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1.1 INTRODUCTION

The scattering of waves and particles can be studied and understood in mathematics and
physics using the scattering theory as a framework. When a wave collides and scatters with a
physical object, such as sunlight reflected off of raindrops to create a rainbow, this is known
as wave scattering. Billiard balls colliding on a table, alpha particle Rutherford scattering (or
angle change) by gold nuclei, electron and X-ray Bragg scattering (or diffraction), and the
inelastic scattering of a fission fragment as it passes through a thin foil are examples of other
scattering phenomena. In more detail, the study of scattering focuses on how solutions to
partial differential equations that were initially flowing freely "in the distant past" eventually

congregate and interact with one another or with other objects.

Determining the distribution of scattered radiation or particle flow based on the
characteristics of the scatterer is known as the "direct scattering problem." The inverse
scattering problem is the problem of identifying an object's properties from measurements of
radiation or particles scattered from it, such as its shape or internal composition.

Almost everything we know about nuclear and atomic physics has been discovered by
scattering experiments, e.g., Rutherford’s discovery of the nucleus, the discovery of sub-
atomic particles (such as quarks), etc. In low energy physics, scattering phenomena provide
the standard tool to explore solid state systems, e.g., neutron, electron, x-ray scattering, etc.

It therefore remains a key topic in any advanced quantum mechanics course.
1.1.1 Classical Theory of Scattering

The motion of a particle cannot be completely represented by classical orbits. In order to
approach the scattering problem quantum mechanically, one must use wave packets whose
average coordinates provide the classical orbits. As a result, wavefunctions, which are
solutions to the Schrodinger equations, must be used to represent scattering rather than
particle trajectories, which are solutions to the classical equation of motion.

If a classical description is to be applicable, one must be able without seriously altering any
significant results, to obtain this classical description by scattering being determined by the
magnitude of the force in the neighbourhood of the distance of closest approach, therefore the
wave-packet must be narrower than this distance, otherwise there is no way of being sure that
the particle experiences a definite predictable force from which deflection can be calculated
in a classical way.

So, let's assume that the closest approach distance is of the same order of magnitude as the
collision parameter '»' in order to determine the condition of validity of the classical
approximation. The range of wavelengths must be < b, in order to generate a wave-packet

smaller than 'b'. From the principle of uncertainty AxAp = h/2, the first requirement is that
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the incident particle's momentum must be significantly greater than p & hA/2b. We will
consider the momentum of the particle uncertain by a quantity much greater than dp ~ h/2b

when defining the position of this packet. This uncertainty will cause the angle of deflection
to be uncertain by a quantity much greater than ép/p.

In order to calculate deflection using classical methods, the uncertainty dp/p must be far

smaller than the deflection itself; else, the calculation will be meaningless. The criterion is
equivalent to stating that because of momentum uncertainty, significantly less momentum
must have been transferred as a result of the collision i.e.

BpyHB o<y (D)

The classical orbital theory is applied to determine the value of Ap. The calculation is quite

difficult for larger angles of scattering; however, we can apply classical perturbation theory
for scattering at small angles. This theory is applicable only when the scattering angle is
larger compared with quantum fluctuations but small compared with .

1.2 OBJECTIVES

After studying this unit, you should be able to-

J define the scattering phenomenon

o understand differential cross section and total cross section
o define scattering amplitude

J understand partial wave analysis

o apply the optical theorem

1.3 THE SCATTERING PROBLEM

In an idealized scattering experiment, a sharp beam of particles (A) of definite momentum k
are scattered from a localized target (B). As a result of collision, several outcomes are
possible:

A +B — A + B elastic
A + Bx
A + B + C -inelastic

C - absorption
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In high energy and nuclear physics, we are usually interested in deep inelastic processes. To
keep our discussion simple, we will focus on elastic processes in which both the energy and
particle number are conserved although many of the concepts that we will develop are
general.

