Where R, (x) is the remainder term.

In linear algebra, we often apply Taylor’s formula to matrix functions.
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Suppose A is a square matrix and f(x) is a smooth function (like e, sin x, cosx, In(1+Xx),
etc.). Then we can define:

f(A) = f0)l + f'(O)A+%A2+...+$A”+

This is just the Taylor series expansion of f (x), with x replaced by the matrix A.

8.9 ALGEBRICALLY CLOSED FIELD

Definition: A field F is called algebraically closed if every non-constant polynomial with
coefficients in F has at least one root in F. In other words,

If p(x) e F[x] and degree (p) >1 then there exist some a e F such that p(a) =0
A field F is algebraically closed if:
1. Every polynomial in F[x] factors completely into linear factors over F.
p(x)=c(x—a,)(x—a,)..(x—a,);a €F

2. It has no proper algebraic extensions (it is “maximal” in that sense).

Example 6: The polynomial x*> +1=0 has +i e C but not algebraically closed in Real number
(R) and also not algebraically closed in rational number (Q)

8.10 BASICS OF LINEAR OPERATORS

In this section, we shall discuss linear operators (T) on a finite-dimensional vector space V(F).
We know that a linear operator T on a vector space V(F) is a mapping T: V — V, such that

Tlex+By)=aT(X)+BT(y) ¥ X, yEVandeo, BEF.

We have already studied following important properties of such a linear operator T:

0] T is non-singular (i.e. one to one) if and only if ker(T) = {0}.
(i)  Tisinvertible & T is non-singular & T is onto.
@iii)  Tissingular & ker T # {0}
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8.11 EIGEN VALUES & EIGEN VECTORS

Now, we shall define eigen value and eigen vectors of T as:

Eigen Values of T: Let T be linear operator on a vector space V(F). A scalar « € F is called an
eigen value or characteristic value of T, if there exists some V # 0, v € V such that, T(v) = a v.

Eigen Vector: If a is an eigen value of T, then v € V such that T(v) = ct v is called an eigen
vector or characteristic vector belonging to ct.

Eigen space: The set of all eigenvectors of T belonging to an eigenvalue « is called an
eigenspace of T, belonging to «. It is represented as W_. Hence

W, ={vEV:T(V)=av}

Example 7: Let T : R? = R? be a linear operator defined be T(x, y) = (2x +y, x + 2y). By trial
and error method, we find one eigen value of T and corresponding eigen vector.

We observe that T(1,1)=(3,3)=3(1,1)
Oor T(2,2)=(6,6)=3(2 2)
Here 3 is an eigenvalue of T and (1, 1), (2, 2) € R%are corresponding eigenvectors.
Also T(3, -3) = (3, -3) = 1(3, -3)
So here 1 is eigenvalue of T and (3, -3) € R? is corresponding eigenvector.

Example 8: Let T : R® = R® be a linear operator whose matrix with respect to the standard basis

1 0 0
{e1=(,0,0),e,=(0,1,0),e5=(0,0,1) }isA=|0 1 ﬂ].
o 0 1

So, T(e1) =e1=1e;
T(ex) =e,=1e;
T(e3) =0=0 €3,

We observe that 1, 1 and 0 are eigenvalues of T and corresponding eigenvectors are e;, e, and e3
respectively.
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Note: Now we discuss the eigenspace W; corresponding to eigenvalue 1. So W; = {v € R®:
T(v) = 1.v }. Letv € R®. then there exist o, B, ¥ € R such that

v=oae; + Pe,+ ves
SovEW; iff T (axep+ Pey+ yes) =1 (xey + Per+ yes)
iff caT(er)+ P T(ep)+vT(es)= e+ Pey+ ves
iff oaei+ Pes+ y.0ez=ae; + e+ yes
iff yes=0 or y=0

SoW; ={ae; + Be,:a, B €R }. Inthe same way, we can show that the eigenspace Wo,

corresponding to eigenvalue ‘0’ is
Wo={ves:YER}
Theorem 2: Let T be a linear operator on a vector space V(F).

Q) If 0% v E Visan eigenvector of T, then a € F satisfying T(v) = av is unique.
(i)  The eigenspace W, corresponding to an eigen value a € F is a subspace of V(F).
@iy  w_=ker(T- al).

Proof: (i) As we know, for uniqueness; we always consider two values and show that both are
equal i.e. value is unique. Suppose, if possible, there exist o, f € F such that T(v) = av and

T(v) = Bv
= aff =pv or (a—B)v=0
Butv #0, so
a—-B=0 or a=p
Hence « is unique.
(i) We knowthat W, ={vEV: :T(V)=av}

Claim: W_ is a subspace of V(F). As T(0)=0 = T(0)=a0 .So0& W, ie W, isnon-
empty. Letvy, v, EW_ and a, b € F. then
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T(vy) =av; and T(vo) = av;
Now, T (avy + bv,) = aT(vi) + b T(v,) ; as T is linear
= a(otvy) + b(oevy)
T (avi + bv) = a(avy) + b(avy)
So, av; + bv, is an eigenvector, corresponding to eigenvalue c.
Hence av; + bv, EW_, ¥v;, v, EW_; a,bEF.
Hence W_ is a subspace of V(F).
(iii) By definition,
W,={veV:T(v)=av}
So W_={VvEV:T(v)=alv} where | is identity operator
={vEV:T(V)=(al)Vv}
={veEV:(T—al)v=0}

Hence W, =ker (T — al).

Theorem 3: Let T be a linear operator on a finite-dimensional vector space V(F). Then a € F is

an eigenvalue of T if and only if T— a I is singular.

Proof: Necessary Condition: Let a be an eigenvalue of T. Then there exists some 0 #v €V,
Such that, T(v) = av

= T(v) =al(v) where | is identity operator.
= T(V) = (x)(V)
= (T —al)(v)=0, where v # 0.
Sov € ker (T — o I). We already know that 0 € ker (T — a 1). So, ker (T — aI) # {0}.

Hence T — al is singular.
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Sufficient condition: Let T — «l be singular operator .
= ker (T — al) # {0},
= there exists some 0 += v € V, such that (T — «l) (v) = 0.
= T(v) —a l(v) =0.
T(V) = av, where 1(v) = v.
So, a is an eigenvalue of T.

Note: (1) If T is singular, then ‘0’ is always an eigenvalue of T. AST -0l =T, it can be
obviously observed.

(2 Till now, we have understood that if T is a linear operator on a finite-dimensional
vector space, then the following statements are equivalent:

Q) a is an eigenvalue of T.
(i) The operator T — « | is singular or non-invertible.
(i)  det(T—al)=0.

Characteristic values and Characteristic polynomial of a matrix:

Suppose T be a linear operator on a finite dimensional (say dim V = n) vector space V(F). Let
be an ordered basis for V and let A be the matrix of T with respect to the basis B i.e. A=[T]g.
For any scalar a € F, we have

[T-allg=[Tlg—a[l]a

= A—al, wherelisn X nunit matrix.

So det(T — et 1) =det [T —a I]p = det (A — a I). Hence « is a characteristic value of T if and only
if det (A—al)=0.

Note: From above discussion, we conclude that —
(i) LetA=[a;l,.n; a; EF. Ascalara € Fis called an eigen value of A if

det(A — al) = 0.
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(i) LetA=[a;].xn; a; € F. Then the polynomial f(x) = det (A —a 1) is called the
characteristic polynomial of the matrix A.

The equation f(x) = 0 is called the characteristic equation of the matrix A. Here we observe
that a € F is an eigen value of the matrix A if and only if f(ct) = 0.

Similar Matrices: Let A = [a;],, ., and B = [b;], ., and P = [c;],, . , Where a;;, by, ¢ € F.
Then A and B are called similar matrices if, there exist a matrix P such that

A=P1BP, wherePis non-singular matrix.

You might have studied that similarity of matrices is an equivalence relation i.e. it is reflexive,
symmetric and transitive.

Theorem 4: Similar matrices have the same characteristic polynomial and hence the same
characteristic values.

Proof: Let us consider two square matrices A and B of n x n order. Then A and B are similar i.e.
there exists an non-singular matrix P such that

B=P1AP.
So,B-xI=P*AP_xI=P*AP_-xP!IP
=P (A-xI)P.

So, det (B — xI) = det (P (A —xI) P)

1
= 1o pdet (A—xl) det P

det (B — xI) = det (A —xI).
= A and B have the same characteristic polynomials and consequently same eigenvalues.

Note: (1) You have studied in the chapter ‘Linear Transformation’ that, if T be linear operator
on an n-dimensional vector space. If B, B' are two ordered bases of V such that A = [T]g and B =

[T1gr , then there exists a non-singular matrix P (over F) such that B = PLAP.

(2) Let T be a linear operator on a finite-dimensional vector space V(F). then the characteristic
polynomial of T is det(A — xI) , where A is the matrix of T in any ordered basis for V.
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(3) If T is a linear operator on an n-dimensional vector space and if A = [T] with respect to an

ordered basis B for V, then A is an n x n matrix and so det (A — xI) is a polynomial of degree n.
Hence T cannot have more than n distinct eigenvalues.

(4) The eigenvalues of a linear operator defined on V(F) may not belong to F. For example, let T
be a linear operator an R*(R), whose matrix with respect to the standard ordered basis is

0 1]

A:[—l 0

The characteristic polynomial of A'is det (A —x1) =0
= X*+1=0
This equation has no roots in R (though, its roots x = £ i € C).

Cayley-Hamilton Theorem 5 (for a linear operator): Every linear operator T on an n-
dimensional vector space V(F) satisfies its characteristic equation f(x) = 0, i.e. f(T) = 0.

Proof: Let A be the matrix of T with respect to any basis f of V. So, A = [T]

Hence for matrices, Cayley-Hamilton theorem states that every square matrix satisfies its
characteristic equation. Hence if f(x) = det(A — xI) = ay + a;x + a,x> + ..... +a_ X" =0, is the
characteristic equation of A, then

f(A) = agl + a, A+ a,A’+ ... +a, A"=0
= ag[l]g+ay[Tlg+a, [T lg+...+a, [T"1g=[01a
= [f(T)1z=[01g

Hence f(T) =ay | +a,T+a, T°+....+a_, T"=0

. . . . 1 0
Example 9: Find the eigen values, eigen vectors and eigen spaces of A = [ﬂ 1]

Solution: Step-1: Characteristic equation of A is |JA—xl| =0

= | ¥ 1‘:0 or xX>’~1=0orx=+1
1 —x

Hence eigenvalues of A are {+1, -1}.
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Step-11: An eigenvector X, corresponding to the eigenvalue 1 is given by
AX=aX or (A—al)X=0.
X,
Hereax=1 and X = [xl]

S0, (A —al)X = [_11

We can take any value for solution. Let x; =x, = 1. Then an eigen vector corresponding to o =
lis

X:Ej:[l "

Again eigenvector for cc= —1is

a0 o [} LR

= X, +% =0

If x,=1,thenx, =-1

. . . 1
So an eigenvector correspondingto a=—1is X = [_1]

Step-111: The two eigenspaces W; and W_, are given by

wlz{a[ﬂ:aER}and W_lz{ﬁ[ﬂ:BER}.

Example 10: Let T : R®—=R? be a linear operator, where
T(e;) =5e; —6e;—6e3;  T(ey) =-e1+4e, +2e3; T(es) = 3e;—6e, —4es
Find the characteristic values of T and compute the corresponding eigenvectors.

Solution: On the basis of given relations, the matrix of T is
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5 -1 3
A=|-6 4 -6
-6 2 —4

So the characteristic equation is det (A — xI) = 0.

5—x —1 3
—6 4 —x -6 |[=0.
—6 2 —4 —x
On solving, we get x =1, 2, 2. So eigenvalues of T are 1, 2, 2.

Case-1: An eigenvector corresponding to c« = 2 is given by

(A—2)X=0

3 —1 3][*1] [0
= |-6 2 —6||x|=]0
-6 2 -—ellxl lo

Now R, =+ R, + 2R; and Rs =+ Rz + 2Ry

- b okl

Since rank of coefficient matrix = number of non-zero rows = 1. So, n—r or 3—1 =2 variables
can be given arbitrary values.

Sowe have  3X;—X2+3x3=0 (1)

If we take X3 = 0, we get one arbitrary solution X =[1 3 0]T.
If we take x, =0, weget X=[1, 0, —1]T.
So, two eigenvectors corresponding to « = 2 are
1 1
X1=|3] and X;= n]
0 —1
Case-11: Now eigenvector corresponding to e =1 is
(A-DX=0
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4 -1 31[* 0
= |-6 3 —6||*z|=|0
—6 2 —5ll%3 ]

Rp—r%,weget

1 - 2 0
| P

-6 3 —6||"2|7|

-6 2 -5/t 10

R, +R,+6R; and R3z;—+R3+6R;

-

Rz~ =R; and Rs— 2Rs

B3| B3|
o |
de | B3
B3| b3 |

1 1 2 Xy 0
= = x _

o 1 -—1||*2|=]0

o 1 —1Jtsd 1o

Rs;—+ R3;—R;, we get

1 —= 2] 0
SIREE I I e I

0o 1 -—1||*=2|=|0

o o ol]tsl Lo

Hence rank of coefficient matrix is 2. So only 3 — 2 =1 variable can be given arbitrary value.
. 3!{3
Now Xl_T+T:O and 0+ Xx,—x3=0

Let xs=A ER, then x, = A

SoX:[_’)‘.’l Xq
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Example 11: Show that the eigen values of a diagonal matrix are exactly the elements in the
diagonal. Hence prove that if a matrix B is similar to a diagonal matrix D, then the diagonal
elements of D are the eigen values of B.

a,, 0 0
0 a,, 0

Solution: Step-1: Let A =

0 0

Characteristic equation of A is det (A —xl) = 0. So

(11 = %) (@22 = %) ... (Bpn —

= X=dyy, 8 a

9 ceee g nn-

Hence the eigenvalues of A are its diagonal entries.

Step-11: We have already proved that similar matrices have identical eigenvalues. So both
matrices have same eigen values.

Example 12: Let V be the vector space of all real-valued continuous functions. Prove that the
linear operator T: V=V defined as (Tf)x = f: f(t)dt has no eigenvalues.

Solution: Suppose « is an eigenvalue of T. Then there exists some 0 = f € V such that Tf = af.
(TH)(x) = (af)(x)
[; f(t)dt = af(x), by given condition

Differentiating with respect to x, we get

F'II:.W::I

f(x) = af'(x), or =

= i , considering a # 0

On integration, logef(x) = i +logea or f(x)=ae’a
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Putting x = 0 in equation (2), we get
f0)=a® or a=f(0)
So f(x)=f(0)e’=
For equation (3) , we have
[ f(0)eTe dt = [Ff(D)dt
f(0) (x e’ )5 = af(x), using equation (1)
f(0) a(e”= - 1) = af(0) /= ; using (3)
4 Ex"!': — =0 Ex";':
a=0, contradiction.

So initial assumption was wrong. Hence T has no eigenvalue.

Note: We observed that diagonal matrices are easiest to find eigen values. So it is a natural
question, whether we can transform every square matrix into diagonal matrix?

The answer is NO. Then there is a need of condition for that. Let us study these basics:

8.12 DIAGONALIZABLE OPERATOR

A linear operator T on a finite-dimensional vector space V(F) is called diagonalizable, if there
exists an ordered basis £ of V such that the matrix of T with respect to the basis 8 is a diagonal

matrix, so

o, 0 N
0 a, 0 .. .. O

[T]ra=

= diag(oy,..., ).

0 0 0 .. .. oy

Diagonalizable matrix: An n * n matrix A over a field F is said to be diagonalizable, if it is

similar to a diagonal matrix. Also A is diagonalizable if there exists an invertible matrix P such
that P* A P = D, where D is a diagonal matrix. The matrix P is our actual need.
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8.13 BASIS OF DIAGONALIZABLE OPERATORS

Theorem 6: A linear operator T on a finite-dimensional vector space V(F) is diagonalizable if
and only if there exists a basis of V consisting of eigenvectors of T.

Proof: If Part: Let T be diagonalizable, Then 3 an ordered basis = {v1, ....., vo} of V such that
oy, 0 0 .. .. O

0 o, 0 .. .. 0

the matrix of T relative to B is [T]g = ---

** |. From above expression, we

get,

T(Vl) = C{J_Vj_ + 0V2 + oo + OVn

T(V2) =0vy + a,vo + ...+ Ovy

T(Va) =040+ ...+ a,v,

Or, we can write T(Vj) = o;v; ;1=1,2, ..., n. Hence vy, V2, ....., v, are eigenvectors of T i.e. the
basis [ consists of eigenvectors of T.

Only if part: Let f = {vy, ....., v} be a basis of V consisting of eigenvectors of T. Then, 3 o;; €
F such that

TV)=av;;i=1,2,...,n.

a, 0 O
o, 0

So, [T]B =
0 o 0
Hence T is diagonalizable.

Theorem 7: Let T be a linear operator on a finite-dimensional vector space V(F). Then the
eigenvectors corresponding to distinct eigenvalues of T are linearly independent.

Proof: Let oy, ....., o, be m distinct eigen values of T and let v1, ....., vy be the corresponding
eigen vectors of T. Then
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TVi)=aov;;i=1,2,...,m ...(D)

Claim: S = {va, ....., v} is linearly independent. Here we use the principle of mathematical
induction. If m =1, then S ={ v;} where v; = 0. We know that a single non-zero vector is

always linearly independent. So result is true for = 1. Suppose the set { vy, ..., vi.} is linearly
independent, where k < m. We shall prove that the set { v, ..., Vi , V.4 } IS also linearly
independent .

Let Byvy+....+Ppvy +Prsyviee, =0 B, EF ....(2)
TBvy + .ot BrVie + BrsyViesr) = T(0)
BiT(wy) + ...+ B T(vie) + Bres1 T(Vies1 ) =0
By (oyvy) + .+ B (aqvy) + Bresy (0ge49Vies1) =0 (3)
Multiplying equation (2) by .., and then subtracting from equation (3), we get
By(cty — g )vy + ..o+ Br(et — 04gesy ) ¥y = 0.

But vy,.., v, are linearly independent.

So Byl — oesy) =0=... = Br(og — 0y4y)

.= By as «ay,....., ., are all distinct.
Putting these values in equation (2), we get
Prs1Ves1 =0 = Brsy =0,88 viyy #0.

So {vi, ..., v+ } are also linearly independent if { v4, ..., vi.} are linearly independent. But we

have already proved that the result is true for m = 1. Hence by principle of mathematical
induction, S = { vy, ..., v, His linearly independent.

Corollary 3: If T is a linear operator on an n-dimensional vector space V(F), then T can not
have more than n distinct eigenvalues.

Proof: Let us consider that T has m distinct eigenvalues where m > n. From this theorem, the
corresponding m eigen vectors of T are linearly independent. But dim V = n, so maximum
number of linearly independent vectors in V(F) is n. Contradiction!
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So T can’t have more than n distinct eigen values.

Corollary 4: Let T be a linear operator on an n-dimensional vector space V(F) and suppose that
T has n distinct eigenvalues. Then T is diagonalizable.

Proof: Suppose T has n distinct eigenvalues, say cq, ....., c,. Letv, ...., v, be the
corresponding eigenvectors. By using this theorem, v, ...., v, are linearly independent over F.
SincedimV =n, so B ={v,, ...., v, }is an ordered basis of VV which consists of eigenvectors of
T. Hence by this theorem, T is diagonalizable.

Corollary 5: Let T be a linear operator on a finite-dimensional vector space. Let ¢y, ....., ¢, be
distinct eigenvalues of T and W; be the eigenspace of T corresponding to the eigenvalue c; ; 1 =
i=m.

SOW=W;+W,+.... + Wq

If B;isan ordered basis for W;, then B ={ 4, ...., B,y } is an ordered basis for W. Further dim
W=dimW; +.... +dim Wy,

Proof: LetW;+W,+....+Wpr=0;wherewiEW;;;1l<i=m.
Claim: w; = 0 for each i. Suppose there are some non-zero w;. If we ignore zero w;, then,

w; +w; + ... +w, =0, eachw;_ isnon-zero.

= All these vectors are linearly dependent.

But corresponding eigenvalues c; , ....., ¢;_ are all distinct.

Contradiction!
So by this theorem, all w; = 0.

Step I1: As B, is an ordered basis for Wi;.
B; spans Wi;.

B={B,, ...., By } spans the subspace W = W, + W, + .... + W,
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Claim: B is a linearly independent set. Let X3 + .... + xn = 0, where x; € W} is some linear
combination of the vectors in [3;. So as proved in Step-I, x; =0 for each i. As each B; is linearly
independent.

= all the scalars in x; must be zero.

= B is a linearly independent set.
Hence B is a basis of W =W+ .... + Wp,

= dimW=dimW; + .... + dim Wp,

Theorem 8: Let ¢y, ....., ¢, be n distinct eigenvalues of an n X n matrix A and let Xq, ...., X, be
the corresponding eigenvectors of A. If P = [Xy, ...., X;] be n X n matrix, then A is
diagonalizable and P* A P = diag (cy, ...., €,).

Proof: By corollary (3) of previous theorem, it is obvious that A is diagonalizable. Since we
know that eigenvectors associated with different eigenvalues are linearly Independent.

= X1, ...., Xp are linearly independent.
So all X; are non-zero vectors also.

= det(P) =0 i.e. Pisinvertible.
Giventhat A¥; = ¢, X, ,i=1,2,....,n
Now AP = A [Xq, ...., Xn] = [AXq, ..., AX)]

= [ey X1, ...y € X0] using(1)

c, 0O
_ D Cﬂ
=Xy, LX) D2
0 0

So, AP =P diag (cy, ....., )

PYAP=diag (cy, ...., c,).
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5 —6 -6
Example 13: LetA=|—-1 4 2 then ,
3 -6 —4

Q) Find eigenvalues of A, corresponding eigenvectors and eigenspaces of A.

(i) Is a diagonalizable ?
(iii)  Find a non-singular matrix P such that P A P is a diagonal matrix.
Solution: (i) Characteristic equation of A is
S5—x —6 —6
A-xl|=] -1 4-—x 2
3 —6 —4 —x
On solving we getx =1, 2, 2.
Case (i): Eigenvector corresponding to x = 1 is given by (A—1)x =0
4 —6 —6][*1] [O]
= -1 4 2 2|=10
L3  —6 —=511%:1 L0J
2, We get
—1 3 27[%] [0
4 —6 —6||*|=|0
13 —6 -—511%1 L0d
R, =+ R, +4R; and R; = Rz + 3R;

-1 3 2]1[* 0
0 6 2|[*|=]|0
0 3 111X 0

ik
il

X1+ 3X+2x3=0, and 3x,+X3=0

MT(N)-301

Since rank of coefficient matrix = 2. So only 3 — 2 = 1 variable will take arbitrary value. Let x5 =

3,then Xxo=-1 and Xx;=3
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3
So X;=|—1
3

Case (ii): Eigen vector, correspondingtox =2is (A—-21)X=0

3 - —6] [*1 0
-1 2 2 ||¥z|=]0
3 - —6l %3 ]

Ri = Ry, we get

-1 2 271* 0
3 - —6]| [*2]=1|0
3 - —61 %3 0

R, =+ R,+3R; and R; =+ R3+ 3R;

-1 2 2]1[* 0
0 0 0% |=|0
0 0 0ll%s 0

X1+ 2X +2%X3=0

Here rank of coefficient matrix is 1. So 3 — 1 = 2 variables can take arbitrary value. By taking x;
=0, we get x; = 2, x3 = 1. By taking x3 = 0, we get x; = 2, xo = 1. So two linearly independent

2 2
eigenvectors correspondingtox =2 are X, =|o| and Xz=|1

1 0

Case (iii): Wi ={aX;:a€R}={a(3 -1,3):a€R}
W, = {bX,+CcXs: b,cER}= {b(2,0,1)+¢c(2 1,0):b,cER}

(iii)  First we show that X3, X5, X3 are linearly independent over R. Let a, b € R such
that aX; + bX; + ¢ X3 =0. Then

a(3,-1,3)+b(2,0,1) +c(2, 1, 0) =(0, 0, 0)
3a+2b+2c=0
-a+0b+0c=0 =a=0

3a+b+0c=0
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Sowehave b+c=0andb=0
=c=0

So Xi, Xz, Xz are linearly independent. Hence A is diagonalizable.

3 2 2
(lll) LetP:[Ki X: Xg]: I—l 0 1]
3 1 0

Now using elementary properties of matrices, we can get P . Then it can be easily verified that

1 0 0
PlAaP=l0 2 ol.
0 0 2

1 2 0

Example 14: For the matrix, A= {2 1 —6], find a matrix P, suchthatP"*APisa
2 -2 3

diagonal matrix.

Solution: For given matrix, characteristic equation is |A — xI| =

On solving, we get x =5, 3, -3. As A is 3 X 3 matrix having three different eigenvalues. So A is
diagonalizable.

Case I: Eigenvector, corresponding to x =5 is given by (A —-5N)X =0

—4 2 01* 0
2 —4 —6|[*%2|=10
2 —2 —211%53 0

le—riRl,weget

-2 1 01* 0
2 —4 —6|[*2|=|0
2 —2 —211%5 0

R,=Ri+Ry, and R3—=R;+R; , Wwe get
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-2 1 07[* 0
0o - —6|[|¥z|=10
o - —21 %3 ]

1
RZHERZ

-2 1 07[* 0
0 - —2|[¥z|=|0
o - —21 %3 ]

R: =+ R;—R;

-2 1 0711* 0
0 -1 -2||*%|=|0
0 0 0 1% 0

-2X1 + X+ 0 x3=0.
Xo+ 2X3 = 0.
If we take, X3 =-1,thenx, =2 ,x;=1.
So eigenvector correspondingtox =5is, X; =[1 2 —1]T.