1.4 FORMULATION OF THE SCATTERING THEORY

The Schrodinger equation for central potential ¥ () is written as,

[_Eﬂ: +V(’*“)]’i’=5¢ e (1)

The complete time-dependent solution of above equation can be written as,

$(r, 1) = (r)e "

_ [ﬂik-r + s {T}]e—imiﬁ R L’:E)
gikr g—ikr
where  ti(r) = f(6,¢)—— + 9(6,¢)——

The first term in bracket of equation (2) represents the incident wave; while the second
term 1, (), the scattered wave. The first term in ¢, (r), represents outgoing scattered wave,

while the second term represents the incoming scattered wave which does not exist in most of
the physical problems. The stationary slate solution of Schrodinger equation (1) is

P(r) = ey o (3)

Comparing equation (1) with (H®+ H") - ¢ = Er, we note that the perturbation operator
is V(r) which is very-very less than E; here H® is the unperturbed Hamiltonian. The

unperturbed Schroedinger equation is therefore written as,

[— Ly E]ef"-" =0 o (®

2Zm

Hence the Schrodinger equation is written as

(-%v‘* = E) bo=-V)[™ +9] 5)
= =V(r)(x)-

This equation may be written as
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(VF+ )9 = 2VOWE) e (6)

2mE

Where, k? = —

Further substituting,

(V2 + K)oy = —dmp(r) ... (8)
VO = —tmpe) e (7)

Equation (6) takes the form,

The quantity p(r) may be regarded as a source density for divergent spherical waves.
Equation (8) may be solved by using principle of superposition. Accordingly,
if ys1 and vy, are solutions of equation (8) belonging to density functions pi(r) and p2(r) and
satistying,

Yy = fl";,nﬁsg = f2 . (9)

then the function & =, + v, is a solution of equation (8) belonging to

p(r) = p,(r) + p,(r) such that

E|.I|.|

Y, =f ;where, f = f1+ f2

"

By the principle of superposition, a solution of equation (9) can be obtained by adding
solutions for simple point sources of unit strength.

The identity;
p(r) = [8(r —r)p(xNdr' ... (10)

represents the arbitrary density p(7) as a sum of point sources &(r — r') at the point r'

Now to express y,as a function of p(r), we use the following theorem.

(V+¥)G(x, ') = ~4né(r—-2) ... (11)
, exp(ik|r — '
G(r,r}: l?rlrﬂ )
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G(r,r") is called Green’s function.

If G(r,r") is asymptotic to a function of r of the form (9), then solution of the scattering
problem of density p(r) is given by,

P, = [G(r,r") p(r")dr’ e (12)
The Green’s function;
n _ exp(iklr —1'[)
G[r,r) = —{r—r'l

is a solution of the scattering problem for a source of unit strength at point r'.

Hence the stationary state solution of Schrodinger equation (1) is given as

P(r) = etk +f G(r,r') p(r")dr’

1.5 CROSS-SECTIONS

The scattering cross-section is a measurement that can be used to represent the probability
that a particle will be scattered as it traverses through a given thickness of matter, dx. For
doing this let us note that each molecule presents in the incident particle is coming to a target
area wd~, d being diameter of the molecule. This target area is just a cross-section of the area

where a collision occur that can be seen along the path of incident particle beam. The idea of
a scattering cross section comes now. The results of the collision experiments are expressed
by means of cross section and directly related to the asymptotic behaviour of the stationary
solutions of the Schrodinger equation.

Fig. 1.1

Consider a typical experiment where a target is struck by a beam of mono-energetic particles,
and the scattered particles are counted with the help of a detector. Let J be the magnitude
of the incident flux i.e., the number of incident particles crossing per unit time a unit surface
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area placed perpendicular to the direction of incident beam and at rest with respect to the
target. If p is the number of particles per unit volume in the incident beam and v is the

velocity of the incident particles, then] = pv

If p is small, that the mutual interaction of the incident particles can be neglected, then they

undergo their collisions independently of each other. If n is the number of particles scattered
per unit time into a solid angle dew located in the direction (&, ¢)(polar coordinates), then # is

directly proportional to the incident current i.e.

n o Jdw
Or n=}(w)/dw

where X(w) is a proportionality constant which has dimension of surface area and is
characteristic parameter of the collision of particle with target. It is known as scattering
cross-section of the particle and the target in the direction w(6, ¢).

1.5.1 Differential Scattering cross section

Let's now imagine that the target is made up of large number N of atomic or nuclear
scattering centres, and that the distances between these atoms or nuclei are suitably big with
respect to the incident particle's wavelength, as is seen in most real-world situations. Each
scattering centre behaves as it were alone. In addition, if the target is thin enough, multiple
scattering can be neglected, and in that case, n is directly proportional to N also i.e.n o< N

So, in this case, n o« Njdew
n=oc(w)N/dw

Here, o () is the constant of proportionality, has the dimension of surface area and is called

the scattering cross-section of the particle by the scattering centre in the direction ®(0,$) or
in brief the differential scattering cross-section.

1.5.2 Total Scattering Cross-section

The total scattering cross-section is the total number of particles scattered in unit time is
obtained by integrating n over all angles. It is equal to,

Nrom: = J cr[cu]h'fdm = Nfﬂ-mm!

where a,_,.; = [ o(w)dw

In the cases of nuclear physics, the scattering centres have linear dimensions of the order of
10713 to 107!2 ¢cm and the cross-sections are usually measured in barns or millibarns

1 barn =102 cm?

UTTARAKHAND OPEN UNIVERSITY, HALDWANI
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And 1 millibarn =107%7 cm?

We have made the clear assumption that the only collisions that can occur are elastic
collisions, in which no energy is transferred to the scatterer's internal degrees of freedom. For
the time being, we shall confine our study to this type of collision. Additionally, we will treat
the scatterer atom or nucleus by a static potential V(r) depending on the coordinate r of the
particle.

1.5.3 Laboratory and centre of mass reference systems

The scattering of particles can be visualised in two kinds of coordinates:

1. Laboratory frame or system (L-system): It is that co-ordinate system in which the
bombarded particle (or target) is initially at rest.

2. Centre of mass co-ordinate system (C-system): It is that coordinate system in which
the centre of mass of two colliding particles is at rest (initially and always).

It is easy to calculate the result of collision experiment in the centre of mass system than the
laboratory system, since there are three degrees of freedom in centre of mass system (C-
system) and six degrees of freedom in laboratory system (L-system). Generally, calculations
are made in C-system and observations are made in L -system. In C-system the reduced mass
of two particles of masses m; and m is;

nm,m,

="
my + m,

So p must remain at rest before and after collision in C- system.

1.6 SCATTERING AMPLITUDE (STATIONARY SCATTERING
WAVE)

In wave mechanics, a plane wave in an incidence channel represents an incident beam of
particles. Let's take into account the scattering of a particle of mass m by a central potential

V(r) such that V(r) tends to zero more quickly than ii as r — oo.

Let E be the particle's energy and p = hk starting momentum where k is the wave-vector.

The Schrodinger equation central potential for V(r) is,

2m

[FZ 22+ v () |we () = B () e (1)

UTTARAKHAND OPEN UNIVERSITY, HALDWANI



ADVANCED QUANTUM MECHANICS MSCPH-512 9

INCIDENT BEAM

SPHERICAL
RADIAL
WAVE

Fig. 1.2

The wave-function ,, may be written as a function of (r, 0, ¢) where r is the radial

distance between the two particles; i.e.
Wy =W (r.6,0)

The scattering is determined by the asymptotic form of W, (r,8,¢) in the region where V=0,
when the colliding particles are far apart (or r — oo). When we represent it, we want it to

have two components: one part should represent an incident wave, and the other should
represent a scattered radially outgoing wave i.e.
5 I . B[?{r )
W, (T, ,q}]—rﬂe -|-f[m]T e (2)
Let's assume that there is only one such solution for each value of k. We will call this the
stationary scattering wave-vector k. The two terms of the asymptotic form are easily
interpreted if we remember the definition of current density vector