Case I1: Now eigenvector correspondingto x =3 is (A-3D)X =0

-2 2 07 [*1 0
2 =2 —-6||*z|=|0
2 =2 011% 0

R,=Ri+Ry, and R3—= R;+R; , we get

-2 2 01* 0
0 0 —6|[|*|=]0
0 0 010 0

X1 +X,=0 and x3=0

Xi=Xand X3=0
So eigenvector correspondingtox =3is, X;=[1 0 0]T.
Case I11: eigenvector corresponding to x = -3 is
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(A+3D)X=0

4 2 0711* 0
2 4 —e6||*]|=|0
2 =2 611% 0

RlH%Rl,Weget

2 1 0711* 0
2 4 —e6||*]|=|0
2 =2 61l1% 0

R, =R, —R; and R;: +R3—-R; ,Weget

2 1 07[* 0
0 3 -—-6||*]|=|0
0 -3 o611% 0

R; = R;+ R,

2 1 07* 0
0 3 —6|[*|=|0
0 0 010X 0

2X1+x2=0and X, —2x3=0

If we take x5 = 1, then X, = 2 and x; = -1. So eigenvector corresponding to x = -3 is X3 = [
—1 2 1]T. Here eigen vectors corresponding to distinct eigen values are linearly

independent.
1

1 -1
SOP:[Xi -K: Kg]: 2 1 2].
-1 0 1

Now, we can get P™* such that

5 0 0
PLAP=l0 3 o0].
0 0 -3
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Example 15: Find the eigenvalues and bases of the corresponding characteristic spaces of the
2 1 0

matrix A = {0 1 —1]
0o 2 4

Is A diagonalizable? Justify.

2—x 1 0
Solution: The characteristic equation of Ais| 0 1—-x —1 (=0
0 2 4 —x

On solving, we get x =2, 2, 3.

Case (i): Eigenvector, corresponding to x = 2 is given by (A—21)X =0

0 1 0 1 0
0 —1 —1||*z|=|0
0 2 2 1% 0

R; =+ R3 + 2R»

0 1 0 1 0
0 —1 -—1|(*z|=|0
0 0 0 11%3 0

= X=0,X+X3=0 =xX3=0

Xy can take any real value . Letx; =1

1
So Xi=|0
0

Case (ii): Eigen vector, correspondingtox =3is (A—-31)X =0
-1 1 0 1 0
1] 2 1 11%5 0
R;: = R;+ R,

-1 1 0 1 0
o -2 —=1||%:z|=|0
0 0 0 11%s 0
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X1+ X,=0, 2Xo + X3 =0.

If we take x3 = -2, then X, = 1, X; = 1. So eigenvector corresponding to x = 3 is

1
Xzz 1].

-2

Bases: The characteristic space W, corresponding to the eigenvalue x = 2 is spanned by X;.
Hence {X;}is a basis of W,. Similarly {X,} is a basis of W3. Thus we have obtained two linearly
independent eigen vectors X; and X5, corresponding to eigen values 2, 2, 3 of A. So we can’t get
a 3x3 invertible matrix P such that

2 0 0
P'AP=|0 2 0
0 0 3
Hence A is not diagonalizable.

Theorem 9: Let T be a linear operator on a finite-dimensional vector space V(F). If ¢y, ...., ;.
are k distinct eigenvalues of T and W; be the eigenspace of T corresponding to the eigenvalue c;
(1= i = k), then the following conditions are equivalent —

Q) T is diagonalizable.
(i) The characteristic polynomial of T is

f(x) = (x—c,)% (x— )% , where

dp=dimW; (1=i<k)andd, +....+dy=dimV =n.
@iii)  dimV=dimW, +..... +dim W,

Proof: Since we know that W; = { v; : T(v;) = ¢;v; }
Wi ={v;: (T—gI) (v;) =0}

Claim: We shall prove (i) = (ii)

Suppose T is diagonalizable. Then there exists an ordered basis § = { vy, ...., v, } of V such that

the matrix of T relative to B is
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c, 0
[Tle = |2 <

o 0 S

Suppose c; is repeated d, times, ..., ¢ is repeated dy, times. Then
[T]B = diag ['31 e Oy e e O e ck_] .
So, characteristic polynomial of T is given by
f(x) = (x—c,)% (x—c, )% , where
d,+d,+....+dy=n=dimV.
Thus [T —¢;l]g has only d; zeros on the main diagonal foralli=1, 2, ...., k and
rank (T-¢l)=n-d;;¥vi=1,2,....k (D)
Then by rank-nullity theorem,
Rank(T — c;1) + Nullity(T — ¢;1) =dimV =n
Using equation (1), we have
Nullity (T —¢;l) = d;
dim ker(T — ¢;l) = d;
dimW, =d, fori=1,2,.....k.
Claim: Now we shall prove (ii) = (iii)
Here given that, dimV =d; +d, + .... +dy
dimV=dim W, + ..... + dim W..
Claim: Now we shall show (iii) = (i) .
LetdimV =dim W, + ..... + dim Wy

Let W=W, +W, + ...+ W,
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Since ¢y, ...., ¢ are distinct eigenvalues of T and W, , .... , W, are the corresponding
eigenspaces of T, so

dim W =dim W, + ..... + dim Wy (we have proved this in theorem) ....(4)
Further, if B; is a basis of W; , fori=1, 2, ...., k ; where W, = ker(T — g;1) ,
Then B ={ B4, ...., By } is a basis of W. From equations (3) and (4), we conclude that
dimV=dimWandsoV=W=W, + W, +.... + Wy, since W is a subspace of V.

Hence B = { By, ...., BL} is a basis of V consisting of eigenvectors of T and so T is
diagonalizable.

Check your progress

Problem 1: Find the characteristic polynomials for the identity operator and zero operator on an
n-dimensional vector space.

Problem 2: If ¢ = 0, is an eigenvalue of an invertible operator T, then prove that ¢~ is an
eigenvalue of T™1.

Problem 3: Let T be a linear operator on R® which is represented in the standard ordered basis
-9 4 4

by the matrix A=| -8 3 4] . Prove that T is diagonalizable by exhibiting a basis for R?,
-16 8 7

each vector of which is eigen vector of T.

Problem 4: Find the eigenvalues, eigenvectors of the matrix

1 1 1
A=fo 1 1].

0 0 1

0
Problem 5: Find the eigenvalues, eigenvectors and eigenspaces of the matrix A = |1
0

4 2
Problem 6: Find the eigenvalues, eigenvectors and eigenspaces of the matrix A=[—-5 3
2 4

Also prove that A is diagonalizable.
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8.14 SUMMARY

In this unit, we understood the concept of linear operators and their different applications. One of
such applications is invertibility of T. Then we elaborated the role of bases of T and their
representations. At last, we ensured some conditions of diagonalisation of square matrices.

8.15 GLOSSARY

Eigen Values of T: Let T be linear operator on a vector space V(F). A scalar « € F is called an
eigen value or characteristic value of T, if there exists some V # 0,

v € V such that, T(v) =av.

Eigen Vector: If a is an eigen value of T, then v € V such that T(v) = a v is called an eigen
vector or characteristic vector belonging to «.

Eigen space: The set of all eigenvectors of T belonging to an eigenvalue « is called an
eigenspace of T, belonging to a. It is represented as W,. Hence,

W, ={VvEV:T(V)=av}

Similar Matrices: Let A = [a;],, ., and B = [b;], ., and P = [c;],, . , Where a;;, by, ¢ € F.

Then A and B are called similar matrices if, there exist a matrix P such that A = PiBP , Where
P is non-singular matrix.
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8.18 TERMINAL QUESTION

Long answer type question

1:

(iv)
(V)
(vi)

Let T be a linear operator on a vector space V(F). Then prove the following:

If 0+ v EVisan eigenvector of T, then a € F satisfying T(v) = av is unique.
The eigenspace W, corresponding to an eigen value o € F is a subspace of V(F).
W, =ker (T— al).

State and prove the Cayley-Hamilton Theorem for a linear operator.

Find the eigen values, eigen vectors and eigen spaces of 2x 2 identity matrix.

Show that the eigen values of a diagonal matrix are exactly the elements in the diagonal.
Hence prove that if a matrix B is similar to a diagonal matrix D, then the diagonal
elements of D are the eigen values of B.

Let V be the vector space of all real-valued continuous functions. Then prove that the
linear operator T: V—V defined as (Tf)x = f; f(t)dt has no eigenvalues.

1 2 0

For the matrix, A=|2 1 —6], find a matrix P, such that P~*A P is a diagonal
2 -2 3

matrix.

Short answer type question

1:

Let T be a linear operator on a finite-dimensional vector space V(F). Then prove that a €
F is an eigenvalue of T if and only if T— a | is singular.

Prove that similar matrices have the same characteristic polynomial and hence the same
characteristic values.

Prove that A linear operator T on a finite-dimensional vector space V(F) is diagonalizable
if and only if there exists a basis of V consisting of eigenvectors of T.

Let T be a linear operator on a finite-dimensional vector space V(F). Then prove that the
eigenvectors corresponding to distinct eigenvalues of T are linearly independent.
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0 1 0
For the matrix A=|0 0 1], prove that there exists a matrix P such that
6 —-11 6

1 0 O
PIAP=|0 2 0].
0 0 3
5 -6 -6
LetA=|—-1 4 2] then
3 -6 —4

Q) Find eigenvalues of A, corresponding eigenvectors and eigen spaces of A.
(i) Is a diagonalizable?
(iii)  Find a non-singular matrix P such that P™'A P is a diagonal matrix.

8.19 ANSWERS

Answers of check your progress:

{@-x", 1)"x}.
1

(eigen values are 3, -1, -1, and P = [1
2

{1,k(1,00):kER}
1 0 1

[1,-1;)(1: 1 ,X2: 0 ,X3: —1] W1:L{X1,X2},W_1:L{X3}].
10 1 0

oas 1 B}

Answer of long question:

3: Eigenvalues of A are { +1, -1}. Eigen vector corresponding to e =1 is

=[] =11 T ande dingtoa=—1is X = [ ]
X= X, =[1 1] and eigenvector correspondingto a« = —1is X =

-1

1 1 -1

6: 2 1 2
-1 0 1
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Unit-9: DETERMINANTS

CONTENTS:

9.1
9.2
9.3

Introduction

Objectives

Determinant

9.3.1 Determinant of order 1

9.3.2 Determinant of order 2

9.3.3 Determinant of order 3

Minors and cofactor

Definition of determinant in terms of cofactor
Properties of determinant

Vandermonde matrix

Product of two determinant of the same order
Non singular and singular matrix

Linear equation

System of non —homogenous linear equation( Cramer’s rule)
Adjoint of square matrix

Method for finding the value of determinant of order 4 or more .
Determinants and volume

Summary

Glossary

References

Suggested readings

Self assessment questions

9.19.1 Multiple choice questions
9.19.2 Fill in the blanks

Terminal questions

9.20.1 Short answer type questions
9.20.2 Long answer type question

9.1

INTRODUCTION

In this unit we show that how to find the determinant of the matrix, we emphasize that

an nxn array of scalars enclosed by straight lines called determinant of order n, the
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determinant function was first discovered during the investigation of system of linear
(Homogeneous and Non Homogeneous) Equation.

We solved the determinant of matrix of order 1,2, 3 ... and then we define a determinant of
general nxnmatrix.

9.2 OBJECTIVE

After reading this unit you will be able to:

Understand minors and cofactors.

Find determinant value of a square matrix.

Understand properties of determinant and its uses.

Find product of the two determinant and its uses.

Know about singular and nonsingular matrices.

Find solution system of non-homogeneous linear using Cramer’s Rule.
Find Adjoint of a square matrix.

9.3 DETERMINANT

Definition: Each n-square matrix is assigned a special scalar is called determinant of A, and
it is denoted by |A|

A= -

dn1  dp1 .- Anpn

9.3.1 DETERMINANTS OF ORDERS 1

If A=[a,],, then |A] = ay,

9.3.2 DETERMINANTS OF ORDERS 2

a a .. .
If A= [ai alﬂ then |A| = (Product of principal diagonal element) — (Product of non-

principal diagonal element)

|Al = a;;a3; —az1as;

2 3

" 5] then, |A|= (2.5) - (4.3)

Example: -if A = [
=10-12
=-2

9.3.3 DETERMINANTS OF ORDERS 3
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di11 4z di3
Let A:[aijJ3X3= az1 az3

dzqp dzz 4ds3
Then |A| = aj;.a3a33 + aj2az3a31 + a13a21a3, — A13a22a37 — A11A23a3 — A12d21333

Or

Al = dz A3 dz1  dz3
|A] = a4 —aie

azq a22|
dzz da33 dzq dszsz

ass |
Blaz; as

Or

all alZ

|A| =8y dy

a31 a32

Then arrange these number in rows and columns and first two rows again write in last

m;+ my+ m3=M

9.4 MINORS AND COFACTORS

Consider the determinant of 3x3 matrix (in general)

a1 ag
A= a1 Qap;
dzq; djzp

Then if we leave the column and the row passing through the elementa;;, then the second
order determinant is called minor of the element a;; and it is denoted by M;;

dzp  dp3

For example: The minor of the element a;; = |a 3
32 33

|:M11

Uttarakhand Open University
Department of Mathematics Page 139




LINEAR ALGEBRA MT(N)-301

The minor of the element a;, = |a21 a23|: M,
d31 433

Cofactors: The minor M;; multiplied by (—1)™ is called cofactor of the element aj; and it is
denoted by Aj;;

Ay = (D" My
For example: - The cofactor of the element a;; = (—1)**M;; = M,

The cofactor of the element a;, = (—1)*2M;, = —M;,

9.5 DEFINITION OF DETERMINANTS IN TERMS OF
COFACTOR

Let A be any n-row’s square matrix then the determinants of A is the sum of the product of
the element of any column or any row with their corresponding cofactor

ie.|A= > a;A; where, either i or j is fixed

i=lor j=1
Example:

1. If i = 1 then

n

|A| = z al] Al] = a11A11 + alelz + a13A13
j=1

1 1
Write the cofactors and minors of each element of the matrix A =11 2
2 -1

Solution: The matrix of the element a;; = |_21 _33| =6—-3=3=M,

The matrix of the element a;, = =34+6=9=M,,

The matrix of the element a;5; = =—-1—-4=-5=M;3

The matrix of the element a,; = =3+1=4=M,,
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The matrix of the element a,, = =3-2=1=M,,

The matrix of the element a,; = —1—-2=-3=My;

The matrix of the element a3, = —3-2=-5=My

The matrix of the element a5, = —3—-1=-4=M;,

1 1

The matrix of the element a;; = 1 2

=2_1=1=M33

The cofactor of the element a;; = (—=1)**'m;; =3 =A;
The cofactor of the element a;, = (—1)**?m;, = -9 = A,
The cofactor of the element a;3 = (—=1)**3m;3 = -5 = A5
The cofactor of the element a,; = (—1)?*Im,, = -4 = A,
The cofactor of the element a,, = (=1)?*?m,, =1 = A,,
The cofactor of the element a,; = (—1)2"3m,; =3 = A3
The cofactor of the element a3; = (—1)3t1m,; = =5 = A5,
The cofactor of the element a5, = (—1)3%?m;, = 4 = A;,

The cofactor of the element a3; = (—1)3%3my3; = 1 = A,

9.6 PROPERTIES OF DETERMINANTS

Theorem 1: The value of determinant does not change when rows and columns are
interchange

Proof: Let A be any square matrix of order n

A=

di1 diz .. aln]
n*xn

dp1  Ap2°t aApp

n
|A] = Z ajj Ajj where Aj; is cofactor of aj;

i=1j=1
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Let us take a matrix of order 3 for example

aiq
A=|az1
dszq

Al = dpz dz3 dz1  dz3
|Al = aqy —arz

a1 a22|
dzp dszsz dzq dszz

ass |
Blaz; asz

= a;1(aza33 — a3zaz3) — a1x(az1a33 — az3azg) + as3(az1a3; — azqazy)

= a;;(az2a33 — a3@33) — a1(aj2a33 — a3xa;13) + azq(apaz3 — a13az2)

dzp Az a1 4z
—dp;

aip 322|
dz3z dszg a1z dsz

=dn | 431 |a13 d23
a7 dp1 az;
= [d12 dzz a3

di3 dz3  az3
Hence the determinants of any matrix A and its transpose matrix ATare equal.

Theorem 2: If any two columns or rows of a determinant are interchanged then the values of
determinant is negative multiple of determinant of original matrix.

Proof: - Consider a matrix A of order 3

a3
dzy Az
dsz

dzy A3

Then |A| = a1 |a32 ass

| =222

azq az3|
dz; adszs

a1 a22|

asa |
Blag; asz,

= a11(azzaz3 — azyaz3) —ax(az1a33 — azzazy)
+ a13(a21332 - a31322) . (1)

Now interchanging any two rows or columns
R; & R;

a‘21 a‘22 a23
Then new matrix A =|a,;, a, a5
a3l a32 a33

|A] interchange = a,q(a;2a33 — aspa13) — az2(aq1233 — azgass) + ax3(aggas, — ajpasy)
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= —[azpa;3a1 — az1a33@5 + 22311333 — Appa31a13 — A3311d32 T Ax3a12a3]
— [a11(az2a33 — az3a32) — a12(@z1333 — azzaszy) +as3(azias, — azgazy)]

So, |A|=-IA
Note:

1. If any row or column in any matrix is multiplied by any scalar K then determinant of
the matrix is K times of the determinants of the original matrix

Ka11 Ka12 Ka13 d11 412 d13
Forexample: [ az;  az; a3 | =K|az1 az3

sy dszp dzz dzy dgzz 4dz3

2. If all the elements of matrix multiplied by constant K then determinant is equal to K*
time of the value of determinant of original matrix, where n is order of matrix.

ie. |KA| =K"|A]
3. If any two rows or columns are identical of any matrix then determinant is zero.

Theorem 3: If in a determinant each element in any row or column consists of the sum of
two terms, then determinant can be written as sum of two determinants

a;p+a ag;z ags
Proof: Let A =|ay,; +b a,, a,;
azy +C azy asz

Expanding the determinant along the first column

i,
asp

dzp Az

aqp a13|
dzp adszz

Al =
Al = (as + )| o

a13| |
a c
a3 + (231 +0)

|_(az1+b)|

dzp  dp3
dzp dss

+c|

a1z  djg3
=4dq

—a |

| 21jaz, as3
aip a13|

dzp Az

ajp a13|

|azz az3|_ |a12 a13|
dzz dp3

2 |
31 dzp dszg dzp dszz

a7 d12 43 a djp; azz
= [az1 Az az|+|b ay a;
dzi; dzz asz C aszp asg

Theorem 4: If the element of any row or column added by K time the corresponding element
of any other row or column, then determinants of the matrix are same

a;p A1z A1z a;; +Kaj, ag;; ags
Proof: -Let A = (@21 QA2 az3z|and B = |ay; + Kay, az, azs
dzq dgp dszgz dzq + Ka32 dzp dsz3
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all + Kalz a13 Kalz
Then B = |az; + Kay, azz azz| + |Kay,
az; + Kaz; azy aszz Kas,

a1 d1z 43
= |A| + K[a22 Q22 Q3

dzp dzz 4dsz

:|A| + KO [..If any two columns are identical then determinant will be zero]

= |A|

1 a a®
Example: IfA=|1 b b?|then show that

1 ¢ c?
Al =(@—=b)(b—c)(c—a)
1 a a2
Solution: |A|=|1 b b2
1 ¢ c?
Applying R, <« R, — R, and R; « R; — R;then we get

0 b—a b?-—2a?
0 c—a c?2—-a?

[1 a a?

Expanding the determinant along the first column

b? — a2 0 b%?-a? 2,10 b—a
—a +a
cz—a2| 0 c2—a2| 0 c—a|

ar=1>-2
= (b—a)(c2—a’)— (b’ —a?)(c-a)-0+0
=(-a)(c—a)(cta)—(b—a)(b+a)(c—a)
=M -a(c-a{(c+a)-(b+a)}
=(b-a)(c-a)(c—b)

=(a-b)(b—-c)(c—a)

9.7 VANDERMODE MATRIX

A matrix is at form
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-11. .
is called vandermode matrix

And its determinant

|Al = 1—[ (ocj—ox;)

1i<jsn

Example 4: Find the determinant of

0 O cee a
0 0 aO

An = )
a 0 0 O
Solution: A,= (—1)™ta A,
— (_1)n+1a(_1)(n+1)—1An_2

— (_1)n+1a(_1)(n+1)—1a(_1)(n+1)—2An_3

An: (_1)(n+1)+n+(n—1)+ ———4an—2A2
Where A,= (—1)3a?

[(n+1))(n+2)71}
Then A, =(-1)" 2

Example 5: Let A be a square matrix of order n, then show that

1. |A] = |A] 2. |A8| = 1A]
Solution1. let A=|a;] A= [ay] ,, then A= [a_ijjnxn

So Al = |ay| = |a,| = Al
2. A be a square matrix of order n, and A® = AT
So |A®| = |AT| = |AT| = |A| = |A]

+ |AT| = |A| and |A| = [A]

Example 6: Show that the determinant of Hermitian matrix always a real number
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Solution: Let A be a Hermitian matrix
Then A® = A

[A%] = 1Al

AT|=|A

Al = |A]

Let x + iy is the determinant of A

X—ly=x+1y
2iy=0

y=0

Al = x+i0 =x
Example 7: Show that the determinant of Skew symmetric matrix of odd order is zero.
Solution: Let A be a skew symmetric of odd order

AT =-A

|AT| = |-A| = |(=1DA| = (-1)"|A| + |KA| = KA

|Al = (=1)"|A] v |AT] = |A]
Sincenisoddso (—1)" = —1
Now |A] = —]A]

2|1A| =0

|Al =0

9.8 PRODUCT OF THE TWO DETERMINANT OF THE SAME
ORDER
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Example 8: If A and B are two square matrices of same order then prove that

ajp
VY)
as;

aiq
azq
dsq

Solution: Let A =

A.B
a;1bqyq +aobyy +ag3bsy
= [az1b11 + az;byy +az3bsy
az1bi1 +asg;byy +asgsbsg

Now we know that
a3

dzs
dzz

i,
VY,
asy

aiq
dzq
dzg

If |A] =

|Al|B|
a;1bqq +a2byy +ag3bsy
= |az1b11 +az;byq +as3bsy
azi1bi1 +asg;byy +asgsbsg

a3 byq
a23] B = [b21

dsz

|AB| = |A[|B|

b12
b22

b31 b32

a; by +agby; +ag3bs;
az1b12 +az;by; + azsbs;
az1biz +azyby, + aszsbs;

b11
b21
b31

b12
b22
b32

|B| =

a; by +agbyy +ag3bs;
az1b12 +az;by; + az3bs;
az1byy +azyby, + aszsbs;

Hence |AB| = |A||B|

Rule: Let A and B are only two matrices of same order

i,
VY,
asp

aq
dzq
dzq

Let |A| =

|Al|B|
a;1bqq +a2byy +ag3bsy
= |az1b11 +az;byq +as3bsy
az1bi1 +as;byy +asgsbsg

a3
dzs
dzz

by
b21
b3y

and |B| =

a; by +agby; +ag3bs;
az1b12 +az;by; + az3bs;
az1byy +azyby, + aszsbs;

In general this is simply row by column multiplication

Example 9: If A be a square matrix of order n then show that

|A¥] = |Al*

Solution: Let A and B are two square matrices of order n

Then we know that |A.B| = |A||B]|

If we replace B with A then

Uttarakhand Open University
Department of Mathematics

b13
b23

b33

b12
b22
b32

a;1byz +agbys +ag3bs;
az1by3 + azybyz + az3bss
azqbyz + azzbyz +azsbss

a;1byz +agbys +ag3bss
az1by3 + azybyz + azsbss
az1by3 + azybys + aszsbss

b3
b3
b33

then

a; bz +agpbys +ag3bss
az1by3 + az;byz + az3bss
az1by3 + azybys + aszsbss
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|A. Al = |A]|A]
|A?| = |A]?
In similar way |AK| = |A|K
Example 10: Show that the determinant of an idempotent matrix is either 0 or 1
Solution: Let A is an idempotent matrix, then
A’ =A
|A%] = |A]
|A]? = |A]
|A[(JAl-=1) =0
Al =0 or [Al—1=0
Al =0 or|lAl =1

Note: It is necessary condition the determinant of idempotent matrix is 0 or 1 but not
sufficient.

For Example: If A = [8 é] Then |A] = 0but A2 = A

Example 11: Show that the determinant of orthogonal matrix is either 1 or -1
Solution: Let A is an orthogonal matrix, then

AAT =1

|AAT] = 1|

|AlIAT] =1

|Al|A] =1 v |AT] = A

|AIZ =1 =1

|Al]=1or —1

Note: Determinant of a diagonal matrix, upper triangular matrix, lower triangular matrix is
the product of principal diagonal elements.
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Example 12: If A= |0 Then |[A]| =7
0 0 9

1 2 3
Solution: A= |0 5 7]is upper triangular matrix so its determinant values are the product
0 0 9
of principal diagonal matrix
Hence |[A| =1-5-9 =45

Example 13: Show that the value of determinant of skew Hermitian matrix of order n, is
either O (zero) or purely imaginary if n is odd and real, if n is even.

Solution: Let A be a skew Hermitian matrix and
|Al = x + iy
A% = —A (By definition of skew Hermitian matrix)
|A%] = |-Al
|AT| = (=DM Al
[A] = (=D)"|A|

Case 1: If n is even then,

JAl=1A] > x—-iy=x+iy = y=0 so |Al=x
= |Alis real

Case 2: If nis odd then,

W:W:X—iy:—(x+iy):2x=0:x:0

Al =1A] = x—-iy=—-(x+iy) = 2x=0 = x=0
|A| = iy Ify=0 then |[A] =0

If y + 0 then |A] is purely imaginary.

9.9 NON SINGULAR MATRIX AND SINGULAR MATRIX

Non- Singular Matrix: A matrix ‘A’ is said to be non-singular matrix if its determinant is
non zero.
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Singular Matrix: A matrix ‘A’ is said to be singular matrix if its determinant is zero.

9.10 LINEAR EQUATION (HOMOGENEOUS AND NON-
HOMOGENOUS EQUATION)

Linear homogenous equation: The equation is of the form ax + by + cz = 0 is called linear
homogenous equation in X, v, z.

Linear non-homogenous equation: The equation is of the form ax+by+cz =
B where B # 0 is called non-homogenous equation in x, y, z.