J= 2 (v — gyt o )

Zim

ka

The plane wave term e'*" represents a wave of unit density and of current density B
™

Keeping only the lowest order in r in mind, the term f (cqu'?—1l represents a wave of

density P and of current density

i":

(wl® & . . .
|f (e)| —:{ directed along the direction ® towards

i"':
increasing r (outgoing-wave). In fact, since the effect of the potential V(r) can be neglected in
the asymptotic region, therefore according to classical approximation we can interpret the

kr

term ™ as a beam of mono-energetic particles of momentum hk and of density 1,

representing the incident beam and the term fle) gier g interpreted as a beam of particles

emitted radially from the scattering centre and represents a beam of the scattered particles.

In accordance with this interpretation, we can calculate the number of particles emitted per
unit time into the solid angle dw located in the direction .

Density of scattered particle is

UTTARAKHAND OPEN UNIVERSITY, HALDWANI



ADVANCED QUANTUM MECHANICS MSCPH-512 10

a

T = L)l e (4)

Ps = ‘f(w)

¥

gl

rr
If fw) . is the scattering wave- function.
From fig. 2 small elementary area = r.rdw = r*dw

The volume element between r and r + dr is equal to r* dew. dr

As p_ in the number of scattered particles per unit volume, hence the number of particles in

this elementary volume,
N, = p.ride dr
Substituting value of p, from equation (4), we get

N3=%|f[cu]|3r:dcu dr = |f(w)|* drdw e ()

-~ The number of scattered particles per unit time

dN, 24 dr 2 gry = 24 hk
= [f(@)Pdo == f(@)F drv=If () do—
2k
= |f (@)* = dw oo (6)
If J is the current density, then ] = pv )]

Since beam of particles is travelling in the number of particles crossing unit area in the same
direction with velocity v. The flux of the beam is the number of particles crossing unit area
(perpendicular to the beam) per unit time. These are number of particles in a volume of unit
cross-section.

But p=1 for incident particles.
— =l
J=v - e (8)

If 6 () 1s the scattering cross-section, then number of particles scattered in solid angle dew

per unit time is equal to = Jo(w)dw

Using equation (8), Number of particles scattered in solid angle dew per unit time is
_ e
=— o(w)dw )

Comparing equation (6) and (9) we get,

UTTARAKHAND OPEN UNIVERSITY, HALDWANI
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hk i = :hkd
mcr(mj w=|f(w)] —dw

o(w) = |f(w)|® .. (10)

f(w) is called the Scattering amplitude.

Total scattering cross section is,

Gt = [ IS0 (11)

The wave-function yx may be normalised by the relation,

f Yihpdr = 1
..... (12)
f yi[*dr = 1

across a large box with periodic boundary conditions.

Therefore, for finding out the normalization constant A, we must take the wave function as

_ gtk
iy = LimHmA[e*'* + flw)— ] ..... (13)

The wave-function may be normalised to unit incident flux by choosing,

A 1 smy2
o2 (ﬁ) ’

For simplicity we often choose A equal to 1
The aforementioned argument is incorrect for two reasons:

(1) The incident plane wave current and the scattered wave current do not simply add up
to produce the current density vector. The interaction

_ b
e and f(w)

terms
from the previous treatment must be added to these contributions. we intentionally
ignored the interferences between incident and scattered waves.

UTTARAKHAND OPEN UNIVERSITY, HALDWANI
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(ii) ¥, (r)e~E/% is the idealised representation of stationary wave in physical situation.
Each particle involved in the scattering process must really be represented by a
wave-packet made by superimposing stationary waves of idealised form that
correspond to wave-vectors with slightly varying magnitudes and directions from
k. The initial conditions are correctly met by the way that this packet is built.
Therefore, wave-packets are required to depict the scattering phenomenon.