9.11 SYSTEM OF NON-HOMOGENOUS LINEAR EQUATION
(CRAMER’S RULE)

Suppose Aj; is the cofactor of element aj in A then multiplying this given equation
A,; and adding

X1(@11A11 +a21A21 + rap1Ang) +X2(@12A11 +azA1 +rappang) +
+ Xn(alnAll + a2nA21 + Annann)

XlA + Xz(O) + X3(0) + = b1A11 + b2A21 + "‘AnAnl

x,A= A; where, A; is the determinant obtained by replacing first column element of A by
by, by -+ by, then x, = 2

Again multiplying these equations by A;,, A,,, -+ Ay, and adding then we get

A,
XzA = Az = Xy = X
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Where A, is determinant obtained by replacing second column element of A by b;,b, ---b,

In similar way, we get

Aq

XpA= A, = XHZX

This method of solving n simulations linear non-homogenous equation provided |A| # 0
where A is the coefficient matrix. This method is known as Cramer’s rule

Example 14: Solve the following system at equation by Cramer’s rule
2x—y+3z=9
XxX+y+z=6
X—y+z=2
Solution: The coefficient matrix of given system at non-homogenous linear equation is
91
- [6

2]

A=I1 1 1

2—13]
1 -1 1

a1 1 1 1
A= |A|_2|—1 1|+1|1 1|+3
=2(1+1D+3(-1-1)

Therefore the system of non-homogenous linear has unique solution

Now using Cramer’s rule

AM=l6 1 1
2 -1 1

9 -1 3
= -2, A,=

Hence the solution is

e =—=2
TaT 42T —42 T~

9.12 ADJOINT OF A SQUARE MATRIX
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Let A = [aij]n*nbe a square matrix of order n then the transpose of a matrix B=[A;],.,Where

Aj; is the cofactor of the element aj; called Adjoint of matrix A and it is denoted by AdjA or
adjA.

Ay Ay

Then the cofactor matrix C =| ... ... ..
An o An
Then adjA= transpose of the matrix C

Ar Ay
adjA= C =
An o Andnn
Example 17: Find the adjoint of the matrix

1 1 2

A=|2 1 3
1 2 1

Solution: Let us find the cofactor A;; ,A,,, A;3 etc at the element of |A| we have

1 2

3 1‘:—5, A12=_|i i|=1:A13=|i é|=3,

Anz‘

2
1

R R !
O e A e

Therefore the matrix C formed at the cofactor of the element of |A] is

-5 1 3
C=|3 -1 -
1 1 -
Now adjA is the transpose of the matrix C.
adjA=3
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Example 18: Prove that at x = 4 the values of given determinant

XxX—2 2x—3 3x—4
x—4 2x—9 3x—-16|=0
x—8 2x—27 3x—64

x—2 2x—3 3x—4
Solution: Wehave [x—4 2x—9 3x-—16
x—8 2x—27 3x—64

Applying R, > R, —Rand R; - R, - R,
x—2 2x—3 3x—4 x—2 2x—3 3x—4 1

1
2 -6 —12]or| 1 3 6 |byR, >--R,R,—>--R,
—6 —24  —60 1 4 10 2 6

Solving the determinant along the first row then we get
(x—2)(30 —24) — (2x — 3)(10 — 6) + (3x — 4)(4 — 3)
6(x—2)—4(2x—-3)+1.(3x—4)
Put x = 4 then the value of determinant
=6(4-2) - 4(8-3) + (3.4 - 4)
=6.2-4(5) + 8

=12-20+8

t, 2 1+t
Example 19: If |t, t3 1+ t3| = 0 then prove that
t; t3 1+t

tl.tz.tg = _1 Where tl * tz * t3

t2 1+t t, t2 1] |y t?
Solution: We have t2 1+t3|=|t, t3 1|+]|t, t3
t2 1+t tg t3 1] |t3 t3

(By theorem (properties of determinants))

t, t?2 1 1 t, t2
=lt, t3 1+ttt |1 t, t3
t; t2 1 1 ty t3
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(By taking t4,t,,t; common from first row, second row and third row of the second
determinant)

1t t? 1t t
=1 t, 5|+ttt |1 t, t3
1 t; t3 1 t, t3

(By C; < Cs then C; & C, of the first determinant so determinant is unchanged)
1 t; t2

= (1 +t1.t2.t3) 1 tz t%
1 t, t5

By vandermode matrix the value of above determinant is
=(14+t.t.t5)(t —t)(t, —t3)(t3 —ty) but t; #t, #1t3
So (t; — tz). (2 —t3)(ts —t1) # 0

t, t2 1+
Soif [t, t3 1+t3|=0then (1 + ty.t,.t3) mustbe zero.
t; t3 1+t

Hence t;.t,.t3 = —1

X y z
Example 20: Prove that ifx # y # zand |[x* y* z?|=0thenyz+zx+xy =0

yz ZX Xy

X y z

Solution: We have [x? y? z?|=0

yZ ZX XY

Multiplying by x,y,z in first, second and third column of the determinant from left side
respectively then we get

y

X.y.Z X
XyZ XyZ XYZ

Taking xyz common from 37 row at the above determinant

ZZ

z3| = 0R; & Rj afterthat R, & R3
1

Then determinant is (—1)? time the original determinant.
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Expanding along first row

_ Y-xF+x) (z—-x)(z+x)
Ty —-xF2+xy+x2) (z—x)(z% +zx +x?)

y+X Z+Xx

= -0E-% y2+xy+x? z?+zx+x?

Taking (y — x) and (z — x) is common from first and second column
=—-xC-{F+x0E*+zx+x3) - (2 +xy+x3)(z+x)} =0
=(y =Xz -x)(z - y)yz* +xz* ~zy* —xy*) =0
=x-y-2)z-x&xy+yz+zx) =0
Butx—y # 0,y —z# 0,z—x # 0 because x,y, z all are distinct, so (xy + yz + zx) = 0.
Example 21: Solve the following system of linear equation by Cramer’s rule
2x—y+3z=38
—x+2y+z=4
3x+y—4z=0
2 -1 3
Solution: We have A= [-1 2 1|1=2(-8-1)+1(+4-3)+3(—1-6)
3 1 -4
A= —-18+ 1+ (-21)A= —38

Thus A+ 0 and therefore the system has a unique solution given by

Uttarakhand Open University
Department of Mathematics Page 155




LINEAR ALGEBRA MT(N)-301

Or given by —

Hencex =2, y=2,z=2

9.13 USEFUL METHOD FOR FINDING THE VALUE OF
DETERMINANT OF ORDER 4 OR MORE

Let A be any non zero square matrix of order n A =[aij Jnxn withn > 1

Step 1: Choose an element in A such that a;; =1 or if nonexistent, a;; # 0

Step 2: Using aj; as a swivel, apply elementary row or column operations to put 0’s in all the
other positions in the column or row containing a;;

i.e. if we apply row operation then to put 0 in all the other position in the column and similar
for column operation

Step 3: Expand the determinant by the column or row (according to our selection of
operation) containing aj;
Example 22: Find the determinant of a matrix A of order 4x 4
5 4 2 1
_|1 2 3 1 -2
Al = -5 -7 -3 9
1 -2 -1 4
4 2 1
3 1 -2

-7 =3 9
1 -2 -1 4

Solution:|A| =

5
2
-5

Step 1: Choose an element a,; because a,; = 1
Step 2: Apply row operation and put 0’s in all the other positions in third column

Apply R, > R, -2R,and R, - R, +3R,and R, > R, + R,
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5
-2
3
2

1A = |2

0

1
0
0

1
3
Step 3: Now expanding the determinant by the third column

1 -2 5

Al=(-D**11 2 3

3 1 2

=—(4-18+5-30—-3+4)

9.14 DETERMINANTS AND VOLUME:

Let A is any square matrix

Lett, = (311, dqg, aln)

t, = (az1,a22,° azp)

th = (@n1,@n2s " @nn)

Then the determinant are related to the notions of area and volume
Let U be the parallelepiped determined by

U={ajt; +at, +-apt,:0<a;<1vi=12,..n}
When n = 2 then U is parallelogram
Let V denote the volume of U then
V = Absolute volume of determinant of A
Example 23: Lett, = (1,1,1)t, = (1,1,0)t; = (0,2,3)
Then find the volume of the parallelepiped in three dimension space
Solution: t; = (1,1,1)t, = (1,1,0)t; = (0,2,3)
So the volume is the absolute volume of
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0]=13-0-13-0)+1(2-0)

=3-3+42 =
Hence volume V = |2]| = 2

Example 24: Find the value of |A| where

w 2

1 w
A=|w w? 1 |Wherew isthe cube root of unity.
1 w

WZ

Solution: Cube root of unity in complex number system is solution of the equationz® — 1 =
0, then the values of z satisfied the above equation is called cube root of unity.

Nowz3 —1=0, z3 =1+ cos0+isin0=1

z3 = cos0 +isin0 "> cos and sin are periodic function
So cos(0) = cos(0 + 2km) and  sin(0) = sin(0 + 2km)
S0 z3 = cos(0 + 2km) +isin(0 + 2kn) =  cos 2km + isin 2km

1 2Kt 2Kt
z = (cos(2km) + i(sin 2km)) /2 = cos——+isin—

[cos@+isind=¢e", (cos@+isin6)" =e™ or ™ = cosn@+isinnd]
Putk =0 then z=1

k =1 then z=c052?ﬁ+isin2?ﬂ:co

2 2
k =2 then z=cos@+isin@:a)

Hence cube root of unity are wand o°.
And also 1+ w+ w* =0

Now the given determinant applying ¢, —c¢, +C, +C,

Then we get
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1+ o+ o*

Al =1+0+ a0

1+ o+ w?

—a? ab ac
Example 25: Evaluate [ ab —b% bc
ac  bc —c?

Solution: Let us denote the given determinant by det(A)

—a’> ab ac
det(A) =|ab -b%? bc
ac bc —c?

Applying row transformation by using R, - R, + R, and R; = R, + R,
Then we get

—a? ab ac
det(A) =|ab—a? —-b%?+ab bc+ac
ac—a? bc+ab —c?+ac
Taking a, b, c are common from first, second, third columns respectively

Then we get

—a a a
det(A) =abclb—a —-b+a b+a
c—a c+a -c+a

Now applyingR, - R, —Rjand R; - R, =R,
—a a
Then det(A) = a.b.c| b
C
Taking common a, b, ¢ from first, second and third row respectively
-1 1 1
Then det(A) = a’b?c?|1 -1 1
1 1 -1

Expanding along first row

det(A) = 4a?b?c?
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9.15 SUMMARY

In this unit we learned to find the value of determinant of any matrix, which will help us in
solving the linear equation, it will also be helpful to understand the concept of eigen value
and rank of matrix,

9.16 GLOSSARY

Identical row or column: Any two row or column are same
Parallelepiped: A solid body of which each face is a parallelogram,

Absolute: Free from imperfection.
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9.19 SELF ASSESMENT QUESTIONS

9.19.1 Multiple choice question:

The values of det A, where A =

1

0
0
0

@ Im (b) It
() Lm.n.p (d) Ltvs

Thevalue of tshowthat [F =% 3 [=0
2 t—9
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@ 3,10 (b) 5,7

(c) 8,9 (d)1,2

If A= (a;) _ suchthata; =1 and a;; = 2 if i + j = 7 otherwise zero then det of A
1/ 6x6 )

is
@ 3 (b) 9
(c) —27 (d) 27
Determinant of Nilpotent matrix will be
(@ A prime number (b) Multiple of 2
(c) Always 1 (d) None
Determinant of Skew symmetric matrix of order 3 is
@ 3 (b) 5
()1 (dyo
If A is any non singular square matrix f order 3, then determinant of ad;(A) is
(@ Al (b) |AI?
() A3 (d) None
1 1 1
IfA=]1 2 —3] then cofactor of element a3 is
2 -1 3
(@ Al (b) 1AI?
(c) 1A (d) None
If A is any Square matrix of order n and determinant of AT is
(@ 1 () 0
(c) 4 (d) None

a b c
If A=|a?2 b? c2|thendeterminant of A is
a> b3 ¢3

(@) abc (b) a(b—c)
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(¢) abc(a—Db)(b—c) (d)abc(a—b)(b—c)(c—a)
u -6 -1

10. Ifl] 2 —3u u-—3|=0thenthe value of U
-3 2u u+?2

@ 1,2,-3 (b) 3,7,8
© 5,6—1 d) -1,-2,3

ANSWERS:

1. (d) 2. (a) 4. (d)

6. (b) 7. (b) 9. (d)

9.19.2 Fill in the blanks:

Fill in the blanks ° > So that the following statements are complete and correct
A is square matrix of order nand |A®| = --- ...

The value of determinant When rows and columns are interchanged

y+z X y
z=Xx zZ X[#0thenx+y+zis
XxX+y y z
If A and B be two Square matrix of same order then |A.B| = --- ...
Determinant of hermition matrix is always
If 4x — 3y = 15 and 2x + 5y = 1 thenx = --- ...
A is idempotent matrix of order n and its determinant is
a3  3a? 32 1
a?+2a 2a+1 1

22+1 a+2 1
1 3 3 1

1s also

. 2
If A is non zero and|A| = aa

ANSWERS:

1. |A| 2. Does not change 3. Non zero, distinct 4. |Al. |B]|
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5. Real 6.3,1 . 8. Non zero

9.20 TERMINAL QUESTIONS

9.20.1 Short answer type questions:

3u? 3u 1
w+2u 2u+1 1
u 2u+1 u+2 1
1 3 3 1

u3
u2

Show that if A = then determinant of A is (u — 1)°

1 x(y+z)
Evaluate |1 y(z + a)
1 z(x+y)

1 1 1

X y yA t _
Showthaty_l_Z t+x t+x X4y =0

t X y Z

Show that |adjA| = |A|™~1, where n is a order of matrix A

Evaluate

9
77 99 55

Evaluate [10 20 125
87 119 180

a —-X a -—p
If D, =[x and D,=|y —b q |thenshowthatD; =D,
Z —C r

ANWERS: 2.0

2.20.2Long answer type questions:

1. Show that at least one real number x, show that det A is zero where

1+x* 7 11
A=| 3x 2x 4
8x 17 13
Solve the following system of linear equation by Cramer’s rule
2x—y+3z2=8
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—2x+2y+z=4
3x+y—4z=0
Solve the following system of linear equation by Cramer’s rule
Xx+y+z=9
2x+ 5y + 7z =52
2x+y—z=0
Solve the following system of linear equation by Cramer’s rule
X+y+4z=26
3x+2y—22=9
5x+y+2z=13

Find the adjoint of the matrix A=|-2 1 1

-1 -2 3]
4 -5 12

Show that the determinant of any matrix A, whose first row is the sum of other row is
zero.

Show that

Prove that = xyzu (1 + i + i + i n i)

ANSWERS:

2.x=2,y=2,z2=2

4.X=2,y=2,z=1/2
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UNIT-10: ELEMENTARY CANONICAL FORM

CONTENTS

10.1 Introduction

10.2 Objectives

10.3  Jordan blocks

10.4 Generalized eigenspaces
10.5 Jordan Canonical form
10.6  Jordan decomposition theorem
10.7 Summary

10.8 Glossary

10.9 References

10.10 Suggested Readings
10.11 Terminal Questions

10.12 Answers

10.1 INTRODUCTION

An upper triangular matrix of a specific shape known as a Jordan matrix encoding a
linear operator on a finite-dimensional vector space with regard to some basis is called a Jordan
normal form, or Jordan canonical form (JCF) in linear algebra. In such a matrix, the diagonal
entries to the left and bottom of any non-zero off-diagonal entry equal to 1 are identical, and they
are located immediately above the main diagonal (on the superdiagonal).

A vector space V over a field K is defined. If and only if all of the matrix's eigenvalues
fall inside K, or, to put it another way, if the operator's characteristic polynomial divides into
linear factors over K, there will be a basis with regard to which the matrix has the necessary
form. If K is algebraically closed (that is, if it is the field of complex numbers), then this
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condition is always met. The eigenvalues (of the operator) are the diagonal entries of the normal
form, and the algebraic multiplicity of the eigenvalue is the number of times each eigenvalue
appears.

The Jordan normal form of an operator is sometimes known as the Jordan normal form of
M if the operator was initially given by a square matrix M. Any square matrix that has its field of
coefficients expanded to include all of the matrix's eigenvalues has a Jordan normal form. While
it is customary to group blocks for the same eigenvalue together, no ordering is imposed among
the eigenvalues or among the blocks for a given eigenvalue, though the latter could be ordered
by weakly decreasing size. Despite its name, the normal form for a given M is not entirely
unique because it is a block diagonal matrix formed of Jordan blocks, the order of which is not
fixed.

In particular, the Jordan—Chevalley decomposition is straightforward when applied to a
basis where the operator adopts its Jordan normal form. The Jordan normal form is a specific
case of the diagonal form for diagonalizable matrices, such as normal matrices.

The Jordan decomposition theorem was initially proposed by Camille Jordan in 1870, and
the Jordan normal form bears his name.

A matrix example in Jordan normal form. Every matrix
entry that isn't visible is zero. The squares that are
delineated are called "Jordan blocks". One number
lambda is present on the main diagonal of each Jordan
block, whereas ones are present above it. The
eigenvalues of the matrix are called lambdas, and they
don't have to be unique.

10.2 OBJECTIVES

After reading this unit learners will be able to

Understand the concept of Jordan blocks.

Implement the application of Jordan canonical form.
Understand the concept of Jordan decomposition theorem.
Visualized and understand the concept of nilpotent operator.

10.3 JORDAN BLOCKS

Department of Mathematics
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Let V denote a finite dimensional vector space over a field F.

Suppose that the characteristic polynomial of T splits in F and 44, . . ., A are the distinct
eigenvaluesof TinF. Let N, ,N, ,..., N, be the distinct eigenspaces of T.

We know that the diagonalizability of T means the following direct sum decomposition
of V in terms of distinct eigenspaces of T given by

V=N, ®N, ®.@ON, .
Naively, diagonalizability fails if some N, is “small”.

Definition 1: Let 1 € F. We define a Jordan block J, to be the matrix

A 0
0 4 0

Note that the principal diagonal entries are all A and the upper diagonal entries are all 1. Every
other entry is 0. We often omit 0 from the expression.

Our aim is to select an ordered basis B of V such that
A O
0 A
Ml = . .
A
where each 0 is a zero matrix, and each A, is a square matrix of the form (1) or a Jordan block

J, defined above, such that A is an eigenvalue of T.

Definition 2: The matrix [T]; is called a Jordan canonical form of T. We say that the ordered
basis B is a Jordan canonical basis for T.

Jordan block A, is almost a diagonal matrix. [T]; is a diagonal matrix if and only if each A, is of
the form (1).
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Example 1: Suppose that T is a linear operator on C® , and B = {vy, - - -, Vg} is an ordered basis
for C®such that

is a Jordan canonical form of T.
The characteristic polynomial of T is
dettl —J) = (t —1)*(t - 3)°t?,

and hence the multiplicity of each eigenvalue is the number of times the eigenvalue appears on
the diagonal of J.

Also observe that vy, v4, Vs and v; are the only vectors in B that are eigenvectors of T. These are
the vectors corresponding to the columns of J with no 1 above the diagonal entry. Note that,

T(v2) = v1 +v, and therefore (T — 1)(v2) = vy and (T — 1)(v3) = Vo, Since v; and v, are eigenvectors
of T corresponding to 2 = 2. It follows that (T —1) 3 (vj) =0 fori=1, 2, 3, 4.

Similarly, (T—31)2(v)=0fori=5,6and (T—0l)?(v)=0fori=7,8

In view of these observations, we can say that:

If v lies in a Jordan canonical basis for a linear operator T and is associated with a Jordan
block with diagonal entry 4, then (T — A7)P (v) = 0 for some large enough p. Eigenvectors satisfy
this condition for p = 1.

Our aim is to prove that every linear operator whose characteristic polynomial splits has a
Jordan canonical form that is unique upto the order of the Jordan blocks. It is not true that Jordan
canonical form is completely determined by the characteristic polynomial of the operator.

Example 2: Let T be the linear operator on C®such that [T'], = J',, where B is the ordered
basis of the previous example and
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Then the characterstic polynomial of T is also (t —1)*(t —3)*t?, which is the same as that of T of
the previous example, but the Jordan canonical forms are different.

10.4 GENERALIZED EIGENSPACES

We now extend the definition of eigenspace to generalized eigenspace of an operator T. Our aim
is to select ordered bases for these subspaces such that their union form an ordered basis for V
and the Jordan canonical form is achieved.

Definition 3: Let T be a linear operator on a vector space V, and let 1 € F. A nonzero vector v
in V is called a generalized eigenvector of T corresponding to A if and only if (T — A1)P(v) = 0 for
some positive integer p.

Note that if v is a generalized eigenvector of T corresponding to A, and if p is the smallest
positive integer for which (T —A7)° (v) = 0, then (T — AI)*"' (v) is an eigenvector of T
corresponding to A. Therefore, A is an eigenvalue of T

Definition 4: Let T be a linear operator on V, and let A € F be an eigenvalue of T. The
generalized eigenspace of T corresponding to 4, denoted by K, is the subset of V defined by

K,={veV|(T-A)°(v)=0,p €N}

K; consists of the zero vector and all generalized eigenvectors corresponding to A.
Theorem 1: Let T be a linear operator on V, and let A be an eigenvalue of T. Then
0] K; is a T-invariant subspace of V containing the eigenspace
N;(= ker(T — Al)).

(i)  Foranyscalar u# A4, the restriction of T — 4l to K, is one-one.
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Proof (i): It is easy to verify.

(i) LetveK, and (T —zd4)(v) =0. Suppose that v = 0. Let p be the smallest integer for
which

(T—ADP(v) =0, and letw = (T — A1)’ '(v) #0. Then (T — A)(w) = (T — A))"(v) = 0, and hence
w e N, . Furthermore,

(T —p)(w) = (T = pI)(T = A" '(v) = (T = )" (T — ul)(v) =0,
sothat we N . But N, "N, ={0}, and thus w = 0, contrary to the hypothesis. So v = 0 and

(T — ), is one-one.

Theorem 2: Let T be a linear operator on a finite dimensional vector space V such that the
characteristic polynomial of T splits in V. Suppose that 4 is an eigenvalue of T with multiplicity
m. Then

()  dim(K))<m.
(i) K, =ker((T -A1)").

Proof (i): Let W = K, and let p(t) be the characteristic polynomial of Tw = Ty . Then p(t)

divides the characteristic polynomial of T, and therefore it follows that 4 is the only eigenvalue
of Tw . Hence p(t) = (t — A)*, where d = dim(W) and d < m.

(ii)  Clearly ker((T —A1)™) = K, . Now let W and p(t) be as in (i). Then p(Tw ) is 0 by the

Cayley-Hamilton theorem. Therefore, (T —A7)® (v) = 0 for all v € W. Since d < m, we have

K, cker((T-A1)").

10.5 JORDAN CANONICAL FORM

Theorem 3: Let T be a linear operator on a finite dimensional vector space V, such that the
characteristic polynomial of T splits in F. Let 4, 4,,...., 4, be the distinct eigenvalues of T. Then,

for every v € V, there exist vectors
vieK, v, eK, ,..v, €K, ;

Suchthat v=v, +Vv, +....+V,
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Proof: The natural number k denotes the number of distinct eigenvalues of T. The proof in by
induction on the number k.

Let k = 1, and let m be the multiplicity of A,. Then, (T —A)" is the characteristic
polynomial of T, and hence (T —4,1)™ =0 by the Cayley-Hamilton theorem. Thus V =k4,, and
the result follows.

Now suppose that for some integer k > 1, the result is true whenever T has less than k
distinct eigenvalues. We assume that T has k distinct eigenvalues. Let my denote the multiplicity
of 4 and p(t) the characteristic polynomial of T. Then p(t) = (t — 4)™ q(t), for some polynomial
q(t) not divisible by (t — &). Let Wi = range(T — 4I)™ . Then, Wy is T-invariant.

Observe that (T —A)™ maps kA, onto itself for i < k. For suppose that i < k. Since (T
—)™ maps kA, into itself and since 4, # A,
it follows from a previous theorem that the restriction of T — 4,1 to k4 is one-to-one and hence
onto.

One consequence of this observation is that for i <k, k4, is contained in W, ; and hence

A

is an eigenvalue of T, for i < k. Next, observe that i is not an eigenvalue of T, . For,

suppose that T(v) = AV for some v € W,. Then v = (T — 4™ (w) for some w € V , and it
follows that

0=(T—-A4NV) =T - 4H)™" ().
Therefore, W € K, and by a previous theorem we get v = (T — )™ (w) = 0. This shows that v
can not be an eigenvector, hence A is not an eigenvalue of T, .

We observe that every eigenvalue of T, is an eigenvalue of T and the distinct

eigenvalues of T,, are Ay, - - -, 4. Now let v € V. Then (T — AD)™ (v) €W, . Since T, has k

—1 distinct eigenvalues 14, - - -, A1, the induction hypothesis applies.
Let K, be the generalized eigenspace for the operator T, With respect to the eigenvalue
A, fori=1,2,...,k— 1. Hence, by the induction hypothesis, there exist vectors
w, € K%,W2 € KAQ,...,kal € KVAH,
such that
(T=AD)™(V) =W, + W, +...+ W, ;.
We note that
(a) K, <K, for i<k
(b) (T -A41)™maps K, onto itself for i <k
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Therefore, it follows that there exist vectors v, € K, for i<k, such that (T —A1)™(v;) =w;.
Hence, (T =2, 1)™ (v) = (T = 4™ (v) + ..+ (T = 41)™ (v, ).

and it follows that

V—(v, +V, +...+V, ;) €K, . Therefore, there exists a vector v, eK, such that

V=V, 4V, +.. 4V,

Theorem 4: Let T be a linear operator on a finite dimensional vector space V, such that the
characteristic polynomial of T splits in F. Let 4, + 4, +...+ A, be the distinct eigenvalues of T

with multiplicities m, + m, +...4+m, respectively. For 1<i <k, let B; denote an ordered basis for

K, - Then, the following statements are true.

0) BB, =¢fori=j.
(i) B =B, u...uB, isan ordered basis for V.
(i)  dim(KA4)=m, fori=1....k.

Proof (i): Letv € Bi N Bjc KA N KA4;, where i j. By a previous theorem, T — 4,1 is one-one
on KA,, and therefore (T —A41)°(v)# 0 for every positive integer p. This contradicts the fact

that v e KA., and the result follows.

(i) Let v € V. We know by the previous theorem that, for 1<i <k, there exist vectors
v, € KA, such that v = vq + - - - + v Therefore B spans V, since each v; is a linear

combination of the vectors of B; . Let g be the cardinality of B. Then dim V < g. For each
K

i, let d = dim(K4). Then, q= zikzldi <>'m; =dim(V). Hence, q=dim(V);
i=1

consequently B is a basis for V.

K
(iii)  Using (ii) we see that zik=1di = Zmi . But d; <m,, and therefore d, = m, forall i.
i=1

Corollary 1: Let T be a linear operator on a finite dimensional vector space V, such that the
characteristic polynomial of T splits in F. Then T is diagonalizable if and only if N, = K, for
every eigenvalue A of T.

Proof: T is diagonalizable over F if and only if dim(N,) = dim(K;) for each eigenvalue 1 of T.
But dim(N,) < dim(K;), and hence these subspaces have same dimension if and only if they are
equal.
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Our aim is to select suitable bases for the generalized eigenspaces of the linear operator
T, so that we may use the previous theorem and obtain a Jordan canonical form. We will find the
following definition useful.

Definition 5: Let T be a linear operator on a vector space V. Let v be a generalized eigenvector
of T corresponding to the eigenvalue A. Suppose that p is the smallest positive integer for which

(T —A1)P(v) =0. Then, the ordered set

C={(T - )" (v), (T = A)**(V),... (T = A)(v),V}

is called a cycle of length p of generalized eigenvectors of T corresponding to A. The vectors
(T —A1)P™*(v) and v are called the initial vector and the end vector of the cycle, respectively.

Remark: Notice that the initial vector of a cycle of generalized eigenvectors of T is the only
eigenvector of T in the cycle. Also observe that if v is an eigenvector of T corresponding to the
eigenvalue A, then the set {v} is a cycle of generalized eigenvectors of T corresponding to A of
length 1.

Let us recall some of the main observations of the first example that we discussed.

Suppose that T is a linear operator on C?, and B = {vi, - - -, vg} is an ordered basis for C®such
that

is a Jordan canonical form of T.

Q) The first four vectors of B lie in K;.
2 The vectors in B that determine the first Jordan block of J are of the form

{v1, vz, va} = {(T = )*(va), (T = 1)(va), va}.

@) (T-1°)=0.
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The relation between these vectors is the key to finding Jordan canonical form. We observe that
the subset Cy = {vi, Vo, V3}, Co = {va}, C3 = {vs, Vs}, Cs = {v7, vg} are the cycles of generalized
eigenvectors of T that occur in B. Notice that B is a disjoint union of these cycles. Moreover, if
Wi = span(Cj), for 1 <i <4, we see that C;j is a basis for Wj and [T, Jc; is the i-th Jordan block of

the Jordan canonical form of T.

Theorem 5: Let T be a linear operator on a finite dimensional vector space V whose
characteristic polynomial splits in F. Suppose that B is a basis for V such that B is a disjoint
union of cycles of generalized eigenvectors of T. Then the following statements are true:

Q) For each cycle C of generalized eigenvectors contained in B, the subspace W = span(C) is
T-invariant, and [Tw]c is a Jordan block.
(i) B is a Jordan canonical basis for V.

Proof: Suppose that the cycle C corresponding to 4 has length p, and v is the end vector of C.
Then, C = {vi, - - -, Vp}, where vi = (T — A)"" (v) for i < p and v, = v. We have
(T = A)(v,) = (T = A)" D (v) =v,_,. Therefore, T maps W into itself, and we see that [Tw]c is a
Jordan block.

We can repeat the arguments of (i) for each cycle in B and finally obtain [T]s.

With the help of following theorems we will see that a Jordan canonical basis is nothing but
union of disjoint cycles of generalized eigen vectors corresponding to the eigen values of the
operator.

Properties 1: Let T be a linear operator on a vector space V, and let A be an eigenvalue of T.
Suppose that Cy, - - -, C; are cycles of generalized eigenvectors of T corresponding to 4, such that
the initial vectors of the C; s are distinct and form a linearly independent set. Then the C;’s are

disjointand C = U::lci is linearly independent.

2: Every cycle of generalized eigenvectors of a linear operator is linearly independent.

3: Let T be a linear operator on a finite dimensional vector space V, and let 1 be an
eigenvalue of T. Then K, has an ordered basis consisting of a union of disjoint cycles of
generalized eigenvectors corresponding to /.

3 1 -2
Example3: Let A={-1 0 5
-1 -1 4
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The characteristic polynomial of A is p(t) = (t — 3)(t — 2)?, hence A, = 3, 4, = 2 are the distinct
eigenvalues with multipilcites 1 and 2 respectively. Then dim(K,) = 1 and dim(K, ) = 2.

Clearly,

-1
N, =ker(T -31)=K, and (-1,2,1)N, . Therefore, B, =4| 2 | isabasis for K, .

Since dim(K ) = 2, therefore a generalized eigenspace has a basis consisting of union of cycles

of length 1 or a single cycle of length 2. The first case is impossible because the vectors in this
case would be eigenvectors contradicting the fact that dim(N, ) = 1. Therefore, the desired basis

is a cycle of length 2. A vector v is the end vector of such a cycle if and only if (A—21)(v) =0,
but (A—21)*(v) = 0. Simple calculation shows that

is a basis for the solution space of (A—21)?x =0. Now choose a vector v in this set so that
(A-21)v=0. The vector v= (-1, 2, 0) is a candidate for v. Since (A—21)(v) =@ —-3,-1) we
-1\(-1
obtained the cycle of generalized eigenvectors B, ={(A—-21)v,v}=4| -3 || 2
-1

is a Jordan canonical basis and

)
J=[T], = (2 1]
0 2

Is a Jordan canonical form for A.
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10.6 JORDAN DECOMPOSITION THEOREM

Definition 6: An operator T: V — V is called nilpotent if T* = 0 for some positive integer k.

Theorem 6 (Jordan Decomposition): Let T be a linear operator on a finite dimensional vector
space V such that the characteristic polynomial of T splits in F. Then T =S + Z, where S is a
diagonalizable operator, Z is a nilpotent operator and SZ = ZS.

Proof: We divide the proof into the following steps.

Step 1: T has only one distinct eigenvalue A, of multiplicity n = dim V. Then, V = K;. If we take
Z=T-AM,S=Althen T=2Z+ S and ZS = SZ. Moreover, S is diagonal in every basis and Z is
nilpotent, for V = K; = ker(Z").

Step 2: In the general case, let 41, . . ., Ak be the distinct eigenvalues of T with multiplicities ny, .
o N Let T, =Ty . Then T =T.D- - -@Tk Since each T; has only one eigenvalue /i , we can

apply the previous result.

Thus T; = S; + Z;; such that S; = /il is diagonal on «, and N; = T; — §; is nilpotent of order nj on«,

.ThenT=S+N,whereS=S5; @- - - @Sxand Z=2, @- - - @Z. Clearly SZ = ZS. Moreover, Z
is nilpotent and S is diagonalizable. For, if m = max(ny, - - -, ny),

then Z, = (Z)" @ - - - @ (Z)™ = 0; and S is diagonalized by a basis for V which is made up of
bases for the generalized eigenspaces. Hence the proof.

Definition 7 (Uniqueness of S and Z): Under the hypothesis of the Jordan decomposition
theorem, there is only one way of expressing T as S + Z, where S is diagnalizable, Z is nilpotent
and SZ = ZS.

Proof: Let KA,...,KA4, be the generalized eigenspaces of T corresponding to the distinct
eigenvalues 4,,...,4,. Then, V=K, ®..®KA4 and T =T, ®..®T,, where T, =T, .

Note that KA, is invariant under every operator that commute with T. Since S and Z both
commute with T, therefore KA, is invariant under S and Z. Put S; =A4land Z, =T, =S, . It

suffices to show that S, =S;, for this Z,, =Z;, proving the uniqueness of S and Z.

Since S is diagonalizable, so is Sy, . Therefore S, — 41 =35,, —S;is diagonalizable. This
operator is the same as Z; —Z,, . Since Z,, commutes with 41 and with Tj, it also commutes

with Z; . We can use binomial theorem to prove that Z; —Z,, " is nilpotent.
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Hence, the matrix representation of S, —S; is nilpotent diagonal matrix, and therefore the zero

matrix. Hence the proof.
Computation:

By a previous theorem, each generalized eigenspace KA. contains an ordered basis B; consisting

of a union of disjoint cycles of generalized eigenvectors corresponding to i . Then B = Uik=1 B, is

a Jordan canonical basis for T. For each i, let T, =T, , and let A =[T;]; . Then Aj is the Jordan

canonical form for T;, and

A O .. 0
0 .. 0O
R

0 0 0 A

is the Jordan canonical form for T. We now follow the book by Friedberg et.al. to describe the
technique of dot diagrams, followed by some illustrative examples.

The Dot Diagram of T, =T, : Suppose that B; is a disjoint union of cycles of generalized eigen
vectors Cy, - - -, C, with length p; > p, > - - - > p, respectively. The dot diagram of T; contains
one dot for each vector in B;, and the dots are configured according to the following rules.

o The array consists of n; columns (one column for each cycle).

o Counting from left to right, the j™ column consists of the p; dots that correspond to the
vectors of C; starting with the initial vector at the top and continuing down to the end
vector.

T=20% () T=2D%' W) = (T-an™ )

(T —/1i|)p{2 (Vl) (T _ﬂﬁl)p{2 (Vz) (T _/1i|)pni_2 (Vni)

T=A4DM) (T -A41)(v,)
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v, v,

e The dot diagram of T; has n; columns (one for each cycle) and p; rows. Since p1>p; > - -
> P, the columns of the dot diagram either become shorter in length or remain the
same in length as we move from left to right

Q) n, =dim(N, )

(i) ri is the number of dots in the i"™ row, given by

ry =dimV — rank(T — A4l);
rj = rank((T — i)Y ™" — rank((T — ZlY) if j > 1.

2 -1 0 1
3 -1 0
1 1 0
0 -1 0 3

0
Example 3: Let A= 0

Then, p(t) = (t —2)® (t — 3) is the characteristic polynomial. The distinct eigenvalues are J; = 2, 1

= 3 with multiplicities 3 and 1 respectively. Therefore, dim(K4,)=3 and dim(KA4,) =1. Let
T, =T, T, =T,

The dot diagram of T, : It has 3 dots. The possibilities are

We now calculate r; = 4—rank(A—2l) = 4-2 = 2. Therefore, r, = 1 and the dot diagram is
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Therefore, the Jordan canonical form for Ty is (o

Tis

2

o3

3

(2)

(2)

)

MT(N)-301

and the Jordan canonical form for

We now find a Jordan canonical basis for T. We first find a Jordan canonical basis for T;.

(T =2l)v,

v,

v,

Therefore v; € ker((T — 21)?) but v, ¢ ker((T —21)). Now

0 -1 0 1
01 -10
(A-21) =
01 -10

1

0 -1 0

0 -2

, |0
(A=21)=]

0 -2

1
0
0
1

It is easy to see that a basis for ker((T — 21)%) = K4) is

1
0
ol
0

0
1
0
2

Note that do not belongto N, . Choose v, =
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-1

And consider (T —21)(v1) = (A —21)(vq) = _i

-1

Now choose v, = which belongs to N, and which is linearly independent of

is linearly independent and hence a basis for K, .

. . 1. . :
Therefore, the Jordan canonical basis B, = 1 Is associated to the diagram as

Since 7, = 3 has multiplicity 1, we have dim(K, ) =dim(N, ) = 1. Hence, any eigenvector
constitute a basis B,. Therefore, we may consider
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Thus,

is a Jordan canonical basis for A. If we take Q =

then QIQ ' = A

—4 2
2 0 1
—2 -2 3
~2 -6 3

Example 4: Let A=

The characteristic polynomial is p(t) = (t — 2)%(t — 4)? and the eigenvalues are Ay = 2, A, = 4. Let
T,=K,, T,=K,.

Dot diagram of Ty :

Now r; =4 —rank(A — 21) =4 — 2 = 2. Therefore, the correct dot diagram is

2 0
Hence A =[T,] = 0 ZJ' In this case B is any basis of N,
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Dot diagram of T,: We have r; =4 — rank(A — 41) =4 — 3 = 1, therefore the correct dot diagram
is

0
dots. In this case B, is a cycle of length 2. The end vector of this cycle is a vector
veK, =ker((T —41)?), such that v ¢ N, = ker((T —41)). Itis easy to see that a basis for N,

is

4 1
and the Jordan block A, =[T,]g, :[ 4}, where By is any basis for K, corresponding to the

Choose v to be any solution of

for example, v= (A—-4l)x =
1
Thus B, = {(A —4l)v, v} = 1 Therefore,

B=B UB, =

0
1
1l
1
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is a Jordan canonical basis for A. The corresponding Jordan canonical form is

0 A
2 0 4 1
Where Ai:(o ZJ and AQ:[O 4}

Check your progress

Problem 1: For the characteristic polynomial (t —1)*(t —3)*t* find the Jordan canonical form.

-4 2
-2 0 1
-2 -2 3
-2 -6 3

Problem 2: Check the characteristic polynomial for the matrix A=

10.7 SUMMARY

In this unit, we have learned about the important concept of Jordan blocks, Jordan canonical
forms, Jordan decomposition theorem, generalized eigenspaces and nilpotent operator. After
completion of this unit learners will be able to:

Formation of Jordan Canonical form on the basis of characteristic polynomial of any
matrix.

Find out any matrix is nilpotent or not.

Visualized the concept of Jordan decomposition theorem.

GLOSSARY

Jordan Blocks

Jordan canonical form

Jordan decomposition theorem
Generalized eigenspaces
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10.11 TERMINAL QUESTION

Long Answer Type Question:

1. Let T be a linear operator on a finite dimensional vector space V, such that the
characteristic polynomial of T splits in F. Let 4, 4,,...., 4, be the distinct eigenvalues of

T. Then show that , for every v € V, there exist vectors
vieK, v, eK, ,...,v, €K, ;Suchthat v=v, +V, +...+V,

Let T be a linear operator on a finite dimensional vector space V, such that the
characteristic polynomial of T splits in F. Let 4, + 4, +...+ A, be the distinct eigenvalues

of T with multiplicities m, +m, +...+m, respectively. For 1<i<k, let B; denote an

ordered basis for K, . Then prove that the following statements are true.
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(@ BinB;=¢ fori=j.

(b) B=B,u..uB, isan ordered basis for V.

(c) dim(K4)=m, fori=1,....,k

Let T be a linear operator on a finite dimensional vector space V such that the

characteristic polynomial of T splits in F. Then prove that T = S + Z, where S is a
diagonalizable operator, Z is a nilpotent operator and SZ = ZS.

Short answer type question:

1. Let T be a linear operator on V, and let 4 be an eigenvalue of T. Then prove that
Q) K; is a T-invariant subspace of V containing the eigenspace N,(= ker(T — i/)).
(i) For any scalar g # A, the restriction of T — x4l to K, is one-one.

2. Let T be a linear operator on a finite dimensional vector space V such that the
characteristic polynomial of T splits in V. Suppose that 4 is an eigenvalue of T with
multiplicity m. Then

(i) dim(KA) <m.

(i) K, =ker((T-21)")

3. Under the hypothesis of the Jordan decomposition theorem prove that, there is only one
way of expressing T as S + Z, where S is diagnalizable, Z is nilpotent and SZ = ZS.

Fill in the blanks:

1. Every cycle of generalized eigenvectors of a linear operator is

2. An operator T: V — V is called nilpotent if for some positive integer k

10.12 ANSWERS

Answers of check your progress:

p(t) = (t — 2)°(t — 4)°
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Answer of fill in the blanks questions:

1. linearly independent
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BLOCK - IV
INNER PRODUCT SPACE
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UNIT-11: INNER PRODUCT SPACES

CONTENTS

11.1 Introduction

11.2 Objectives

11.3 Inner product spaces

11.4 Cauchy Schwarz inequality
11.5 Summary

11.6 Glossary

11.7 Reference

11.8 Suggested readings

11.9 Terminal questions

11.10 Answers

11.1 INTRODUCTION

The concept of an inner product space evolved from the practical needs of Fourier
analysis and classical geometry, with early ideas of orthogonality and function expansions in the
18th century laying groundwork. Mathematician Giuseppe Peano formalized the idea in 1898 by
defining a vector space with an inner product, which he termed a "linear system". The modern
notion of an abstract inner product space, generalized from the Euclidean dot product, became a
crucial tool in the development of functional analysis, particularly with the work of David
Hilbert and the introduction of Hilbert spaces.

An inner product space is a vector space equipped with an inner product, a binary operation that
takes two vectors and returns a scalar. This operation, a generalization of the dot product, allows
for formal definitions of geometric concepts like vector length (norm), the distance between
vectors, and orthogonality. Inner product spaces satisfy properties including linearity, symmetry,
and positive-definiteness, which define the inner product itself and the resulting norm.
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11.2 OBJECTIVE

After the study of this chapter, we shall understand:

Inner product space

Norm of a Vector

Normed linear space
Cauchy-Schwarz’s inequality

11.3 INNER PRODUCT SPACES

In this chapter, we shall consider vector spaces over the field or real numbers (R) or complex
numbers (C) only. In R®, we define dot product (or scalar product) as follows:

Let &:(xl,xg,x3),E:(yl,yz,yg) in R® where all x; YiER

-

NOW d.b=Xiyi+Xo¥Yo+Xays = b.d
We observe that dot product satisfies the following properties:

(i) d.d=0ie X2 +X°+x°=0
Also if X12 + X2 + %32 =0

==

i.e.

(i) : .d , as we already know.

(iii) (ADb +uc)=A(@.b)+u(@.2) V A,u€ER

Here (ii) and (iii) properties can easily be verified. Similarly we can define dot product on R".

Sometime d . b is represented as < a , b >. Now we generalize the concept of dot product as
inner product in a vector space.

Inner Product: An inner product on a vector space Visamap <, >:V X V — R satisfying the
following properties :

0] <xXx,x>=0and<x,x>=0ifandonlyif x =0.

(i) <x,y> =<y,x>

(i) <x+z,y>=<x,y>+<z,y> and <x,y+z> =<Xx,y> +<x,z>
(iv) <ax,y> =a<x,y> ¥x,y,z€eVandaeR

Generally function in analysis is represented by f ; but here, we represent it by <, >.
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So (V, <, >)is called an inner product space. For brevity, we say V is an inner product space
without explicitly mentioning the inner product <, >.

Example 1: The dot product defined above on R" (in particular R?) is an inner product. It can be
easily verified. Sometimes it is called standard inner product.

Example 2: If we consider inner product on V(C), where C represent field of complex numbers,
then following properties must be satisfied :

0] <X,y> =<7y,x > where <7y,x >iscomplex conjugate of <x,y>.
(i) <X,X> Z0and<x,x>=0 = x=0.

(ili) <ax+py,z> =Za<x,z>+p<y,z> wherea,BEC

(iv) <Xx,ay+Bz>=a<x,y> +f <x,z>

Example 3: Prove that the vector space C"(C) = { (a1, an) : a) € C }is an inner product

space with respect to the inner product : <u,v> = aiB; + @, + + anBy , Where u =
5 an), V= (Bl, N Bn) e Cn

Solution: Giventhat : <u,v> = aiff; +

So we have

VU > =610 t e+ Br@ = (Brag )+ +(Pnln )
B [ (as (@) = an ¥ n)

So,< v,u>=<u,v>

(i)

(iii) Leta,BECandw=(y1, ,¥n) EC", then
<au+pBv,w> =<a(a, , an) + BBy, , Bn), (v1,
=<(aai+BP1, ,aan+BBn), (Y1,
= (aar +BB1) V1 + +(aan+ BBn) Yn
=(aary; +BB1v1)+ +(aan Yn + BBn Yn)
+tanyn ) +B(Bivy + +Bnvyn)
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—a<u,w>+B<v,w>
Hence C" is an inner product space.

Note: The inner product given by equation (1) is called the standard inner product on C".
Example 4: Prove that the following is an inner product on R?,

<u,v> :a1B1—2a182—2a2[31+5a2[32,Whereu:(al,ag) andv:(Bl,Bz)ERz.

Solution:_Here <u, v > will be a real number, so

Q) <u,v> =< Vv,u > ,obviously.
(i) <U,U> =aia1—-2a1ar,—2ar,a1+5 aras
=af-4ara,+5a3
=a?-dara,+4at+a3
= (al—ZaZ)ZEO
Now,<u,u> =0,
o (a1-2a;)? +a2=0,
< a1-2a,=0and a,=0.
So <u,u>=0 =u=(a1,a) =(0,0)
(iii) Leta,B ERandw=(y1,Y,) € R?, then
au+ v =a(ar, az) + B(B1, B2) = (aa1 + BP1, aaz + BP2)
Now, <au+pBv,w>=<(aa;+BB1,aaz+BR2),(¥Y1,¥n)>
= (aay + BPr)Y1— 2(aas + BP1)Y2 — 2 (aaz + BPR2)y1 + 5 (aas + BP1) Y1
=a(ayi-2a1y2-2a2y1+5a2v2)
+B(Biyi—2B1v2—2B2y1+5B2v2)
za<u,w>+ f<v,w>, (using(1))
Hence < u, v >, defined by equation (1), is an inner product on R?.

Example 5: Let V be the vector space of all real polynomials of degree = 2. Prove that

<f(x),g(x)>= folf(x)g(x)dx , 7 f(X), g(x) €V, is an inner product on V.

Solution: (i) Since f(x) and g(x) are real polynomials, so < f(x) , g(x) > €R
Hence <f(x),g(x)> = < f(x),g(x) >=< gx),f(x) >

(i) Now <f(x),f(x)> = [ fFO)f(x)dx = [, f(x)?dx =0
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Also, <f(x),f(x)> =0, ifand only if
[, f(x)*dx =0 ,if and only if
= f(x) =0,

So, <f(x),f(x)> =0 < f(x)=0,

(iii)  Let a, B € R and f(x), g(x), h(x) € V. Then
<af(x)+p9(), h(x)> = [} (af (x) + Bg())h(x)dx

afy FEOREx +B [} goh(x)dx
a <f(x),h(x)> +p <g(x), h(x) >
Hence < f(x) , g(x) > , defined by equation (1) is an inner product on V.
Example 6: Given a1 = (1, 3), .= (2, 1) ER. Find an « € R*such that< a , a1 > = 3,
<, a, >=-1. Here <, > is the standard inner product on R
Solution: We know that the standard inner product on R? is
<(ap,a2),(b1,by)>=ahs +axb,
Let @ = (X, y) € R%.
So, < ,a1>=<(X,¥),(1,3)> =x+3y=3
<a,a2>=<(X,¥),(2,1)>=2x+y =-1

On solving equations (2) and (3), we get x =-6/5,y=7/5

-6 7
SO,CZ:(?,E)

Example 7: Let Wy and W, be two subspaces of a vector space V . If W; and W, are both inner
product spaces, then prove that W; + W, is also an inner product space.

Solution: Let x,y € W; +W,, then

X=X; +Xo,y=Yy1+YoWherex;,y1 EW; and Xy, Y, EW,
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We define, <X,y>=<X;,y1> +<Xp,V¥,>
Here, <x1, y1 > is the inner product on W; and <x; , y» > is the inner product on W5.'

Now from equation (1), we have

() <Y, X>=<y1,X1 > +<Yy2,Xx> =<Yy;,X1 > *<y2,X; >
=<X1,Y1> +<Xz,¥2.> (asWjiand W;are I.P.S.)
= <X,y>
(i)  <X,X>=<X1,X1> +<X2, %>
Since, <X;,X1> =0and<Xp,Xx;> =0
= <X1,X1> +<X2,%X> =0
=<x,Xx> =0
Also,<x,x> =0
= <X, X>=0and<Xxy,X,> =0
= x;=0andx; =0
= X=X1+X; =0
(iii) Leta,fEFandz=2;+2, EW; +W;
Now, ax + By =a (X1 + X2 )+ B (y1+Y2) =(axi+ By1) + (axz + BY2)
So,<ax+pBy,z> =<(axy+By1) +(axa+ BY2),21+ 22>
=<(axy*+Py1,z1>+<axy+ By, ,2,>
Ta<X1,21> +P<VY1,21> +a<Xy,2,> +B<Yy;,2,>
—a(<X1,21>+ <X2,2> )+B(Ky1,21> +<Y,,2,> )
=a<x,z>+fB<y,z>, (usingeqn. (1))
Hence, W; + W, is also an inner product space.

Theorem 1: Let V be an inner product space andu, v, W E V ; a,f € F (where F=R or C)
then,

(1) <u,av> = a <u,v>

(i) <0Ov> =<ul0> =0

@) <uv> =0, VuevVvV =v=0,and
(ivy <uv> =0,VVEV =u=0,

(V) <uw> = <v,w>, YWEV=uU=V

Proof: (i) By definition of inner product

<U,av> =< av,u>=a <v,u> =a <uv>
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(i) We know foranyueVand0EF ,0u=0€V
So,<0,v>=<0u,v> =0 <u,v>=0
Similarly, <u,0> =<u,0v>=0<u,v>=0<u,v> =0
(iii) Itisgiventhat <u,v> =0, VUEV
In particular, we can write,
<u,v> =0

=u=0
Similarly, we can prove other part.
(iv) Let<u,w> = <v,w>, VWEYV then,
<U-V,W> =<u,w> —<Vv,w> =
<u—-v,w> =0 Ywev
So by previous part, u—v=0 = u=\v.
Conversely, If we take u =v, then

<U,W> —<V,W>=<u-v,w> =<0,w>=0
Hence,<u,w> = <v,w>VwEV.
Note: If V is an inner product space with standard inner product and say V = R®, then for a € R,

We have, <a, a>=a,° +a,°+as’> wherea=(ai,a,as),

Here \a?+ aZ+ a? or V< a,a > is defined as norm of vector a. Actually, it is
generalization of length of a physical vector.