1.7 PARTIAL WAVE ANALYSIS

The working out the higher perturbation theory is quite difficult. When the Born
approximation fails, it is common to approach the scattering and collision problems using a
completely new approach known as the method of partial waves. The partial wave approach,
which mostly applies to spherically symmetric potentials and consists of the expansion of
the wave function as a series of spherical harmonics multiplied by a radial wave-function, as
it would in the case of a hydrogen atom. Rayleigh first used this technique to study the
scattering of sound waves, and later Faxen and Holtsmark used it to study the scattering of
Schrodinger waves. We first demonstrate that a plane wave is equivalent to the sum of a
number of spherical waves before talking about scattering.

1.7.1 Plane Wave as the sum of spherical waves
The plane wave travelling along z-axis is given by
Wy = ek
In spherical coordinates (r, 6, ¢) with z = rcos8, it may be expressed as
¥ =R(r)o(6)e(d)
= gikrcost e (D)
This is a solution of spherical wave equation;

2uE

VA +RY=0F =% ... 2)

uis the reduced mass of the particles.

Substituting y=RO®. R, O, ® are the solutions of given separated equations;

UTTARAKHAND OPEN UNIVERSITY, HALDWANI
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&£R 2 dR s HI4+1) B
22 +?{f'ir'+{k_ 2 }R—‘D ..... [3}
1 d /. d8 m?
pray ﬁ(gmﬁ_dﬂ ) + {E{I+ 1) — o }E' =0 ... (4)
A2 ® .
E 1 m2@= o ..., (5]

Every surface of constant phase in the plane wave is symmetrical about the direction of
propagation (i.e. axis).

Therefore 4 (¢) = constant.

This means that equation (5) has the only solution if m=0. It follows that the solution of (4)
are Legendre polynomials

Pltm:m{cus ) = P(cosf)
So, ¥ = R(r) P,(cos8) ()

For /=0, equation (3) can be expressed as

& ;
F{TRD} +E(rRy) =0 .....(7)
Rpe TN st (8)

Equation (8) is the solution of equation (7) where j,(kr)is the spherical Bessel’s function for
[=0.

This case / = 0 has strong analogy between equation (3) and Bessel’s equation. If 4, are

arbitrary constants, then the general solution of (2), having axial symmetry, may be expressed
as

W= eik® = ptkreosd _ ZRE{T‘}H{CUS g)
!

L, (9)
= Ayji(kr) Py(cos §)
I
For large values of (kr), the asymptotic form of ji(kr) is,
: ¥ Im
gi(kr) ooty i (R:*.r' — ?) ..... (10)
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The value of 4; may be obtained if we multiply both sides of (9) by P;(cos 0) and integrate
over all 0 Putting cos 8 = x in (9) and using orthonormality conditions of P/(x)(m=0), we get

e +1
f e Py(z)de = ZA,,J,H{F:?-} f; 1 Pi(z)P,,(z)dz

1

, 2
=D Anim(kr)- S
2
= Aygi(kr
g1 lkr)
. 2 i) = L [eikmap oyt [ L [T e g,
ie. 2!+1Agj;{kr) = e Pg{.f:}]_]_ [ikr fl e P, (x)dx

The second term of R.H.S. in above equation is the order of 1/7? for large values of r and so
negligible. Therefore for large values of r, using P;(1) =1, P;/(—1) = (—1)/= €'~

we get,
2 1 b 1 ikr ilw _ —ikr
20 + IAl Eqm(h_E) ikr [E e E ]
= alnid |ie" (kr — E—ﬂ') g (kr — E—ﬂ)]
1KT 2
= 23 ﬁaiﬂ (kr %ﬂ-)
This gives,

A= 20+ 188 ..., (11)

Therefore equation (9) becomes,

e ]

=€ =Y (20 +1)i'jl(kr)P(cos) ..... (12)

=0

where equation (10) provides the asymptotic form. According to equation (12), a plane wave
is equivalent to the superposition of several spherical waves.