Norm of a Vector: Let V be an inner product space. The norm function || . Il : V = R has the
following properties :

Q) Ixll=z0and lIx=0ifandonlyifx=0;x€V
(i) laxll= || Ixll,a EF,x€EV,
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Norm of avector v € Visdefinedas llvii= V<v,v >.

A vector u in an inner product space V is said to be of unit norm or unit length if
flull=lor<u,u>=1,

Furthermore, given a non-zero vector v € V, there is a vector u € V such that

full=1andv=1vlu.

This u is called the unit vector along v, because u= ann and llu ll = H =1

Example 8: (i) Find the norm of the vector x = (2, -3, 6) € R®..

(ii) Prove that "xT" is of unit length.

Solution: (i) Using the concept of standard inner product of R®, we have
<X, X> = 2(2) +(-3)(-3) +6(6) =49

Hence, [ X =+/< x,x > = V49 =7 units

X 1

(i) Letu= = =2(2,-3,6)= (2,29

Ixi 7
W=t (D)@ (9Q=5-1
> lull=1=u= ﬁ is of unit length.
Example 9: Let V be an inner product space and X, y, z € V. Prove that

Ix+y 1> + Ix—ylI® =2 (Nl x I + Iy I*). Also interpret it geometrically.
Solution: Some writers say it parallelogram law.
Wehave I X +y I =<x+y,X+y> =<x,X+y>+<y,x+y>
Z<X,X>+<X,Yy>+<y X>+<y,y>
Now, IIXx=yl? =<x—y,Xx-y > =<X,X-y >—<y,X-y >

=Z<X,X>—<X,y>—<y,x>+<y,y>
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Adding equation (1) and (2) , we have
IX+yIP + IXx—ylIP=2(<x,Xx>+<y,y>) =

(hx W+ Wy I*) . B

Geometric interpretation: Let x and y be two vectors in the vector space V(R) with standard
inner product defined on it. Suppose the vector x is represented by the side AB and the vector y

by the side BC of a parallelogram ABCD. Then the vectors x + y and x — y represented the
diagonals AC and DB of the parallelogram.

So, AC? + DB? = 2(AB? + BC?) i.e. the sum of the squares of the sides of a parallelogram is
equal to the sum of the squares of its diagonals.

Example 10: Prove that we can always define an inner product on a finite-dimensional vector
space V(R) or V(C).

Solution: Let V be a finite- dimensional vector space over the field F = R or C.
LetB={a;,....., a, } be a basis for V.

Let «,B EV. Thenwecanwrite a=a; a1+ ..... tayapand S =byait..... +byan
Where, ay, ...., a, and by, ...., byare uniquely determined elements of F.

Letus define <a,B> =aib, +....+a. b,

Now it can be easily verified that above expression satisfies all the conditions of inner product.
Hence, we can always define an inner product on a finite dimensional vector space V(C).

Example 11: If , B are vectors in an inner product space V(F) and a, b € F, then prove that

(i) laa+ bBI*=|aflla I®+ab< a,B= +3b <B,a = +|pf I B I
(i) Re<a,p>=-(la+fI° —lla— BI?)

Solution: (i) We have,

laa+ bBlI°=<aa+ bpf,aa+bpf>=<aa,aa +bBf>+<bpB,aa+bp=>
—a< a,aax +bp=+b < pB,aa+bp=

ta< a,axa> ta< a,bpf>= +b<p,aa=+b < p,bp=
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—aa< a,a=+ab< a,B> +ba <B,a>+ bb <p,B =
=laflla I’P+ab< a,B>+3b <B,a = +pf I B II?

(it) Now we can write

la+ BlIP=< a+ B a+f>=<a,a+pB=>+<pf,a+f>

=< a,ax+ <a,f= +<f,a>+ <pB,p =

la+ BIP=lla P+<a,B> +<B,a > +IBI° (D)

Also,l a— BlP=<a— B, a—B=>=<a,a—B>—-<B,a— B=
=< a,axr— < a,f> —=f,a =+ <B,p=

la=BIP=lla P -<a,B> — <B,a>+IBI

Now subtracting equation (2) from equation (1), we get

la+ BI°P —lla— BIP=<a,B> +<B,a> +<a,B> +<f,a >
=2(<a,B= +<fB,a =)
=2<a,Bf> +< a,f >)
=2R2Re<a,p >

So, Re<a,f>=(la+pI* —lla—I°)

Note: (1) IfF=R,then Re<a,f>=<a,B >

So,<a,B>=;(la+ I —la— BI)

(2) An inner product space V(R) is called Euclidean space while VV(C) is called unitary space.
Example 12: If « and S are vectors in a unitary space, then prove that —

(i) 4<a,B>=la+ B> —lla—BIP +ill a+ip I —ila—ip I’
(i) <a,f> =Re<a,f> +tiRe<a,iff>
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Solution: (i) As in previous example, we can write
la+t BIP=lla P +<a,B> +<B,a > +IBI’
and lla— BIP=llalP—<a,B> — <B,a>+[B1I
So, la+ BIP —lla— BI° =2<a,B=> +2<f,a =
Now |l a+iBlP=< a+if,a+if>=<a, a+if>+<if,a+tif=>
=< g, x>+ <a,if> t<if,a>+ <ip,if =
la P+T<a, B> +i< f,a>+iT <f,f =
la P —i<a,B> +i<B,a = +Ip I
So illa+iglP=i lalP+<a,B> —<B,a>+ilpI*
Replacing i by —i , we get
il a+iplP=-illa P+<a,p> —<B,a>+ilBI
Hence adding equations (1), (2) and (3), we get
la+ BI> —lla— BI> +ill a+ip > —illa—ipl®=4<a,B>
(it) From the knowledge of complex numbers, we have
<a,Bf> =Re<a,f> +tilm<a,if >
Ifz=x+1iy,theny=Imz=Re {-1 (x+1y) } =Re (-iz)
~Im<a,B>=Re{-i<a,f>}=Re{i<a,f>}=Re{<a,if>}
So from (1), we have
<a,B> =Re<a,f> +iRe<a,if>

Note: In the study of physical vectors, we define dot/scalar product as a. b = ab cos 6, where a =

||, b =|b| and @ is the angle between @ and b.

Since we know that |cos 6| = 1. So, ab|cos 8] =ab as a=0,b > 0.
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This is a particular case of Cauchy-Schwarz’s inequality, which we shall study for an inner
product space.

11.4 CAUCHY SCHWARZ INEQUALITY

Theorem 2: Let V be an inner product space. If X, y € V, then

[<x,y>|<Illxll + llyll.Further, equality holds if and only if x and y are linearly
dependent (that is, one is a multiple of other).

Proof: Here we shall give three different proofs of Cauchy-Schwarz’s inequality:

Q) It is basically geometric in nature
(i) Here we shall use basic concepts of calculus
(iii)  Here we shall use some results on quadratic equations.

Proof: Case (i): Ifx=0o0ry=0,
Then< x,y>=0andeither<x,x>=00r<y,y>=0,
Hence the result is obviously true.

Case (ii): Now consider the case, when I x = lly ll =1,
Consider < x —y, X —y >, then by definition of inner product
<x—-y,x—y> =0,
=2 <x,x>—-2<x,y>+<y,y> =0

1-2<x,y>+1 =0

<x,y>=1
Similarly, < x+y,x+y> =0,

—<x,y>=1

Combining both results, we get
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<x,y>=1 or|l<x,y>=lxll llyllas Ixll=1lyll=1

Now, we prove the statement concerning the equality

Let|[<x,y>=1 ,then <x,y>=1lor-1

If < x,y >=1,then from the above discussion of inequalities, we deduce that
<x—y,x—y>=0 orx=y

If <x,y>=-1, we can deduce that x = -y.

Thus equality holds if and only if either x + y=0o0rx —y = 0.

i.e.ifandonly ifx=+y.

So x and y are linearly dependent, when equality holds.

Case (iii): Now suppose x and y be non-zero and not necessarily of unit length.

y

Thenu=-= andv= -2 stlull=llvii=1
Ixl Tyl

Then as in last case, we have |[< u , v >| <1

x y | = |<x,y>|

So |<

i "Nyl Ixlilyl —

= | <x,y>|< I xIlyl,
Now, in the case of equality, we have | <x,y > |< Il x IIll y I,
If x and y are non-zero, then <x,y>= | x Il y llor
—<x,y>= I xIllyl

If we assume, <x,y>= [ x Il y Il

I S
=l "yl

X _ Y

(B Iyl

_ Xl
—("—y")y
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= X Is a scalar multiple of y, or x and y are linearly dependent.
The other case is similar.
Proof 2: Fixxand y in V.
If y =0, then the result is obviously true.

So, we takey #= 0

Let us consider the real valued function of the real variable
f)=<x+ty,x+ty>.

We want to investigate the extremum points of f.

So, f)=<x,x>+2t<x,y>+t?<y,y>

So we observe that f(t) is a polynomial in t with real coefficients.

Now f'(t) =2<x,y>+2t<y,y >

So t, will be an extremum point for f if f'(t,) =0,

e, <x,y>+t,<y,y> =0

<x,y>
<y.,y>

t, =
Now f'(t) =2<y,y> =2y I?>0asy#0
So f(t) is minimum at t = t,

= 0= f(t,) < f(t) forall t

= f(t) = 0forallt
From equation (1) , we get

<x,x>+2,<x,y>+t:<y,y> =0

2 (<x ,y>)? + (<x,y>)?
<y, y> <y, y>

=

<x,x>—

MT(N) - 301
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<x,y>)?
<x,x>—& =0
<y.y>

(<x,y>)?

2
=] x =
I I Iy I

=|<x,y><lxllyl

Proof 3: Let p(t) = at® + bt + ¢ be a quadratic polynomial in t with real coefficient. We know that
for imaginary roots, p(t) will always remain +ve or always remain —ve.

\J ) b / ‘?

pd

g e
For this to happen , b? — 4ac < 0.
Now f(t) as in second proof is a quadratic polynomial in t with real coefficients
a=<y,y>,b=2<x,y>andc=<x,x >

Also f(t) is always non negative. So we conclude that b? — 4ac < 0. From this, we shall get the
required result.

Note: If we consider R" with dot(scalar) product, then Cauchy-Schwarz inequality becomes

| S xy] < (a2 )2 (Tiy? )Y forall xi, yi €R.

This concrete inequality is quite useful in analysis.
Theorem 3: (Triangle Inequality) If «, § are vectors in an inner product space V, then
la+B <l al+I Bl

Proof: Wehave, || a+BIP=<a+B,a+B>=<aa+B>+<f, a+f>
=<a,u> +<a, B>+ <B,a>+<fp B>
=l a P+ BIP+(<e, B>+< o, B>)

Il a+BIP=1l a I?+1l BI°+2Re (<, B>)
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But Re (2) = |7/,
So, la+BIP<Il a IP+1 BIP+2]<a B>|
<0 al®+1 BI?+21 o Il B, (byCauchy Schwarz inequality)
= | a+BIP< (lall+1BI)?
So, Il a+BlI< Nal+lBl

Geometrical Interpretation:

Suppose the vectors « , B represent the sides AB and BC respectively of a &4 ABC in the
Euclidean space.

Then ||l all=ABand |l B Il = BC.
Also the vector a + 3 represents the side AC of the triangle ABC and || o + £ |l = AC.
Then from above inequality we know, || a+B Il < [lall+I B
= AC = AB+BC
If inequality holds, i.e. AC < AB + BC is true for any triangle

ABC. I+ Pl
)

If equality holds, then AC = AB + BC means points A, B, C are

collinear. 8 1)
Example 13: Verify Cauchy Schwarz inequality for a = (1, 2, -2), and B = (2, 3, 6) € R®.
Solution: With standard inner product, we have

<a,f>=2+6-12=-4, so |<ao, B> |=4

Now, | a I?=1+4 + 4, so llall=3

And BIP=4+9+36, then [IBl=7

So,llalllpli=21
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Hence, |[<a, B> | = o |l Il B Il is verified.

Example 14: If in an inner product space V, Il a+ B Il= llall+ 1 B II, then prove that o« and B
are linearly dependent. Show by means of an example that the converse may NOT be true.

Solution: Given expressionis (Il a+BH1)?< (llall+1B1)?

<a+B,a+B> =l a P+ BIF+20 a llll BI
<o, > +<a, B>+ <B,a>+<B B>=[al®+IBIP+21alllBI
<a,B>+< aB>=2lallpll
2Re (<o, B>) =2llallllflior Re(<e, B>) = Nlallll Bl (1)
But, Re(<a, f>) = |<a, >
So, |<o, B> =Nalllpll
But, by Cauchy Schwarz inequality
<o, B> <lallllpll
From equation (2) and (3) , we have
|<e, B> =lallpl

So from the equality case of Cauchy Schwarz inequality, we conclude that c and £ are linearly
dependent .

Conversely, let us take,
a=(1,-2,2), B=(-2,4,-4) €R®

Then obviously a and B are linearly dependent as f = —2a

Now, lall =vV1+4+4=3;
IBIl=v4+16+16=6
CE+E:(-1’2’-2)=J||0( +B |l =v1+44+4=3
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So,l a+Bl = lall+lpBI
but e and £ are linearly dependent .

Example 15: If W is a subspace of V and v € V satisfies<v, w>+<w,v><<w,w> forall
w € W, then prove that <v, w > =0 for all w € W, where V is an inner product space.

Solution: Since W is a subspace of V(F), therefore
w=Y eEW vneN:L1eF.
n n
Given expression is
<v,w>+<w,v><<w,w> forallwew
Replacing w by % in equation (1) , we get

w w 1 1 1
<V, — >+<— ,vV>=<<— — > or —<v,w>+;<w,v>£?<w,w>

n n n

or <v,w>+<w,v>£l<w,w>, YneN
n

Taking lim n — oo, we get
<v,w>+<w,v> <0
Thus<v,w>+<w v> <0, vwWeW
Replacing w by —w in equation (2), we get
<V, —-w>+<-—-w,v> <0
—<wv,w>—<wv> <0
or <vw > +< wv>=0

From equations (2) and (3), we conclude that

<v,w > +< wv>=0,VWEW

Since W is a subspace of V,soi E Fandw E W = iw EW
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Replacing w by iw in equation (4), we get
<viw > +< iw,v > =0
iI<v,w>4+i<wv>=0
—i<vw>+i<wv>=0
—<viw > +< iw,v >=0
So subtracting equation (5) from equation (4), we get

2<v,w>=00or <v,w>=0,VWEW.
Definition (Metric): A metric on a set X is a function d : X X X — R with the following

properties:

Q) d(x,y) =0forx,y € Xand d(x,y) =0ifandonlyif x =y.
(i) d(x, y) =d(y, x), forall x,y € X

(iii) d(x, z) =d(x,y) +d(y, z), forall x,y,z € X

(iv) Property (iii) is called the triangle inequality.

Theorem 4: Let V be an inner product space. If we define d(x,y) =l x—y I forx,y €V,
Then d is a metric on V.

Proof: (i) By definition of norm, we know

Il x—yll =0
=d(x,y) =0,
Also, d(x,y) =0, ifand only if
I x—yll=0,ifandonly if
x—y=0 ,ifandonly if
X=y
(idx, =1l x—=yll=1 D —x) I
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=y —xI byllox lI=|a|llx|l;xEF,XEV
=ly—x Il =d(y, x)
@iii) dix,2)=1Il x—zII
=l x—-y+—-2)I
<lIlx—yll +lly—=zI, by triangle inequality
So, d(x,z) =d(x,y) +d(y, z), forall x,y,z € V.
Hence d is a metricon V.

Problem 1: Let V be a vector space of all real polynomials of degree < 2, with inner product

<f(x), 9(x) > = [, F()g(x)dx , ¥ f(x), g(x) € V

If f(x) = x> + x — 4 and g(x) = x — 1, then find
() <f(x),9(x)> and

(i) <g(x), 9(x)>
Check your progress

Which of the following problems are True or False

Problem 1: Ifu=(-1, 1/4) and v = (4, -1/8) then |lull = g .

Problem 2: Cauchy Schwarz inequality for « = (1, 2, -2) and B = (2, 3, 6) € R® is verified.

Problem 3: If a, § are vectors in an inner product space V, then

Il a+B <1 all+1 BIiscalled triangle inequalities.

Problem 4: If a is non — zero vector then norm of « is always positive.

Problem 5: If a = 0 then norm of a is never zero.

11.5 SUMMARY
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In this chapter we understood the process of generalization from ordinary vectors to vector
spaces. So other basic concepts viz angle, length, distance were also generalized respectively as
inner product, norm, and metric, An inner product space is a vector space equipped with an inner
product, a generalized dot product operation that assigns a scalar to each pair of vectors. This
additional structure allows for the formal definition of geometric concepts like the length (norm)
of a vector, the distance between vectors, and the angle between them. Key properties of an inner
product include linearity, positive-definiteness (a vector's inner product with itself is zero only if
it's the zero vector), and symmetry (or Hermitian symmetry for complex spaces).

11.6 GLOSSARY

> Inner Product: An inner product on a vector space Visamap<, >:VxV —+R
satisfying the following properties :

Q) <X,Xx>=0and<x,x>=0ifandonly if x = 0.
<X,y> = <y,Xx>
<X+Z,y>=<X,y>+<z,y> and <X,y+z> =<X,y> +<X,z>

(iv) <ax,y> =a<x,y> ¥x,y,z EVanda€ER.

> Norm of a Vector: Let V be an inner product space. The norm function || . Il : V = R has the

following properties :
(i) Ixll=0and Ixll=0ifandonlyifx=0;x€eV

laxll= Ja|lIxll,a EF,x€V,
Norm of a vector v € Visdefinedas vl = /<v,v >.
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11.9 TERMINAL QUESTION
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Prove that for any @ € R* ,we canwrite @ =<a,e; >e1 +<a, e; > e;where eg = (1,
0),e2=(0,1)

Let V be a vector space over a field F. Let W; and W, be twp subspaces of V(F) such
that Wy and W, are two inner product spaces also. Then prove that —

A positive multiple of an inner product is also an inner product.
Difference of two inner products may not be an inner product.

Let V (R) be a vector space of polynomials with inner product defined by < f, g > =
folf(x)g(x)dx ff(x)=x®+1and g(x) =x—1, then find<f, g>and lig I.

11.10 ANSWERS

Answers of check your progress:
1. True 2. True 3. True 4. True 5. False
Answers of terminal question:

2. (i) Let < u, v > be an inner product and A > 0, A € R. Then it can be easily verified
that A< u, v > is also an inner product.

(i) Difference of two inner products may not be positive. Now do it yourself.

_ =7 _1
3. <f,g>_§andllgll—ﬁ.
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UNIT-12: ORTHOGONALITY AND

ORTHONORMALITY

CONTENTS

12.1 Introduction

12.2  Objectives

12.3 Orthogonality
12.4  Orthogonal basis
12.5 Orthonormality
12.6  Orthonormal basis
12.7 Summary

12.8 Glossary

12.9 Reference

12.10 Suggested readings
12.11 Terminal questions

12.12 Answers

12.1 INTRODUCTION

Orthogonality and orthonormality are key concepts in linear algebra that describe specific
relationships between vectors in a vector space. Two vectors are said to be orthogonal if their
dot product is zero, meaning they are perpendicular to each other. A set of vectors is called
orthonormal if the vectors are not only orthogonal but also each have a unit length (norm equal
to one). Orthonormal sets simplify many mathematical operations, such as projections,
transformations, and decompositions, and are widely used in applications like signal processing,
guantum mechanics, and numerical computations. These concepts form the foundation for
constructing efficient and stable vector representations in various mathematical and engineering
problems.

Department of Mathematics
Uttarakhand Open University Page 209




LINEAR ALGEBRA MT(N)-301

12.2 OBJECTIVES

After the study of this chapter, we shall understand:

Understand the concept of orthogonality in vector spaces and identify orthogonal
vectors using the dot product.

Define and recognize orthonormal sets of vectors and understand their significance in
forming orthonormal bases.

Learn to compute the dot product and use it to test for orthogonality and normalize
vectors.

Apply the Gram-Schmidt process to convert a set of linearly independent vectors into
an orthonormal set.

Explore the geometric interpretation of orthogonality and orthonormality in Euclidean
spaces.

Understand the role of orthonormal vectors in simplifying vector projections,
decompositions, and matrix operations.

Use orthonormal bases to represent vectors and solve problems more efficiently in
linear algebra and applied mathematics.

Recognize applications of orthogonality and orthonormality in real-world fields such as
signal processing, machine learning, and quantum physics.

12.3 ORTHOGONALITY

Orthogonality: Let V be an inner product space. An element u € V is said to be orthogonal to v

€ V if <u, v > = 0. Obviously, orthogonality is a symmetric relation i.e. if u is orthogonal to v,
then v is also orthogonal to u.

<uv>=0,ifandonlyif<v,u>=0

Note: (1) Zero vector is orthogonal toeachvEVas <0,v>=<v,0>=0

(2) IfuE Visorthogonal tov € V , then every scalar multiple of u is orthogonal tov. Letk € F
and<u,v>=0then<ku,v>=k<u,v>=0.Soku is also orthogonal tov , ,V k € F.

(3) Zero vector is the only vector which is orthogonal to itself. If u is orthogonal to u, then

<u,u>=0=u=0

(4) A vector u € V is said to be orthogonal to set S if it is orthogonal to each vector in S. That is
<u,v>=0,foreveryveV.
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(5) Two subspaces W, and W, of V(F) are called orthogonal if every vector in each subspace is
orthogonal to every vector in the other.

(6) Let S be a set of vectors in an inner product space V. Then S is said to be an orthogonal set
provided that any two distinct vectors in S are orthogonal. So, <u, v > =0, for every distinct u,
vV ES.

2 1
Example 1: If u=|1 | and v=| 2| are the vectors. Are these vectors uand v orthogonal?
-1 3

Solution: To check the orthogonality, first calculate the dot product:
uv=2)D+DR2)+(-DQRB)=2+2-3=1.
Since, uv =1= 0. Hence the vectors are not orthogonal.

Note: The vectors uand vare not orthogonal because their dot product is not zero.

. . 3
Example 2: Find a vector that is orthogonal to the vector u = 4l

. X : .
Solution: Let v :{ } be a vetor such that to be orthogonal to the given vector u. Now, if the
y

vectors uand v are orthogonal then their dot product will be zero.
So, uv=3x+4y=0. Here, x=4,y=-3 are one of the solution of the equation 3x+4y=0.

4
Therefore, v = {

3} are orthogonal to u .

12.4 ORTHOGONAL BASIS

An orthogonal basis for a vector space is a set of linearly independent vectors that are mutually
orthogonal, meaning the dot product of any two distinct vectors is zero. Unlike an orthonormal
basis, the vectors in an orthogonal basis are not necessarily of unit length.

Definition: A set of vectors {v,,v,,V,,...,v,} in a real inner product space V is an orthogonal
basis if:
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() The vectors span V (i.e. they form a basis)

(i) Vv, =0Vi= j

1 0
Example 3: Letv, = {O}VZ = L} . Then,

V..V, = (D)(0) + (0)(2) = 0. So, {v,.v,}is an orthogonal basis for R”.
How is it useful?

Orthogonal bases simplify vector projections.

They're used in the Gram-Schmidt process to construct orthonormal bases.
Calculations (especially involving decompositions or projections) become much simpler
when working with orthogonal vectors.

ORTHONORMALITY

Orthonormality: Let S be a set of vectors in an inner product space V. The S is said to be an
orthonormal set if:

(a) UES=ull=1
(b) uveSandu=v,then<u,v>=0

Thus an orthonormal set is an orthogonal set with the additional property that norm of each
vector is 1. So a set S consisting of mutually orthogonal unit vectors is called an orthonormal set.

AfinitesetS={ ay, ....., an } is orthonormal if

1,i=]j

12.6 ORTHONORMAL BASIS

Orthonormal Basis: If an orthonormal set S is a basis of an inner product space V, then the set
S is called an orthonormal basis of V.

To convert an orthogonal basis to an orthonormal basis: If S ={v,,v,,v;,...,v,} is the set of

orthogonal basis of any vector space V then we can convert this orthogonal set to orthonormal set
by normalizing each vector of S to form orthonormal basis.
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Normalized the each vector as: v, :”V—‘HVi =12,3,...,n
Vi

1 1

Example 4: Let v, = ‘/15 and v, = \/51 are two vectors then show that {v,,v,} forms an

V2 V2

orthonormal basis of R?.

Solution: To show a set is an orthonormal basis, we need to verify two things:

1. Vectors are unit vectors (norm = 1).
2. Vectors are orthogonal (dot product = 0).

1Y (1Y 11
Step 1: Check norms: ||v1||:\/[ﬁj +[Ej = E+E:\/I:1

||v2||=J( ) Ll fia

Step 2: Check orthogonality: v,.v, = (%)(%} +( 12 j(__ ==

Therefore, the set {v,,v,} is an orthonormal basis of R”.

1 -1
Example 5: Given the vectors, u, =1 [ ,u, =|1 |u, =|0
0 0

Use normalization to check whether this set forms an orthonormal basis of R®.

Solution: Step 1: Normalize each vector,
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Jug| = V12 +1% +0% =2 =

U
J2

Ju,| = V(-2%) +1% + 0% =42

_ Y _
V2

0
Jug| =0 +0? +12 =1=u, =| 0
1

Step 2: Check orthogonality
uu, =1-1)+1.1+0.0=0
u.u; =1.0+1.0+0.1=0
u,u, =(-1).0+1.0+0.1=0

All vectors are orthogonal and can be normalized to unit vectors.
So, the normalized vectors form an orthonormal basis of R®.
Example 6: the set S={ (1, 0, 0), (0, 1, 0), (0, 0, 1) } is an orthonormal basis of R®.

Also, it can be easily verified that the set

! 1 1 1 -1 - .
S={ (5 , 0, \/_E) : (ﬁ , 0, ﬁ), (0, 1, 0) } is another orthonormal basis of R®.

Theorem 1: (Pythagoras Theorem) Prove that vectors x and y in a real inner product space
(Euclidean space) V are orthogonal if and only if

IX+yPP=Nxl?+ Nyl
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Solution: We have,
IX+yIPP=<Xx+y X+y>= <X, X+y>+<y, X+y>
Z<XX>+ <X Y>+H<Y, X >+ <y, y>
=l xIP +<x,y>+ <xy>+ Iy P
IXx+yl2=1 xI? +2<x,y>+ llyI*asVisreal I.P.S.
But given that , |Ix+y||2=|IxI|2 + |Iy||2
Sowehave, llxIP + Iy I? = II xI* +2<x,y>+ Iyl
<X,y>=0
x and y are orthogonal.

Conversely, let x and y be orthogonal
= <X y>=0
then as done above, it can be observed,

IX+yIP =1l x> +2<x,y>+ llyl?

By using, <x, y > =0, we get

Ix+yW2=laxl?+ Nyl

Theorem 2: In a complex inner product space (or unitary space) V, if x is orthogonal to y, then
IX+yP=NxI?+ Nyl

However, the converse may NOT be true. Justify.
Solution: If x is orthogonal to y, then <x,y>=0
= <xy>=0
= <y,x>=0,

Now,
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IX+ylP=<x,x>+ <X, y>+<y, X >+ <y, y>, (by previous example)
So, Ix+yP=lxI? + Nyl?
Conversely, let V = C#(C) with standard inner product
Letx=(0,i)andy=(0,1) € V. Then
<X,y>=0+i=i#0

So x is not orthogonal to y.
Also, I x I =0(0) +i(1) = i(-i) = 1

lyl? =0+1=1
Now, Xx+y=(0,1+1)

Ix+yWl? =0+@+i)(1-i)=2
Hence, Il x + y 1=l x I> + Il y I*, though x is not orthogonal to y.

Example 7: Find a vector of unit length which is orthogonal to the vector (3, -2, 2) of R¥R)
relative to the standard inner product .

Solution: Letx =(3,-2,2)andy = (a, b, c) € R® be orthogonal vectors.
Then <x,y>=0
= 3a-2b+2c=0
This system has infinite (actually uncountable) solutions. Let us take one solution by taking
a=2,b=-3,c=-6
So,y = (2, -3, -6) is orthogonal to x = (3, -2, 2)
Now, lyI°=4+9+36=49 =|yll=7

-y _1 _,2 -3 -6
SO,U—"y—"—;(Z,-&-G) :U—(;,T,T)
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Theorem 3: An orthogonal set of non-zero vectors in an inner product space V is linearly
independent.

Proof: Let S be an orthogonal set of non-zero vectors of V. In order to show that S is linearly
independent, we shall prove that every finite subset of S is linearly independent.

Let {vi, Vo, ....., vn} be any finite subset of S.
By orthogonality of S, we have
<vVi,Vv;>=0,fori#]j
Let us assume a1vy + ..... + apv, =0 ; where a; € F,
So, <avVit+....tapwh, Vit .....+tawv,>=0
<aiVi, Vit ...t apVn> ot <apVa, Vit .t apgvn > =0
(Ravi,avi>+ ...+ <avi,apVp >) + ...+ (< apVn, @1V >+ ..o+ < apVn ,anVn >) =0
0 <Vi,Vi>+ o, <Vy,v>+....+ o0, <Vy, Vp>;using equation (1)

2 2
Il Il

2 2 2 2 _
oy NV 15+t la, I vy I° =0

oy 171 vy
But every term is non-negative and sum is zero.
So, oy Plv; IP=0V i

But each v; # 0, by statement.

So, || 2=0V i

= o=0VvV1=1,2,3,...,n

cey

So, {v1, Vo, ....., vy } is linearly independent subset of S.

= every finite subset of S is linearly independent.
= S in linearly independent.

Note: In the same way, it can be proved that an orthonormal set S in an inner product space V is
linearly independent.
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Theorem 4: If {vy, vy, ....., vy } is an orthonormal set in V and if w € V, then,
u=w— Y%, <w,v; >v;; isorthogonal to each of vy, Va, ....., Vp.
Solution: Foranyi=1, 2, ....., n. we have
<u,Vvi>=< w—Y%, a;Vv; ,Vi>,where aj =< w, V>
= <W-— V] — OyVy — ... —QpyVp , Vi >
=<W,Vi> — oy<V1,Vi> —....— o4<Vj,Vi>— ...
=<w,Vvi>-0—-—...——0—...—-0
<U,Vi> =<w,Vvi> —-<w,Vvi> =0
So,<u,vi> =0,fori=1,2,.....,n
Hence u is orthogonal to v; , fori=1,2, ....., n.

Complete Orthonormal Set: An orthonormal set is said to be complete if it is not contained in
any larger orthonormal set.

Orthonormal dimension: Let V be a finite-dimensional inner product space of dimension n. If
S is any orthonormal set in V then S is linearly independent. So S cannot contain more than n
distinct vectors. The orthonormal dimension of V is defined as the largest number of vectors an
orthonormal set in V can contain.

For finite dimensional inner product spaces, orthonormal dimension is same as linear dimension.

Note: Now we recall some basics of vectors in R2. It will help us to ‘visualize’ the geometry
behind Gram-Schmidt orthogonalisation process.

Example 8: Let us consider two vectors @ and b in R Then
|3] =a and|b|=b
We have to find:

(i) projection of 3 onb
(i)  component of d along b.
(iii)  component of @ perpendicular to b.
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Solution: Let us realize these vectors as shown —

So, OA=|d| =a ,£AOB=6

(i) Projection of 3onb
= OB =0OAcos &

a.b -
= a(;b )as @ . Db =abcos 8

(@ D)

Projection of donb = -

(ii) Component of of 3 along b = ( Projection of onb)

~ _ (a.b) (@ DDb
b_( b ) - b2 1

(iii) From vector law of addition, we have

(D) Db

So, BA = component of 3 perpendicularto b =3 — =

These fundamental concepts will help you to understand the next theorem.

Check your progress

Problem 1: Provethat lav l= |a| IV, foralla €F,x €V

Problem 2: If {vi, Vo, ....., vo } is an orthonormal set and if w = Y, a;v; € V, Then prove
that oy =<w,vi>fori=1,2,...,n.

12.7 SUMMARY

Orthogonality and orthonormality are fundamental concepts in vector spaces, especially in
inner product spaces. Two vectors are said to be orthogonal if their inner product is zero,
meaning they are at a right angle to each other. A set of vectors is called orthonormal if all the
vectors are not only mutually orthogonal but also have unit length (norm equal to one).
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Orthonormal sets are especially useful because they simplify many operations, such as
projections and coordinate transformations. Any orthogonal set of non-zero vectors is linearly
independent, and using processes like Gram-Schmidt (we will learn in upcoming units) any
linearly independent set can be converted into an orthonormal set, which is very helpful in
building orthonormal bases in vector spaces.

12.8 GLOSSARY

>

(i)

Inner Product: An inner product on a vector space Visamap <, >:VxXxV =R

satisfying the following properties :
<x,Xx>=0and<x,x>=0ifandonlyifx =0.

<X,y> = <y,x>

<X+Z,y>=<X,y>+<z,y> and <X,y+z> =<X,y> +<X,z>
<ax,y> =a<x,y> ¥x,y,z EVanda&€R.

Norm of a Vector: Let V be an inner product space. The norm function |l . Il : V = R has the
following properties :

Ixll=0and Ixll=0ifandonlyifx=0;x€eV

laxll= Ja|Ixll,aEF,x€EV,

Norm of a vector v € V isdefinedas vl = V<v,v >.

Complete Orthonormal Set: An orthonormal set is said to be complete if it is not
contained in any larger orthonormal set.

Gram-Schmidt orthogonlisation Process: Every finite-dimensional inner product space
has an orthonormal basis.
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12.11 TERMINAL QUESTION

Long answer type question

1.

Explain the concept of orthogonality and orthonormality in inner product spaces.
Illustrate with suitable examples.

State and explain the Gram-Schmidt orthogonalization process. Apply it to the vectors

vi=(110) and v: = (1,0,1) to obtain an orthonormal set.

Prove that any set of non-zero orthogonal vectors in an inner product space is linearly
independent.

Describe how to express a given vector as a linear combination of an orthonormal basis.
Give an example in R,

Discuss the role of orthogonal and orthonormal vectors in projection of vectors. How
does an orthonormal basis simplify vector projection?

Short answer type questions:

1.
2.
3.
4.
S.
6.
7.
8.
9.

Define orthogonality in the context of vector spaces.

What is an orthonormal set of vectors?

How can you check if two vectors are orthonormal?

What is the significance of orthonormal basis in vector spaces?
Can a set of orthogonal vectors be linearly dependent? Justify.

Write the condition for two vectors U and U to be orthogonal in terms of dot product.
Give an example of an orthonormal set in R

What is the norm of each vector in an orthonormal set?

What is the angle between two orthogonal vectors?

Objective type questions:

Let u and v be two vectors in an inner product space. If (u, v )=0, then the vectors are:

Linearly dependent
Equal

Orthogonal
Orthonormal

Which of the following is true for an orthonormal set of vectors {v,,v,,...,v,}?
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A)
B)
C)
D)

3:

A)
B)
C)
D)

(Vi,v)=1Vi= j
(v;,vjy=1Vi# j and |v;| =1Vi
(v;,v;)=0Vi=]j

(vi,vj>:0 Vi, ]

Which of the following statements is not true about an orthonormal basis in a vector

All vectors are orthogonal to each other

All vectors have unit length

Any vector in the space can be written as a linear combination of the basis vectors
The inner product of any two basis vectors is always 1

If u and v are orthogonal vectors, then the angle between them is:

0°
90°

180°

Cannot be determined

In R3, which of the following sets is orthonormal?

{(1,0,0),(0,1,0),(0,0,1)}
{(1,1,0),(0,1,1),(1,0,1)}
{(2,0,0),(0,2,0),(0,0,2)}
{(1,1,1),(~1,~1,1),(1,-1,~1)}

If a set of non-zero vectors are pairwise orthogonal, then the set is:

Linearly dependent
Orthonormal
Linearly independent
A basis

Which of the following is always true for an orthonormal set {u, v }

- o - -
v,+V, isorthogonal v,—v,
- >

V,+V,[ =2
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> -

C) V,,V,|[=1

- -

D) v, =V,
8: The Gram-Schmidt process is used to:

A) Find the determinant of a matrix

B) Find eigenvalues of a matrix

C) Convert a linearly independent set to an orthonormal set
D) Solve a system of linear equations

Let \71 =(12) and v: =(-2,1). Then \71 and \72 are:

A) Orthogonal

B) Orthonormal

C) Linearly dependent
D) Not orthogonal

> > o

10:  If {u,,u,,u,}is an orthonormal basis in R*and v € R*then the projection of v onto the
subspace spanned by the basis is:

-

A) v
B) YUy,

3 2~

C) u, v

i=1 !
D) (v.V)
True and False questions:

If two vectors are orthogonal, then their dot product is zero.

An orthonormal set is always linearly dependent.

All orthonormal vectors are orthogonal, but not all orthogonal vectors are orthonormal.
If a vector has unit length, it is automatically orthogonal to other vectors.

The zero vector is orthogonal to every vector in a vector space.

Every orthogonal set of vectors in R" can be converted into an orthonormal set.

If uv =0, then u "and v "must both be the zero vector.

In an orthonormal basis, the coordinates of a vector are given by inner products with the
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basis vectors.
9: Orthonormal vectors must all lie on the same line.
10:  The Gram-Schmidt process can be applied only to orthogonal vectors.

Fill in the blanks questions:

1: Two vectors are said to be if their inner product is zero.
A set of vectors is called if the vectors are mutually orthogonal and each has
unit length.
The process used to convert a linearly independent set into an orthonormal set is called
the process.

-

- -
If u.v =0, then vectors uand v are

4 o

5 In an orthonormal basis, the length (or norm) of each vector is equal to
6: If a set of non-zero vectors is orthogonal, then it is always

7 The dot product of any two different vectors in an orthonormal set is

8
9

The projection of a vector v onto a unit vector u is given by
The standard basis vectors in R" form an basis.

10:  Tonormalize a vector v , divide it by its

12.12 ANSWERS

Answers of check your progress:
2. Given that {vi, vy, ....., vn } is an orthonormal set. So

0, i#]j
1, i=]

<Vi,Vj>:{

We have , <w, Vvi>= (a1vi t ..... t apVy Vi)
—a1<Vy,Vixt+....+tai<Vi,Vi>t+...tan<Vy,Vi>
=0+...t ai+0+....+0

<W, V> :ai,fori=1,2,....,n.
Answer of Short answer type questions:

4: An orthonormal basis simplifies computations, such as projections and coordinate
transformations, because the inner products directly give the components of any vector.

5: No, a set of non-zero orthogonal vectors is always linearly independent.
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- -
u.v=0

The norm is 1.

Answer of objective type questions:

1: C 2:
5: A 6:
9: A 10:

Answer of True and False:
True
True
False

Answer of fill in the blanks
Orthogonal
Orthogonal

0

magnitude (or norm)
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UNIT-13: GRAM-SCHMIDT ORTHOGONALIZATION

PROCESS
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13.10 Suggested readings

13.11 Terminal questions

13.12 Answers

13.1 INTRODUCTION

The Gram-Schmidt orthogonalization process is a method used in linear algebra to convert a set
of linearly independent vectors into an orthogonal (or orthonormal) set spanning the same
subspace. It works by iteratively subtracting the projections of each vector onto the previously
obtained orthogonal vectors, ensuring that each new vector added to the set is orthogonal to those
already processed. This technique is fundamental in many applications, such as simplifying
computations in vector spaces, constructing orthonormal bases in Hilbert spaces, and performing
QR decomposition in numerical analysis.
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The Gram-Schmidt orthogonalization process is named after two mathematicians: Jgrgen
Pedersen Gram, a Danish mathematician, and Erhard Schmidt, a German mathematician.

Jorgen P. Gram introduced concepts related to orthogonality and projections in the late
19th century (around 1883), particularly in the context of statistics.

Erhard Schmidt later formalized and extended Gram's ideas in 1907, particularly in the
setting of Hilbert spaces.

Although both contributed independently, the process as we know it today became widely

recognized due to Schmidt’s work, and the combined name acknowledges both of their
contributions.

Jorgen Pedersen Gram Erhard Schmidt

27 June 1850-29 April 1916 (aged 65) 13 January 1876-6 December
1959 (aged 83)

13.2 OBJECTIVES

After the study of this chapter, we shall understand:

o Orthogonalisation and Gram-Schmidt process.
o Cauchy Schwarz and Bessel inequalities.
o Riesz representation theorem.

13.3 GRAM-SCHMIDT ORTHOGONALISATION PROCESS

Theorem 1: Every finite-dimensional inner product space has an orthonormal basis.
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Proof: Let V(F) be an n-dimensional inner product space and let S = {va, ....., v, }be a basis of
V. Firstly, we shall construct an orthogonal set in V with the help of elements of S. Since S is a
basis, so all elements of S are non-zero.

Let us take,

<V2‘W1>W1 <V2,V1>V1

W1 =V, Wy =V — or wy =vs —
lwy I

vy 112
Sincevi 0,50l v; Il #0,

<Vy Vqy>
We have, < w,,w; >=< v, —av,,v; > where a:ﬁ
1

SO,< W2,W1 >:< Vz,Vl >—O(<171,V1 >

<V2, vy >

=< vy, vy > — lvy IIZ =< vy,vy >—<v,v; >=0

lIvy 112
< wy,wy >=0 and vy =avy + wy = aw; + wy,
We observe that w, # 0, for otherwise, v, = av;
= vy, V; are linearly dependent.
This is contradictory, as S is a basis , so every subset of S will be linearly independent.
<Vz Wy >W;y <Vz Wp>WwW;

Let w3 =v3— - e.(2)

llwy 112 llwy 112

where [w, | #0, [lwy; I#0

We can write, W3 = V3 — a1Wq — asWs , where

_<V3‘W1>

_<V3_W2>
ay = — 2

and a, =

llwy 112 llwz 112

Now, < wj,wy >=<V3— aiWj — aWy , Wy >

< V3’W2 >—0(1< W1,W2 >_a2< W2, WZ >

<V3'W1> <V3'W2>

— 2
< Vya Wy, >— < W, W, > — w
3,72 llwy 112 T2 llw 112 Fwz

<vzw, >—-0—-<vz3w, > (as< wy;,w, >=0)
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< W3, W, >=0
Similarly, < w3, w; >=0,
AlsSo, V3= aiwq + aWs + W3

If follows that { w1, W, ws } is an orthogonal set. Further ws = 0, for otherwise,{w1, W, w3 } is

linearly dependent, which is again a contradiction. Here you should note that { wi, wy, v3 }={
V1, Vo — a1V1, V3 } IS linearly independent as { vi, vy, v3 }are linearly independent. Proceeding
in a similar manner, if we take

Wy =V — —wWno12>Wo-1 0 SVn W12 Wi

lwn—1 112 lwy 112

W} is an orthogonal set . Consequently, T = { ﬁ ST
1 n

orthonormal set is linearly independent and so T forms basis of V as dim V =n.

, then it can be verified that {wq, ....,

Wn

} is an orthogonal set. Since an

Hence T is an orthonormal basis of v.

Note: (1) To obtain an orthonormal basis of V, where V = R® i.e. dim V = 3, we proceed as
follows:

Q) Let {vi, V2, v3} be a basis of V.
(i) Find {wy, Wy, w3} where w; = v

_ < V2, W1 >Wq

Wz =V ———
lwo Il

_ <V3_W2>W2 <V3'W1>W1

W3 =V3— 2 - 2

lw i lwo Il

\"£1 Wy W3 . .
@iy { il Twall ' Twal } is an orthogonal basis of V.

(2) Generally existence theorem in analysis are non-constructive i.e. you prove the theorem, but
there is no formula or general method to solve numerical questions. But Gram-Schmidt process
is constructive in nature. It provides a method to solve numerical.

Example 1: Apply the Gram-Schmidt process to the vectors given below to obtain an
orthonormal basis for R*(R) with the standard inner product:

(I) 81:{(11110)1(11011)’(01111)}
(i) S»={(11,0),(10-1),(0, 3 4)}

Solution: (i) Letv; =(1,1,0), v2=(1,0,1),v3=(0, 1, 1)
Letw;=vi=(1,1,0), = llwy I2=<w;,w;>=1°+12+0=2
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. W1

_1 _(L L
o &L= G F 0

<Vy; Wi>WwW

wil? (1)

< vywg >=< Vv, vy >=12+0+0=1

So, w2 =(1,0,1) =3 (1,1,0)=(5,~3,1).

3
Il w, ||2:< W21W2>:E

O, ||w2|| \[(_ _%

<V3,W1>W1 <V3‘W2>W2

Again, let wg =v; — ..(2)

llwy 112 w112

. 1
Soweobtain, < vz w; >=< vz vy >=0+1+0=1and < v3 w, >=2

2 =2
2

lwy 12=2, llwy |

So form equation (2) , we have
1 2,1 1
ws=(0,1,1)--(110—-3(5.—5,

2 _ 4 W3 _ 1
w == - (=
s I 3 llws I ( 3’

Hence orthonormal basis |s{(\/_ \/_,0) (\/_ \/_ \/_) (——

(ii) Do it yourself.

$1={(5.0,%) . (50,5 .(0,1,0)}

Example 2: Let V be a set of real functions satisfying g +9y =0,

Q) Prove that V is a two-dimensional real vector space.

(i) In V, inner product is defined by

<y,z>=f0nyzdx

Department Of Mathematics
Uttarakhand Open University Page 230




LINEAR ALGEBRA MT(N)-301
Find an orthonormal basis for V.
Solution: (i) Suppose V is a collection of solutions of

9 1 gy=0

dx?

d _
Let&=D

= (D*+9y=0
Aucxiliary equation is m>+9=0orm= + 3i
So, solution is y = €3 €c0s3X + C;,SIN3X
Let V={c;cos3x + c,sin3x: c; C; ER}
Let S = {cos3x, sin3x}

The Wronskian of v; = cos3x and v, = sin3x is

Vi V2
W(x) = |dv, v,
dx dx

- |_c053x sin 3x | =320

3sin3x 3cos3x

So S is linearly independent subset of V and by equation (1) , L(S)=V.
Hence S is a basis of V.

Thus, dimV =2

(i) Let vy =c0s3x, v, =sin3x

Now wi=vi, S0 [|[wi|f =< wi,wy >= foncos 2(3x) dx

_fﬂ cos6x+ 1
~Jo

2
2
. =J:.c053x
[l wll T

<V2’ W1 >Wq

dx = g , on solving

Letw, =V, — (2)

llwo 112
m™ ., 1 01T
<Vp,Wy> =<V, V> = fo sin 3x cos x dx=5f0 sin 6x dx =0,
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W, =V, = sin 3X

1- cos6x
2

Now, Il w, II? =<w,,w,> ZfOHSinz(Bx) dx:foTI (

w 2 .
2_ = |2 sin 3x
Iw | -

Hence an orthonormal basis of V is { \/% cos 3X , \/% sin 3x }

_m
)dx—;

Example 3: Obtain an orthonormal basis for V, the space of all real polynomials of degree at
most 2, the inner product being defined by

<fg>= fol f(x)g(x) dx
Solution: We have, V={ay+a;x+ax*;a€R}
Let S = {1, x, x’}. Then obviously, S is a basis of V
Letv, =1, v, =X and v3 = X
So,wp=vi=1
Now [walf? = <wy, wy>= fol 1.1.dx=1

<Vy; Wi>WwW
Let WZ:VZ_#
llwq 112

1 1
NOW <V, ,W;> =<V,,V;> :fonXzE

" Wp =X :
n 2— 2

1 1 1
Hence, [lwal® =<w,, w,>= [/(x— -)*dx=—

So, :’IZZ" :\/ﬁ(x—%) = 2\/§(x—%)

<V3’ W1>W1 <V3' \'4 >W2

Let wz =v3—

llwy 112 llwy 112

. 1 1
Since, < vz wy >= [ x° dx =3
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1 1
< vz wp >= ) XZ(X — E)dxz

1
12

1 1
) = X*—x+-=
2 6

1
W3:X2—§.1—(X

Il = <ws, ws>= [ (6 - x + £)?
g - V180 (x* - x + ) = 65 (x2 - x + )

Hence an orthonormal basis of V is

{L2V3(x—2)  6V5(x*-x + <)}

13.4 BESSEL’S INEQUALITY

Theorem 2: If V is an inner product space and if {w , .... ,wn} is an orthonormal set in V , then
molwi,v 2= |V, forallveV
Furthermore, equality holds if and only if V is in subspace spanned by wy , .... ,wy.
Proof: Let v € V be arbitrary.
Consider the vector
X=V-—Yi, o wi; where oy =<V, wj >
Then, <x, x> =<v-Y", o w;, V—Z]-nzlo(j w;

_ n n n n
=<V,v>—=<v, Zj=10(jo>_<Zi=1aiWi,V>+<Zi=1aiwi,2j=

10(jo>
=||V|| ana] <V, wp> - Yo <wi,v>+ YT 12 =10 G< Wi, wj >

VP = T <Tw, > < v, W > - 3R <vw > <T,W, >+

im1 D=1 0G 0. 1 (as<wj,wj>=1lonlyifi=j)
So,<x, x> = VP -2r, [<v,w; > P-3h, | <vw; > P+ 30, [ <vw > |

— Il 1l .
<x, x> = VP -2y [ <vowi > PV -EL, | <vowy > |as [z]=]Z]
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s IP=IMP - Sy | <wi,v > P
Since || x |> = 0, so by equation (2), we have
IVIP-3~, | <w;,v > 12 =0 or 3%, | <w;,v> |2 = |v|?foreachvEV
If the equality holds i.e. if X1, | <w;,v> |? = Iv||? , then from equation (2), we have
x| =0o0r [[x]=0
= x=0
So,v=Yl 0w =Xin, <V, W > w;
Thus, if the equality holds, then v is linear combination of { wy , .... ,w, }.
Conversely, if v is a linear combination of { wy , .... ,w, }, then we can write
v=Y" a;w;where q; =<v, w; >
So,x=0= |[x|* =0

Hence from equation (2), we have

IVIP = S~ | <w;,v> |* e equality holds.

13.5 ORTHOGONAL COMPLEMENT

Let V be an inner product space, and let S be any set of vectors in V. The orthogonal
complement of S (written as S* and read as S perpendicular or S perp.) is defined by

St={veV:<uv>=0VUuesS}
Thus S+ is the set of all those vectors in V which are orthogonal to every vector in S.
Theorem 3: Let S be any set of vectors in an inner product space V. Then S is a subspace of V.
Proof: By definition, S* ={vEV:<u,v>=0 Vu€&ES}
Since<0,u>=0 VUES

So, 0 € S* and thus S* is not empty.
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Letx,y € Fand wy , w, € S+
Then<w;,u>=0%YUu€ES and
<W;,U>=0%UES
SO, <XWi+ywy, U>= X<Wp,U>+y<w,,u>
=x0+y0=0VUuES
So, xwi +yW, EStvw;, woEStandx,yEF
Hence S+ is a subspace of V.

Note: (1) Here we should note that S MAY NOT be a subspace of V while St is always a
subspace of V.

(2) Obviously, it can be observed that V+ = {0}and {0 }* = V.

Orthogonal Complement of an orthogonal complement: Let S be any subset of an inner
product space V. the S+ is a subset of B.

We define (S* )+, written as St +, by
Stit={veV:<v,u>=0,Yuest}
Obviously S+ is a subspace of V.
Note: It is very easy to show that S = S+
Letu€S,then<u,v>=0vVveESL.
So by definition of S+ +, we conclude thatu € S*t+. Soc St+
Theorem 4: (Projection Theorem) Let W be any subspace of a finite dimensional inner product
space V. Then (i) V=W @ W+ (i) wti=wW

Proof: (i) By definition, WXt ={vEV:<v,u>=0,vu€ W}, and Wt is a subspace of V.

By the given hypothesis, W is also a finite dimensional inner product space and so W has an
orthonormal basis.
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Let S={ws,....,wn } bean orthonormal basis of W.

0, ifi #]j
1, ifi=]j

" <Winj>:{

Let v € V be arbitrary,
Letw =Y, o w;, where a; = <v, w; >
Now we assume X =V —w
Then,
<X,Wj>=<V-W,W;>=<V,Wj>—<W,W>
= <V,Wi> — <oq Wy .oy, Wiy, Wi
= <V, Wi>— o<Wy ,Wj>—....— o<W, Wij>— ... — 0, < Wpy , Wj >
=<v,wi>—0 —....— qj
=<V, Wj> —<V,Ww;>
So,<x,wj>=0,for i=1,2,...., m.
Since S is a basis of W, each u € W is expressible as
U=pBwi+ Bowo+....+BpWnm; Bi EF
We have, <Xx,u>=<X, ;Wi +.... + B ,Wn >
=B, <X, Wy >+ o+ By < X, Wy >
=B, 0+....+ By .0=0, (using egn. 4)
So<x,u>=0,YueW
= xeWHt.
From equation (3) ,v=w+Xxwherew EWandx € W+

~V=W+Ww+
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Now we shall prove that W n W+ = {0}

Lety € W N W+ be arbitrary,
=yEWand yew+

NowyEWL= <y, u>=0vuew

In particular, <y,y>=0asyeW
=y=0andWnw+ ={0}

From equation (5) and (6) , we get

V=W&wt
(i) From part (i) , we have

V=Wa@wt (D)

Since W+ is a subspace of V, on replacing W by W+ in eq" (7), we get,

V=wi@wil . (8)
As V is finite-dimensional, so from eqgns (7) & (8), we get
dim V = dim W + dim W+ . 9)
and dimV =dim W+ +dim wt+
= dim W =dimw++
But we already know that W = W+ |

So from equation (10), we have
w=wtt
Example 4: If S; and S; are subsets of an inner product space V, then show that

ST S :S%‘CSi‘
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Solution: Letx € Sy, then<x,y>=0, foreachy € S,.
In particular, <x,z>=0,vzES;asS; €S,

= X E ST
Hence S; < St

Example 5: If W; and W, are subspaces of a finite-dimensional inner product space V, then
prove that —

(i) (Wi+W2 )t =Wi n Wy
(i)  (WinWy)t=wi +ws

Solution: Since we know that
W; c W; +Wyand W, © W + W,
So by previous example, we have
(Wy + W)t e Wit and (Wy + W)L c Wy

So, (W1 + W)t =W n Wy

Now, suppose z € Wi n W3 be arbitrary

= zEW{§ and zEWY
= <z,x>=0,¥vxeEW;and <z,y>=0,vyeW,
Now any t € W;- N W5 can be written as
t=x+yforsomex € W;,y €W,
SO <z,t>=<z,X+y>=<z,X>+<z,y>
=0, (using eq" (2))
So,z € (W + W, )+ and hence

Wi N Wi (Wy+ W)t
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From equation (1) and (3) , we get
(W1+W2)J‘:W1J' N WZJ' ... (4)

(i) Since Wi and W5 are subspaces of V, so on taking Wit in place of W; and W3 in place
of W, in eq" (4), we get

(Wi + Wy )t = (Wit n (Wy)*

So (Wi + Wit = Wit n wit

= WinWw,
= (Wi + Wy)tt =(Win Wy)t
= WlJ‘+W2J' :(WanZ)J'

Example 6: Let W be a finite-dimensional proper subspace of an inner product space V. Let a €
V and a € W. Show that there is a vector 8 € V such that « — {3 is orthogonal to W.

Solution: We know that every finite-dimensional inner product space has an orthonormal basis.
Let{ ay, ...., o, } be an orthonormal basis of W.

Let P=)L, <a,o >a;where<a,o>€EF
ThenB €W, Foreachj, 1< j< nwehave
<a—f,q >=<a—-2L, <a,0 >0, >
:<a,aj>—2?zl<a,ai><ai,aj >

:<a,ﬂj>—<a,ﬂj> as <(Xi,C£j>:

=0
<a—f,0 > =0,forallj=1,2,...,n
Let w € W be arbitrary, we can write

\W :Z?zl a; o where a; €EF
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Wehave<a—B,w > =<a—f,YL, a;q >
= Y& <a—B,q> =0, byeq" (1)
» <a—fB,w>=0, foreachweW

Hence a — B is orthogonal to W.

13.6 RIESZ REPRESENTATION THEOREM

Theorem 5: Let V(R) be a finite-dimensional linear functional f : V — R . Then there exists a
uniquey € Vsuchthat f(x) =<x,y>, ¥XEV.

Proof: Suppose there exists y € V such that

f(x)=<x,y>, forall x € V.
Let us choose an orthonormal basis { e; , ...., ey } of V
Theny =) a; e; forsome o; ER
Now f € L (V, R) and f is completely determined if we know f (¢;) forL <i<n
Now f(e;))=<e;j,y>=q;forl<i<n
This suggest that we take y = Y}iL, f(e;) e;
It is easy to check that f(x) =< x,y>forall x € V
Forif x =) a;e;, then f(x) =) o f(e;)
Also<x,y> =<x, Y f(e;) e >

=<XYoaje, Xf(e) e >

= Zi,j f(ei) o <ej, €j >

=X f(e) a; as <ej,e> = 5ij:{ '

From equations (1) and (2) , we conclude that
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f(x)=<x,y>forall x eR"
Uniqueness: Now, suppose z is such that,
f(x)=<x,z>forallx eV
then, f(X) =<x,z>=<x,y>
=< Xx,z-y >=0forall x.
In particular, for x = z —y, we obtain

<z-y,z-y>=0

So y is unique.
Geometric Interpretation:
If f = 0, then the obvious choice isy = 0.

If f = 0, then fis a linear form and W = ker f is of

dimension n — 1, where n = dim V.

Thus there is a unit vector u perpendicular to W, for

V=W & W' (thatis, uis aunit normal to the “plane” ). y must therefore be a multiple au of

u. The choice of « is determined by the equation

fuy=<u,y> =<u,au> =a

Thus we take y = au where a = f(u)

For x €V, we have x =w + tu, wherew E Wandt € R

Then f(x) = f(w + tu) = f(w) + t f(u) =t f(u)
Also<x,y>=<w+tu,au>= a<w,u>+ta<u,u>=ta=tf(u)

Hence the result.
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Theorem 6: For any linear operator T on a finite-dimensional inner product space V, there exists
a unique linear operator T  on V such that

<Ta,f>=<,T g>foralla,BEV.

Proof: Let T be a linear operator on a finite dimensional inner product space V over the field F.
Let # € V and f be a functional from V into F defined by

f(@)=<Ta,f>VaeV (1)
Here Ta stands for T(a)

Claim: fis a linear functional on V.

Leta,beFand a;,; €V , then
f(aey+bay)=<T(awo+bay) B>

=<(aTa; +bTay) ,B> asTis linear
=a< Ta; , B> +b< Tay,, B>
=af(x) +bf(ax), using equation (1)

Hence f is a linear functional on V.

So by Riesz representation theorem, there exists a unique ' € V such that
f(@)=<a,B'> VaeV ee(2)

From equations (1) and (2), we observe that if T is a linear operator on V, then corresponding to
every vector [ in V, there is a uniquely determined vector ' in V such that

<Ta,B>=<a,Bf'> VaeV

Let us denote by T~ the rule which associates B with B'i.e. let T g =p'

Then T is a function from V in to V and is such that

<Ta,p>=<a, T B> Va,f €V

Claim: T is a linear operator on V.
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Leta,bEFandB1,B, €V .ThenV a €V, we have
<a, T @Bi+bB)> =<Ta, aPi+bp, > using equation (3)
=a<Ta, B1>+b <Ta, B,>
—a<a, TP >+b<a, Tph> again by (3)
=<a,aT P1>+ <a,bT B>
=< a,aT B+bT B,>
Hence T (@Bi+bPBo)=aT Bi+bT B

Thus T  is a linear operator on V
Hence corresponding to a linear operator T on V, there exists a linear operator T~ on V.

such that , <Ta,B>=<a, T B> Va,p €V

Uniqueness: Let S be a linear operator on V such that

<Ta,f>=<a,SE> Vaf €V
Then <a, T B>=<a,SBE> Vo, B €V

TB=SP

So T  is unique.

Check your progress

Problem 1: Apply the Gram-Schmidt orthogonalisation process to the vectors
v, =(110),v, =(0,2)andv, =(0,1,1) € R® (standard dot product) to produce an orthonormal

basis {e,,e,,e;}for span{v,,v,,v,}. Show your working.
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13.7 SUMMARY

In this chapter we understood the process of generalization from ordinary vectors to vector
spaces. So other basic concepts viz angle, length, distance were also generalized respectively as
inner product, norm, and metric. As we have studied orthogonal compotent of ordinary vectors,
we studied here Gram-Schmidt orthogonalisation process. Besides this, we learned various
concepts and applications of inner product.

13.8 GLOSSARY

Inner Product: An inner product on a vector space Visamap <, >:VxV —+R

satisfying the following properties :
<x,x>=0and<x,x>=0ifandonlyifx =0.

<X,y> = <y,X>

<X+2Z,y>=<X,y>+<z,y> and <X,y+z> =<X,y> +<X,z>
<ax,y> =a<x,y> ¥x,y,z EVandaER.

Norm of a Vector: Let V be an inner product space. The norm function |l . Il : V = R has the
following properties :

Ixll=0and I xI=0ifandonlyifx=0;x€eV

laxll= Ja|lIxll,a EF,x€V,

Norm of a vector v € V is definedas v = <v,v >.

Complete Orthonormal Set: An orthonormal set is said to be complete if it is not
contained in any larger orthonormal set.

Gram-Schmidt orthogonlisation Process: Every finite-dimensional inner product space
has an orthonormal basis.
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13.11 TERMINAL QUESTION

1.

Explain the Gram-Schmidt Orthogonalization process. Derive the general formula used to
construct an orthogonal basis from a linearly independent set of vectors.

Apply the Gram-Schmidt process to the vectors v, =(1,10),v, =(1,01),v, =(0,11) in R®
and find an orthonormal basis. Show all necessary steps.

Short answer type question

What is the Gram-Schmidt orthogonalization process?

State the necessary condition for applying the Gram-Schmidt process to a set of vectors.
What is the difference between an orthogonal set and an orthonormal set?

How does the Gram-Schmidt process ensure that vectors are orthogonal?

Why is it necessary to normalize vectors after applying the Gram-Schmidt process?

What is the role of projection in the Gram-Schmidt process?

Can the Gram-Schmidt process be applied to complex vector spaces? Justify your answer.

Does the Gram-Schmidt process change the dimension of the subspace spanned by the
vectors? Explain.

Write the formula for the projection of a vector vvv onto a vector uuu.

What type of product (operation) is used in the Gram-Schmidt process to calculate
projections?

Objective type questions:

1.

A)
B)
C)
D)

2.

The Gram-Schmidt process is used to:

Solve linear equations

Diagonalize a matrix

Convert a set of linearly dependent vectors into orthogonal vectors
Convert a set of linearly independent vectors into an orthogonal basis

What property does the set of vectors produced by the Gram-Schmidt process satisfy?
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A)
B)
C)
D)

3.

A)
B)
C)
D)

4.

A)
B)
C)
D)

5.

A)
B)
C)
D)

6.

A)
B)
C)
D)

7.
A)
B)
C)
D)
8.

A)
B)

They are linearly dependent
They are orthogonal

They are not normalized

They form a skew-symmetric set

In the Gram-Schmidt process, after orthogonalizing the vectors, what step is required to
get an orthonormal basis?

Take the determinant
Normalize each vector

Take the inverse of the vectors
Apply Gaussian elimination

The Gram-Schmidt process requires that the initial set of vectors be:

Linearly dependent
Orthonormal
Linearly independent
Eigenvectors

In an inner product space, the Gram-Schmidt process can be applied to:

Only real vector spaces

Only complex vector spaces

Both real and complex inner product spaces
Only Euclidean spaces

Which of the following is true about the vectors produced by the Gram-Schmidt process?

They span a different subspace than the original vectors
They span the same subspace as the original vectors
They are always eigenvectors

They are linearly dependent

In the Gram-Schmidt process, which operation is repeatedly used to make vectors
orthogonal?

Cross product
Matrix multiplication
Projection

Inverse computation

What is the purpose of subtracting projections in the Gram-Schmidt process?

To increase vector length
To ensure orthogonality
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C)
D)

9.

A)
B)
C)
D)

10.

A)
B)
C)
D)

To normalize the vector
To find eigenvalues

If the Gram-Schmidt process is applied to a set of vectors in R", how many orthogonal
vectors are obtained?

n+1

Same as the number of original vectors
Always 1

Depends on the dimension of the space only

Which of the following is a necessary condition for applying the Gram-Schmidt process
successfully?

The matrix must be symmetric
Vectors must be orthogonal

Vectors must be linearly independent
Vectors must be unit vectors

Fill in the blanks questions:

1.

The Gram-Schmidt process converts a set of linearly independent vectors into an
set.

The vectors obtained from the Gram-Schmidt process span the subspace as the
original set of vectors.

In the Gram-Schmidt process, each new vector is made orthogonal by subtracting its
onto the previous vectors.

After applying the Gram-Schmidt process, we can obtain an basis by
normalizing each orthogonal vector.

The inner product used in the Gram-Schmidt process depends on the structure of
the vector space.

The Gram-Schmidt process can be applied to vectors in both inner
product spaces.

<V,u>

The projection of vector v onto vector u is given by .U, where (-,-) denotes the

The orthogonal vectors produced by the Gram-Schmidt process are not necessarily of

length.
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True and false questions:

1. The Gram-Schmidt process can be applied to any set of vectors, whether linearly
independent or not.

The vectors generated by the Gram-Schmidt process are orthogonal to each other.
After applying the Gram-Schmidt process, the resulting vectors always form an
orthonormal set.

The Gram-Schmidt process changes the span of the original set of vectors.

The Gram-Schmidt process can be used in both real and complex inner product spaces.

The projection of a vector onto another is required to ensure orthogonality in the Gram-
Schmidt process.

You must apply matrix inversion during the Gram-Schmidt orthogonalization process.

The Gram-Schmidt process can be used to create an orthogonal basis for any subspace of
R".

13.12 ANSWERS

Answers of check your progress: e, = % (L10);e, = %(1, -1,2) and e, = % (-11,1)

Answer of objective type question:
D 2:
C 6:
B 10:
Answer of fill in the blanks:
Orthogonal X Same X Projection
Orthonormal : Vector Space X Real, Complex

Inner product : Unit
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Answer of TRUE and FALSE:
1: False 2: True : 4: False

5: True 6: True : 8: True
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UNIT-14: UNITARY AND NORMAL OPERATOR
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14.1 INTRODUCTION

German mathematician David Hilbert, who lived from January 23, 1862, to February 14,

1943, was a very influential mathematician of the late 19th and early 20th centuries. The
foundations of geometry, the spectral theory of operators and its application to integral
equations, the calculus of variations, commutative algebra, algebraic number theory,
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mathematical physics, and the foundations of mathematics (especially proof theory) are just a
few of the many fundamental concepts that Hilbert discovered and developed.

Hilbert embraced and upheld the transfinite numbers and set theory of Georg Cantor. He
introduced a set of issues in 1900 that paved the way for 20th-century mathematical research.

Important tools utilized in modern mathematical physics were invented by Hilbert and his
pupils, who also helped to establish rigor in the field. Hilbert was a pioneer in the fields of
mathematical logic and proof theory.

An inner product structure on a C-vector spaces induces a “mirrored” twin for every
linear transformation, called the adjoint. Linear operators equal their own adjoints have many
important properties.

Hilbert in 1907

14.2 OBJECTIVES

After reading this unit learners will be able to

e Understand the basic concept of unitary operator and normal operator.

e Understand the basic concept of adjoint operator and self-adjoint operator.
e Understand the concept of skew-symmetric and skew-Hermitian operator.
e Understand the concept of positive and non-negative operator.

14.3 ADJOINT OPERATORS

Let T be a linear operator on an inner product space V (here V need not be finite dimensional).
We say that T has an adjoint T  if there exists a linear operation T" in V
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suchthat <Ta,B>=<a, T B> VaB €V

Note: In previous unit, we have proved that every linear operator on a finite-dimensional inner
product space posses an adjoint. But it should be noted that if V is not finite-dimensional, then
some linear operator on VV may possess an adjoint while the other may not. In any case if T
possesses an adjoint T', then it must be unique. Also observe that the adjoint of T depends not
only upon T, but also on the inner product on V.

Theorem 1: Let V be a finite-dimensional inner product space and let B={ o , ...., @, } be an

ordered orthonormal basis for V . Let T be a linear operator on V and let A = [aij], x n e the
matrix of T with respect to the ordered basis B. Then a;; =< T aj, o; >

Proof: As B is an orthonormal basis for V, so forany § € V,
B=YL:<PB o> q
Replacing B by T o , we get
Tog=YL,<Taj,o>a; j=1,2,....,n (D)
Now if A = [ajj]y, x n be the matrix of T in the ordered basis B, then we have
Tog=Yl, a0 ; j=12,....,n ....(2)

Since the expression for Tay as a linear combination of vectors in B is unique, so from equations

(1) and (2), we have
i =<Tay, 5>

Corollary 1: Let V be a finite dimensional inner product space and let T be a linear operator on
V. In any orthonormal basis for V, the matrix of T~ is the conjugate transpose of the matrix of T.

Proof: Let B={ ay, ...., oty } be an orthonormal basis for V. Let A = [ajj]y, x n b€ the matrix of
T in ordered basis B.

Then aij=<Tcxj,cxi> (1)

Now T is also a linear operator on V.

Let C = [Cijlnxn be the matrix of T  in the ordered basis B.
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Then Ci=<T aj0>

We have Ci=<T oj>=<aq, Tq, >

=<Ta, a,> by definition of T”
= 4

So C=[a; ]nxn andhenceC = A’ where A is the conjugate transpose of A.

Note: It should be remembered that in this corollary the basis B is an orthonormal basis and not
an ordinary basis.

Theorem 2: Let Sand T be linear operators on an inner product space Vandc € F. IfSand T
possess adjoints, the operators S + T, cT, ST, T~ will possess adjoints.

Also ()(S+T) =S +T
(i) (cT) =T
({ii)(ST) =T S
(iv) (1) =T
Proof: (i) As S and T are linear operators on V, so S + T is also a linear operator on V.
Now for every o, €V, we have
<(S+Ma, f>=<Sa+Ta, p>=<Sa, f>+<Ta, >
=<a,SE>+<a, T B>, by definition of adjoint
=<a,SB+T B>
=<a,(S+T)B>
Thus for the linear operator S + T on V there exists a linear operator S” + T~ on V such that
<(S+TNa, B>=<a,(S+T)B> foralla,p €V

Therefore, the linear operator S + T has an adjoint. By the definition and by the uniqueness of
adjoint, we get
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(S+T)=S"+T

(i) Since T is a linear operator on V, therefore cT is also a linear operator on V. For every
a, B €V, we have

<(CNa, p>=<cTa, B>=c<Ta, f>=c< a,T B>
=< o, cT B>=<a,(cT)B>
<(CTMa, B>= < a,(cT) B>
Thus for the linear operator cT on V , 3 a linear operator (cT )" or € T  on V such that
<(cNa, B>=< a,(cT) B>Va,p €V.

Hence the linear operator cT possesses an adjoint. By the definition and by the uniqueness of
adjoint, we get

€T =cT
(ili)  We observe that ST is a linear operator on V
Now V a, B €V , we have
<(ST)a, p>=<STa, B>
<Ta,S B> by definition of adjoint
<o, TS B>
<o, (T SHB>
Thus for the linear operator ST on V 3 a linear operator T~ S™ on V such that
<(SDa, B>=<a,(TS)B>Vap eV

Therefore, the linear operator ST has an adjoint. By the definition and by the uniqueness of
adjoint, weget (ST)' =T S"

(iv) Theadjoint of Ti.e. T  is a linear operator on V. For every o, € V, we have

<Ta,B>=<B Ta>
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<TB, a>

=<a,TE>

Thus for the linear operator T on V, there exists a linear operator T on V such that

<TapB>=<aTB>foralap €V

Therefore, the linear operator T~ has an adjoint. By the definition and by the uniqueness of
adjoint, we have (T)" =T

Note: (1) If V is a finite-dimensional inner product space, then the result is true for arbitrary
linear operators S and T. In a finite-dimensional inner product space, each linear operator
possesses and adjoint.

(2) The operation of adjoint behaves like the operation of conjugation on complex numbers.

14.4 SELF-ADJOINT OPERATORS

Self-adjoint transformation: A linear operator T on an inner product space V is said to be self-
adjoint if T =T

A self-adjoint linear operator on a real inner product space is called symmetric while a self-
adjoint linear operator on a complex inner product space is called Hermitian.

e.g. the zero operator 0 and the identity operator | on any inner product space V are self-adjoint.
For every o, B € V, we have

<0a,B>=<0,B>=0=< a,0>=< a,0 B>

~

So 0°=0

Similarly, <la,B>=< a,f>=<a,IB >

14.5 SKEW-SYMMETRIC/ SKEW-HERMITION OPERATORS

Skew-symmetric / skew-Hermitian operator: If a linear operator T on an inner product space
V is such that T =-T
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then T is called skew-symmetric or skew-Hermitian according as the vector space V is real or
complex.

Theorem 3: Every linear operator T on a finite dimensional complex inner product space V can
be uniquely expressed as

T =T, +iT,, where T; & T, are self-adjoint linear operators on V.

Proof: LetT = % (T+T)+i (T_T*)

2i

T+T* T-T*
and To = —
2 21

Suppose T; =

SO, T=Ty+iT, (D)

T+ T*
2

) = (T +(T) )= (T +T)=T

Now T; = ( >

So Ty is self-adjoint

Again Ty =[ - (T—T) =(2)(T-T) == (-7

(=21
T=5(0-T)
So T, is also self-adjoint. Thus T can be expressed as a sum of two self-adjoint operators.
Uniqueness: Let T = U; + iU, where U; and U are both self-adjoint linear operators.

So, T =(Uy+iUp) =Uj +TU;=U; —iU;=U;-i U,
So T+T' =2Ui0rUy = (T+T)=T,
Similarly, T-T"=2i Uyor Uy =~ (T = T) =T,

SoT=T;+iT,=U; +iU; i.e. representation is unique.

Note: If T is linear operator on a complex inner product space V which is Not finite dimensional,
then the above result will be still true provided, it is given that T possesses adjoint.

Theorem 4: Every linear operator T on a finite-dimensional inner product space V can be
uniquely expressed as T =Ty + T,, where T; is self-adjoint and T, is skew.
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Proof: LetT:%(T+T*) +%(T—T*)

where T; = %(T+T*) and TZZ%(T—T*)

then T=T1+ T, (D)

Now T} = [ (T+T) =2 (T+T) = ~(T+T) =T,

So T, is self-adjoint.

Similarly T; = [ (T = T)" =2 (T-T) =~ (T*-T)
T;=—-(T-T)=-T,

So Ty is skew.

Hence T can be expressed as a sum of two linear operators where T; in self-adjoint and T, in
skew.

Uniqueness: Let T = U; + Uy, where Uj is self-adjoint and U, in skew.
Then T =(Ui+Uy) =U;+U;=U;—U,

So T+T =20y 0rU;=-(T+T)=T,

and T-T'=2U0rU=—(T-T)=T,

Hence T=T;+T,=U;+U;
= The expression (1) for T is unique.

Note: If T is a linear operator on an inner product space V which is NOT finite-dimensional,
then the above result will be still true provided T possesses adjoint.

Theorem 5: A necessary and sufficient condition that a linear transformation T on an inner
product space V be 0 isthat<Ta, B>=0,¥ a,f €V

Proof: Necessary condition: Let T =0, then ¥ o, €V, we have

<Ta B>=<0q B>=<0,F>=0
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So the condition is necessary.
Sufficient condition: Let T be a linear operator such that
<Ta >=0,¥ o, €V
Taking B =Ta, we get
<Ta Ta>=0 ¥ a eV
Ta=0 ¥V a€eV

T=0

Hence the condition is sufficient.

Theorem 6: A necessary and sufficient condition that a linear transformation T on a unitary
spacebe Oisthat <Ta, a>=0 ¥ a €V

Proof: Necessary condition: Let T=0 ,then ¥ a €V

<Ta a>=<0a a>=<0, a>=0
Hence the condition is necessary.
Sufficient condition: Let T be a linear operator satisfying

<Ta, a>=0 ¥V a eV
Replacing c by o +  , we get
<T(a+ B),a+p >=0
<Ta+ TR, a+f >=0
<Ta,a>+<Ta,B>+<TB,a>+<TRE,E >=0
<Ta,B>+<TB,a>=0, using (1)
So ¥ o, €V, we have

<Ta,B>+<TB,a>=0
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Since above result istrue ¥ $ €V, so by replacing [ and if3, we get
<Ta,ip>+<Tip,a>=0
iI<Ta,B>+i<TB,a>=0
—~i<Ta,p>+i<TB,a>=0
—<Ta,B>+<TB,a>=0

Adding equation (1) and (2), we get
2<TR,a>=0
<TB,a>=0 V¥ o, €V

Let = T3, then
<TB TB >=0 VB EV

0 VPBEV

Hence the condition in sufficient.

Note: (1) Above result may fail for Eulidean space, e.g., let us consider V,(R) with standard
inner product space. Let T be a linear operator on V,(R) defined as

T(a, b) = (b, -a) ¥ (ab) € Vs(R)
Then obviously T # 0 . But
<T(a, b), (@ b)>=<(b,-a), (a, b)>
=ba—-ab=0
So<Ta, a>=0 ¥ a €Vy(R), through T = 0.

(2) However if T is self-adjoint then the above theorem is true for Euclidean spaces also.
Finally, we have the following theorem —
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Theorem 7: A necessary and sufficient condition that a self-adjoint linear transformation T on
an inner product space V be 0 is that

<Ta a>=0 ,forall a €V
Proof: Necessary part is same as in previous theorem.

Sufficient condition: Let <Ta, a>=0 ¥ a €V

So <T(a+ B),a+p >=0 ¥V o, €V
<Ta+ TR a+f >=0
<Ta,a>+<Ta,B>+<TB,a>+<TR,B >=0
<Ta,B>+<TR,a>=0

<Ta,p>+<B, T a>=0

<Ta,B>+<B,Ta>=0,asgiven T=T"

Now two cases may arise —
Case I: If V is a complex inner product space. Then do as in previous theorem.
Case Il: If Vis a real inner product space.
Then <B,Ta>=<Ta,B>as <a,f>=< B,a >=<p,a>
So from equation (1), we have
2<Ta,B>=00r <Ta,B>=0V%¥ a,Bf €V

Let us put B = Ta

=<Ta, Ta>=0¥ aeV

Ta =0 ¥V a eV
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Theorem 8: A necessary and sufficient condition that a linear transformation T on a unitary
space (of any dimension) be self-adjoint (Hermitian) is that,

<Ta,a> bereal ¥ a €V

Proof: Necessary condition: Let T be self-adjoint operator on a unitary space Vi.e. T =T.

Then for every a € V', we have

<Ta,a> =<a,T a> =<a,Ta> =< Ta,a>
<Toa,a> isreal ¥ a €V

Sufficient condition: Let < Ta,a > bereal ¥ o € V. We have to prove that T~ = T. For every
a, B €V, wehave

<T(a+ B),a+pf >=<Ta+ TR, a+B >
<T(a+ B),a+pP >=<Ta,a>+<Ta,B>+<TR,a>+<TR,E >
Since <T(ax+ B),a+ P >,<Ta,a> and<TB,B > arereal.

<Ta,B>+<TB,a> mustbe real

So <Ta,B>+<TB,a> =< Ta,B > +< TB,a >
=< Ta,B >+< TB,a >
=<B,Ta>+ <a,TR>

SoVa B €V, wehave

<Ta,B>+<TB,a> =<B,Ta>+ <a,TR>
Replacing B by if in equation (2), we get
<Ta, i >+<Tip ,a> =< if ,Ta>+ <a,Tip >
1I<Ta,B>+i<TB,a>=i<B,Ta>+1<a,TR>
—i<Ta,B>+i<TB,a>=i<B,Ta> —i<a,TB>
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—<Ta,B>+ <TB,a>= <B,Ta> — <a,TB> ...(3)
on equation(2) — equation(3), we get
<Ta,p>=<a,TB>
<Ta,B>=<a,TB>
<Ta,p>=<T a,p>Va B EV

T=T

Note: If V is finite-dimensional, then we can take advantage of the fact that T must possess
adjoint. So in this case, the converse part of the theorem can be easily proved as:

Since < Ta,a> isreal ¥ a € V
So, <Ta,a> =<Ta,a>=< o, T*a>=<T*a,a>
= <Ta—T'aq, a> =0 ¥ «
<(T-THa,a> =0V aeV (by previous theorem)
T—-T*=0or T=T
Example 1: Let V = V,(C) with standard inner product. Let T be the linear operator defined by
T(1,0)=(1,-2)and T(0, 1) = (i, -1)
If a=(a b) € V,(C), then find T«
Solution: Obviously B = {(1,0), (0, 1)} is an orthonormal basis of V. Let us find [T]s i.e.
T(1,0) = (1, -2) = 1(1, 0) — 2(0, 1)
T(0,1)=(i,-1) =i(1, 0) - 1(0, 1)

me=[", ' ]=me=[" 7]

Now, (a, b) = a(1, 0) + b(0, 1). So coordinate matrix of T (a, b) in B is

_[1 -=21[a1_fa -—2b
- [—i —1] [b] B Lia —b I
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T (a, b) = (a—2b) (1, 0) + (—ia—h) (0, 1) = (a— 2b, —ia—b)
Example 2: A linear operator on R? is defined by
TX, y)=(x+2y,x-y)
Find the adjoint T, if the inner product is standard one.
Solution: Let B ={(1, 0), (0, 1)} be an orthonormal basis of V, We find [T]g. By given rule.

T(1, 0) = (1, 1) and t(0, 1) = (2, -1).

so [Me=[; ]

The matrix of T" in the ordered basis B is the transpose of the matrix [T]g.

soMle=[, ]

The coordinate matrix of T'(x, y) in the basis B

-l AIb= 157

SOT (X, y) = (x+Y,2x—Y)

Example 3: Let T be a linear operator on V,(C) defined by
T(1, 0) = (1+1i,2) ; T(0, 1) = (i, i)

Using the standard inner product —

(i)  Find the matrix of T" in the standard ordered basis
(i)  Does T commute with T ?

Solution: () T(1,0)=(1+1,2)=(@+1)(1,0) +2(0, 1)
T, 1) =(,1)=1i(1,0) +i(0, 1)

5o [T]B:[1+i i]

2 i
Then [Tle=[""" 2]
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(i) [T]B[T*]B:[lgi 1 [1—_ii —2i :[3—321 BEZi]

1-i 2] [1+i 1

1oz 3i+ 1]

2 i] :[—3i6+1 2

[Ts [Ts = |
Since [TIs[T']s % [T'Is [T]s
= [TTls#[T Tls
So TT #TT

Example 4: Prove that the product of two self-adjoint operators on an inner product space is
self-adjoint iff the two operators commute.

Solution: Let T and S be two self-adjoint operators s.t. T =TandS =S
IF PART: Let T and S commute i.e. TS = ST
Now, (TS) =S T
=ST
=TS
So TS is also self-adjoint.
ONLY IF PART: Let ST be self-adjoint
(ST) = ST
T S =ST
TS=ST
i.e. Sand T commute

Example 5: Let ¥ a, B € Vand T is a linear transformation on V. Also if f(a) =< ,Ta >, ¥
a € V , then prove that f is a linear functional. Also find a vector ' such that f(a) =< a,p'> ¥
a€eV

Solution: (i) Giventhat f(a)=< B,Ta > Va eV

So fis a function fromV into F. Leta,b € Vand oy, @, € V. Then
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flacu +boy) =< B,T(aoy + bay) >=<T(aa; + bay),B>

= a<Talvﬁ>+b<Ta21B>

=a< B, Tay >+< B, Ta, >=af(a;) +bf(ay)
So f is a linear functional on V.

(i) If V is finite dimensional , then there exists a unique vector [B'such that
f@)=<a,p'> YVaeV

We have f(@) =< B, Ta >=<Ta,B>=<a, T B> Va
if flo) =<a,B'> Vq,then
<a,TB>=<aq,B> Va

Hence =T P

Example 6: Let V be a finite-dimensional inner product space and T be a linear operator on V. If

T is invertible, then prove that T" is invertible and (T") 1= (T~1)".

Solution: Suppose T is invertible. Then
TT 1=
= (TTYHY=I
= (TH) T =I as I*= |
= T*isalso invertible and (T)~1 = (T~1)".

Example 7: Let T be a linear operator on a finite-dimensional inner product space V. Then T is
self-adjoint iff its matrix in every orthonormal basis is a self-adjoint matrix.

Solution: Let B be any orthonormal basis for T. Then
[Tle=[TI3 (1)

IF PART: Let T be self-adjointi.e. T=T . Then from (1), [Tle=[ T ]5 i.e. [T]s is a self-adjoint
matrix.
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ONLY IF PART: Let [T]g be a self-adjoint matrix. Then [T]g=[T ]
=[T]s ; usingeq” (1)

T=T

Example 8: If T is a self-adjoint linear operator on a finite dimensional inner product Space V,
then det(T) is real.

Solution: Let B be any orthonormal basis for V. Then

[Tle=1[T1;

But T =T = [Tle=[T];

Let [Tlz=A = A=A’
det A =det (A") = det (A) = det (A) is real.

Example 9: If T is self-adjoint, then S™ TS is self-adjoint ¥ S. Conversely if S is invertible and
S” TS is self-adjoint, then T is self-adjoint. Prove both results.

Solution: Given that T is self-adjoint, so T" = T. Now (S TS) =S T (S) =S TS

So S’ TS is self-adjoint. Now, conversely, let S be invertible, then S” in also invertible. If S” TS
is self-adjoint , then

(STTS)' =S TS
= STS=STS
So  (S)TI(STTS)St=(S)"1(STS) st
= ()T'S) T(sSTH=(8H'S) T(SS7Y)
1T I=1TI
T =T

or T is self-adjoint.
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Example 10: Let V be a finite-dimensional inner product space, and T be any linear operator on
V. Suppose W is a subspace of V which is invariant under T. Then prove that the orthogonal
complement of W is invariant under T .

Solution: Given that W is invariant under T.

Claim: W+ is invariant under T".Let B € W+ be arbitrary. Then we shall prove that T" B is in
W+ i.e. T B is orthogonal to every vector in W. Let « € W . Then

<a,TB>=<Ta,B>
=0 ,since a € W= Ta €W and B is orthogonal to every vector in W.
So T B is orthogonal to every vector o € W
SoT Bisin W<,

= W+ is invariant under T,

14.6 POSITIVE OPERATOR

Positive operator: A linear operator T on an inner product space V is called positive (in
symbols, T > 0), if -

(i)  Tisselfadjointie. T =T, and
(i) <Ta,a>>0va#0

If =0, then<Ta, a>=0.Hence if T is positive, then< Ta,a> > 0 VaeVand <Ta, x>

=0=a =0.

14.7 NON-NEGATIVE OPERATOR

Non-Negative operator: A linear operator T on an inner product space V is called non-negative,
if —

0] It is self-adjoint , and
(i) <Ta,a>=>0VaeV

Note: (1) Every positive operator is also a non-negative operator.
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(2) If T is a non-negative operator, then < Ta, > =0, is possible even if c # 0. So a non-
negative operator may not be a positive operator

(3) If Sand T are two linear operators on an inner product space V, then we define
S>TifS-T>0
(4) Some authors say a positive operator as ‘positive definite’.

Theorem 9: Let V be an inner product space and T be a linear operator on V. Let ‘p’ be the
function defined on ordered pairs of a, f €V by

p(e, B) =<Ta, B>
Then the function p is an inner product on V iff T is a positive operator.

Proof: Step I: Leta,b € Fand oy, a; €V . Then
p@m+bay ) = <T(ay + bay),f>=<Taa; + Thay), >
= a<Ta; ,f>+b<Ta,,p>

—ap(al,B)+bp(a2,B)

So the function p satisfies linearity property.

Step I1: Now the function p will be an inner product on V if and only if

p(e, B) =p(B, «) and p(e, @) >0, at = 0

So we have p(ct, B) =< Ta, B>

= pB, a) =<TB,a >=<a,TE>
Also p(a, o) =<Ta, a>.
Hence the function p will be an inner product on iff

() <Ta,B> =<a, TE>Va BEVie Tisself-adjoint.
(i) <Ta,a>>0if a#0
Hence the function p will be an inner product on V iff the linear operator T is positive.
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Note: Now we shall show that if V is finite-dimensional, then every inner product on V is of the
type as discussed in next theorem —

Theorem 10: Let V(F) be a finite-dimensional inner product space with inner product <, > . If p
is any inner product on V, there is a unique positive linear operator T on V such that p(z, ) =<

Ta,B> Vo BEV.
Proof: Let € V be a fixed vector and f : V — F such that
f(a) =p(at, B) V€V

As we have seen, p satisfies linearity property, so f is a linear functional on V. Hence by Riesz
representation theorem, there exists a unique vector ['in such that

f()=<a,f'> VainV

p(e, B) =<a,Bf'> YainV
Let us define T:V - Vsuchthat T g ="
So p(e, B) =<, TE> Va,fEV

We also have, p(at, ) =<a, TE >

p(e, B) = p(B, a) , by conjugacy property of inner product p

=<B,Ta >=<Ta,p>
Thus, we have, p(e, B) =<Ta,f>vVa, fEV ....(2)
Linearity of T: Let oy , @y € V and a;, a, € F. Then for all r € V, we have
<T(aiq + a,a) , r>= pla;oy + aa,, 1)
= a; p(a; ,r) +a,p(ay,,r) , by linearity of p
= <(a;Ta; + a,T ay), r>, by linearity of inner product <, >

So, we have, T (a0 + a,a;) =a;Tay + a,T ay
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Hence T is a linear operator. Thus, we have proved the existence of a linear operator T with p(,
B) =<T a, B >. Since p is an inner product, so by previous theorem, T is positive.

Uniqueness: Suppose there are two linear operators T and U such that

p(e, B)=<Ta,B>=<Ua,B> Vo, BEV
Then<Ta—Ua,B>=0Va, PEV .....(3)

Let us keep « fixed. Then from equation (3), we see that the vector T « — U « is orthogonal to
every vector B in V.

Therefore Ta—Ua=0,Va €V
Ta=Ua,Va EV

Hence T is unique.

Theorem 11: Let V be a finite-dimensional inner product space and T a linear operator on V.
Then t is positive if and only if there is an invertible linear operator U on V such that T = U” U.

Proof: Let T = U" U, where U in an invertible linear operator on V.
SinceT =(U'U)” =U(U) =UU=T
So T is self-adjoint. Also,
<Ta,a> =< UUa,a> =< Ua,U  a>= < Ua,Ua>=0
Also<Ta,a> =0 = < Ua,Ua>=0 =Ua=0
= a =0,as U ininvertible and V is finite-dimensional, so U is non-singular.
Soifa #0,then<Ta,a> =0

Hence T is positive.

Conversely, suppose T is positive.Then p(c, B) =< T a, B > is an inner product on V. Suppose
{ai, ...., o, } be abasis for V which is orthonormal with respect to the inner product < , > and
let {B1, ...., Bn} be a basis orthonormal with respect to the inner product p. So,
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P(Bi, Bj) = & =< o, o>

Now, let U be the unique linear operator on V such that U Bi=«;;i=1, 2, ...., n. Obviously U is
invertible, because it carries a basis onto a basis. We have

P(Bi, B) =<, 5>=<UB;, UB;>
Now let e, B € V ; such that
a =Y, xif; and B =X, y;B; - Then
<Ta,B> = p(B)
<Ta,B>=pEiLxiBi, Xjt1YjBj) = Xiz1 Xim1 xi¥; p(BiBy)
=Yie1 2= Xy, < UB;, UBy > =< XL xU By, Xim,y;U By >
=<UZL xpB;i, UTL,yBj>= <Uo,UB>=<U"Uq,B>
Thus ¥ o, B €V, we have

<Ta,B>=<UUq B>

Positive Matrix: Let A = [aj;], x n b€ a square matrix of order n over the field of R or C, then A
is said to be positive if :

(i) A=A and
(i) i=1 2j=13jj % X; >0, where g, ..., xn € Fand not all zero

Principal Minors of a Matrix: Let A = [aj;], x , be @ an arbitrary field F. The principal minors
of A are the n scalars defined as —

di1 7t A1k
der A =det | i |,whereK=1,2,..., n.
dg1 7 AKK

Suppose A = [ajj], x n Over R or C. Then A is positive if the principal minors of A are all
positive. (Its converse is also true).

Example 1: Which of the following matrices are positive —
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l

Solution: (i) Here obviously A" = A. So A is self-adjoint. Now principal minors of A are 1 and

Q) [11_i 1;”] (ii) [; i (iii)

WIRNIR
BIRPWIRLR NP
ulr S|Rr Wk

—

1+i

|11—i 3 |i.e. 1land 1.

So both the principal minors of A are +ve . Hence A is a +ve matrix.
(i) Itis not self-adjoint. Hence it is not positive.

(iii) Here A" =A. Also all the principal minors viz 1,

are positive (verify). Hence A is positive.

Wik NP
WIR N[, =
BDlRrWIRr N~
Gl B R w|R

Example 2: Prove that every entry on the main diagonal of a positive matrix is positive.
Solution: Let A = [ajj], x n b€ @ positive matrix. So
i-12j=135 % X >0, ...(1)

where X3 , ...., X, are any n scalars (not all zero). Now suppose that out of n scalars X1 , ...., Xn ,
we take xj = 1 and each of the remaining (n — 1) scalars is taken as zero. Then from equation (1),
we conclude that a;; > 0 ¥ i. Hence each entry on the main diagonal of a +ve matrix is positive.

14.8 UNITARY OPERATOR

Definition: In a inner product space V, let T be a linear operator. Then the operator T is called
unitary operator if adjoint T of T existand TT =TT =1

Note 1: In a finite dimensional inner product space T is unitary iff T'T = |

2: A linear operator T on a finite dimensional inner product space V is unitary iff T preserve
inner product.

14.9 NORMAL OPERATOR
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In this section we will learn about the important topic in inner product space.

Definition: Let in a inner product space V, T be a linear operator. Then the operator T is called
normal operator or normal if it commutes with its adjoint i.e., TT =T'T.

Note 1: If vector space is of finite dimensional then T~ will definitely exist.

2: If vector space is not of finite dimensional then definition will make sense only if T possesses
adjoint.

Theorem 12: Every self-adjoint operator is normal.

Proof: Let we consider T be a self-adjoint operator then obviously, T =T .

Therefore, we can say that TT =T'T,
Hence T is normal
Theorem 13: Every unitary operator is normal.

Proof: Let we consider T be a unitary operator then obviously, TT =TT =1

Therefore, we can say that TT =TT,

Hence T is normal.

Theorem 14: Let in a inner product space V, T be a normal operator. Then a necessary and
sufficient condition that « be a characteristic vector of T is that it be a characteristic vector of

*

T.
Proof: Let us consider T be a normal operator on an inner product space V. If « €V, then we
have,

[T@) =TaTa)=(a,TTa)=(a,TT )
=(Ta,T'a) =[T"(a)

Since T is normal and if ¢ eV,
[Te|=[T"<|
If ¢ be scalar, then (1) can be written as
(T—c)' =T —cl"=T" —cl
Now we have to show, T —cl is normal.
We have, (T —cl)(T —cl) = (T —cl)(T" =cl)
=TT —cT —cT" +ccl
Also (T —cl)" (T —cl)=(T" —cl)(T —cl)
=TT —cT —cT" +ccl
As we know T is normal. So,
(T —cI)(T —cl)" = (T —cl) (T —cl)

Thus, (T —cl) is normal. Now from (1),

(T —ch)@)] =|(T —ct) ()] va eV
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= |7 —cha|=|(T" ~cl) (@)| va eV
By equation (2) we can say that,
=T -c)a=0iff (T"-cl)a=0

ie, T(a)=ca iff T'a=ca

Thus, we can say that « is a eigen vector of T corresponding to the eigen value c if and only if it
is a characteristic vector of T corresponding to the eigen value c.

Remark 1: The characteristic vector for T belonging to distinct characteristic values is
orthogonal if T is a normal operator on an inner product space V.

2: In a normal operator's characteristic spaces are pairwise orthogonal to each other.
Definition (Normal matrix): A square order complex matrix A is called normal if,
AA" = A'A.
If matrix is diagonal matrix D, then obviously
DD =D'D
Remark 1: A unitarily equivalent to a diagonal matrix iff matrix is normal.
Solved example

Example 1: If in a inner product space V, T be a normal operator. Then cT is also a normal
operator for any scalar c.

Proof: We have given that T be a normal operatori.e., TT =TT
Since, (cT) =cT”

Now, (cT)(cT) = (cT)(cT") =cc(TT")

Again, (cT)"(cT) = (cT")(cT) = (cc)(T'T)

Thus we can say, (cT)(cT)" =(cT) (cT)

Hence, cT is normal.
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Example 2: In a inner product space V, if T,, T, are normal operator with the property that either
commutes with the adjoint of other, then prove that T, + T, and T,T, are also normal operator.

Solution: We have given T, T, are normal. Therefore,
TT, =TT, and T,T, =T,T,
According to question it is given that,
TT, =T, T,and T,T, =T, T,
Now, (T, + T,)(T, +T,) = (T, +T,)(T, +T,)
=TT, +T,T, +T,T, +T,T,
=TT, +T, T, +T,T,+T,T,
=T, (T, +T,)+T, (T,+T,) = (T, +T,)(T, +T,)

= (Tl +T2)*(T1 +T2)

Thus, T, +T, is normal.

Now, (T,T,)(T,T, )* =TT,T, *Tl* =T, (Tsz* )Tl*

=T,(T, )T,

= (T,T, )(T,T,)

=T, T){T,T,)

=T, T,

=T, (T, T)T,

= (T, T,))(TT,) = (T,T,)" (T,T,)

Thus, T,T, is normal.
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Example 3: In a finite dimensional complex inner product space let T be the linear operator.
Show that T is normal if and only if its real and imaginary parts commute.

Solution: Let T =T, +iT,. Then T, =T, and T,” =T,. Let we assume that T,T, =T,T, then we
have to prove that T is normal.

We have, T" = (T, +iT,) =T, +iT, =T, -iT,

ST = (T, +0T,)(T, —iT,) =T, —iT,T, +iT, T, +T,° =T +T,? [ TT, =T,T,]
Also, T'T = (T, —iT,)(T, +iT,) =T,  +iT,T, —iT,T, + T, =T, +T,”

o TT =TT .Hence T is normal.

Conversely, we assume that T is normal then we have to prove that TT =TT .
=T i, +iT,T + T, =T +iTT, —iT,T, + T,

= 2i(T,T,—T,T,)=0

=TT,-T,T,=0 [-2i = 0]

=TT, =T,T,

Check your progress

Problem 1: In a finite dimensional complex inner product space let T be the linear operator.
Show that T is normal if and only if its real and imaginary parts commute.

Solution: Let T =T, +iT,. Then T, =T, and T, =T,. Let we assume that T,T, =T,T, then we
have to prove that T is normal.

We have, T = (T, +iT,) =T, +iT, =T, —iT,

ST = (T, +0T,)(T, —iT,) =T, —iT,T, +iT,T, +T,° =T +T,? [TT, =T,T,]
Also, T'T = (T, —iT,)(T, +iT,) =T,/ +iT,T, —iT,T,+ T, =T, +T,?

=TT =TT .Hence T isnormal.
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Conversely, we assume that T is normal then we have to prove that TT =TT .

=T =TT, +iT, T, + T, =T, +iT,T, —iT,T, +T,°

= 2i(T,T, - T,T,) =0
=TT,-T,T,=0 [2i #0]
=TT, =TT,

Problem 2: Let S and T be two positive linear operators on an inner product space V. Then
prove that S + T is also positive operator.

Solution: GivenS'=Sand T =T
So (S+T)' =S +T =S+T
So S+ T is self adjoint.

Also, if a €V, then

<(S+tN o, a>=<Sa+Ta,a>=<Sa,ax>+<Ta,a>
ButSand T are positive. S0 <Sa,a>=0and<Ta,a>=0.
= <(S+T)a,a>=0.

Hence S + T is positive.

Problem 3: Let V be a finite-dimensional inner product space and T be a self- adjoint linear
operator on V. Prove that the range of T is the orthogonal complement of the null space of T i.e.
R(T) = [N(T) ]*.

Solution: Let @ € R(T). Then 3 a vector 8 € V such that a=T . Let r be an arbitrary vector of
[N(T)]* . ThenTr=0

We have
<a,r>=<TB,r>=<B,Tr>=<B,Tr>asT =T
= <B,0>=0
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Thus<a,r>=0 V r e N(T)

So, @ € [N(T)]* = R(T) E[N(T) ]+

Since V = N(T) & [N(T) ]+

dim V = dim N(T) + dim [N(T) ]+
By Rank- nullity theorem, we have
dim V = dim R(T) + dim N(T)
So we conclude that dim R(T) = dim [N(T) ]+
From equation (1) and (4) , we conclude that

R(T) =[N(M) ]*

14.10 SUMMARY

In this unit we have learned about the most essential tool name as operators used in inner product
space like adjoint operator, self-adjoint operator, skew-symmetric operator, positive operator,
unitary operator and normal operator. Mostly, the uses of these operators to solve out the matrix
problems. Other important concepts introduced in this unit were:

Every self-adjoint operator is normal.

Every unitary operator is normal

The operation of adjoint behaves like the operation of conjugation on complex numbers
Every positive operator is also a non-negative operator

14.11 GLOSSARY

Unitary operator

Normal operator

Adjoint operator

Self-adjoint operator

Skew-symmetric or Hermitian operator.
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14.14 TERMINAL QUESTION

Long answer type question

1: Let S and T be linear operators on an inner product space V and ¢ € F. If S and T possess
adjoints, then prove that the operators S + T, cT, ST, T~ will possess adjoints.

Prove that Every linear operator T on a finite dimensional complex inner product space V
can be uniquely expressed as

T =T, +iT,, where T; & T, are self-adjoint linear operators on V.

Prove that every linear operator T on a finite-dimensional inner product space V can be
uniquely expressed as T =Ty + T, where T, is self-adjoint and T, is skew.

Prove that the necessary and sufficient condition that a linear transformation T on a
unitary space (of any dimension) be self-adjoint (Hermitian) is that,

<Ta,a> bereal ¥ a eV

Short answer type question

1: Let V be a finite-dimensional inner product space and letB={ o, ...., a, } be an

ordered orthonormal basis for V . Let T be a linear operator on V and let A = [ajj], xn b€
the matrix of T with respect to the ordered basis B. Then prove that a;; = < T o, o >.

In any orthonormal basis for V and T be the linear operator on V, then prove that the
matrix of T is the conjugate transpose of the matrix of T.

Prove that the necessary and sufficient condition that a linear transformation T on an
inner product space Vbe 0 isthat<Ta, B>=0,¥ o, €V

Prove that the necessary and sufficient condition that a linear transformation T on a
unitary space be O isthat<Ta, a>=0 ¥ a €V
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A linear operator on R? is defined by
T(X1, Y1) = (Xa+ 2y1, X1 — Y1)
Find the adjoint T, if the inner product is standard one.

Prove that the product of two self-adjoint operators on an inner product space is self-
adjoint iff the two operators commute.

If T is self-adjoint, then S™ TS is self-adjoint ¥ S. Conversely if S is invertible and S™ TS
is self-adjoint, then T is self-adjoint. Prove both results.

Prove that characteristic of normal operator are pair-wise orthogonal.
Prove that each self-adjoint and unitary operaor are normal operator

If in a inner product space V, T be a normal operator. Then prove that cT is also a normal
operator for any scalar c.

11:  If inafinite dimensional vector space V, T be a linear operator. If |Ta| = ”Ta” VaeV

Fill in the blanks
1:

A necessary and sufficient condition that a linear transformation T on a unitary space be
0 is that

14.15 ANSWERS

Answer of short question

= _[1 1
Me={, _,]
Answer of fill in the blanks

1: S+T ; ; Real or Complex

4: <Ta a>=0 ¥V a €V
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