Let's take a look at the scattering problem by considering a plane wave incident along the z-
axis in a region having interaction potential function V(7). Then the total wave function may
be expressed as
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First term of the R.H.S. of equation (13) represents incident wave and second term represents
scattered wave and equation (13) is a solution of three-dimensional Schrodinger’s equation

v2¢+ - LE-VEW=0 ..... (14).

The solution of equation(14) may be given as
3 )
(r) =) R(r)Y,”’ .....(15)

This is a superposition of a number of waves. Each term in above equation is called a partial
wave, corresponding to a particular value of /. the function R;(r) are called radial wave
function.

Substituting,

2uE 2uV(r) ,
L =Rad T =U(0) (16)
Then equation(14) becomes,
Vi+ [ -Um]e=0 ... (17)

As there is symmetry about polar axis i.e., z-axis (m = 0) and potential energy function does
not involve ¢, the solution of (17) may be expressed as

P(r,6,¢) = Em(rm{msﬂ) osvs (18)

Setting,

Equation (18) becomes,

P(r,0) = Z r Ixi(r)P(cosd)  ..... (20)
1
where y; (r) satisfies the equation,

CZ;I + [kE—U(r) = .!(E:;l)]m =0 ..... (21)
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In order to find the general nature of asymptotic behaviour of this equation consider » to be so
large that U and / terms in equation (21) may be ignored, so (21) becomes,

dZX; B
—= +k*x =0
22 X1
or
i = g (22)

This only produces radial waves.

We define a distance "a" such that when » > a, V(r) =0 and when r < a, V(7) is appreciably

finite in order to obtain a better estimate, equation (21) then becomes,

+ |k —— =0 ... 23
2 |- 52 (23)

The solution to this spherical Bessel equation (23) is given by,
xi = A/ (kr)Jgsyz + By/(kr)J__1pp if I # 0 and 7 # o0

And

2kr 172
JEHM:(T) Jz{k"“)

. 2kr \ /2
Trap =0 () ),
- 1 iy
where Ji(kr) = Ecos{kr — ({14 1)5}
lm

= Bt ac %sin (kr - ?)

n(kr) = Limg,—00 %sin{k‘r = W}
x1 = A'rji(kr) + B'ryy (kr),
XL _ Ri(r) = AGi(kr) + Byy(kr)  ..... (24)

T

where A" and B’ are new amplitudes which deviate from original amplitudes A and B. Let us
take o as phase angle between these amplitudes and put,
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A = A; CcOs 5; and B = —A; sin 5}.

BF
or tand; = — X

Ry(r) = % lcosﬁg sin(k’r — %T) — siné;sin{kr — (1 + 1}% }]
A . Im l
=Eilc0$51$1n(kr 2)—}—9:.115;-:05(%—%)]
Or R,(r)= —sm(i’cr—t—q-]- 52) .....(25)

In this equation &, is called the phase shift of the partial wave caused by scattering

potential V(7). In view of this equation (18) becomes,

Fr®

Fc-r°——+51) _ o—ilkr—444)
Z { 5 } X P(cosf)  ..... (26)

[

P(r,0) = A (k?" - 5;)131(.:0-;9)

This equation is identical with asymptotic form of equation (13) i.e.

ikr

y'«‘ s eikz
eikr

_Zzz+1 -—sm(k’r-%)ﬁ(cosa)‘f'f() e

B E i eilkr—3) _ g—i(kr—7) Piicad Ry
—;(2 —0—1)3-E 57 x Py(cos8) +r~ f(f)e

17

Given that equations (26) and (27) are identical, comparing the coefficients of and from both

equations yields,

Salltd

+ 51)

; 2ikr

And
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ZA;& i(—%r- - J;) x Py(cosf) = Z(?E +1)ile™? . P(cos®) ..... (29)
t [

From equation (29),

= (20 + 1)i'e™

Substituting this value of A;in (28) we get,

Il++§; + 1),518—{1%,’2

Py(cosf) = Z (21 i Py(cos8) + %f(ﬂ)
i

Z[ZH—IJlI el
2ikr

As i'=e''"2 we get

£(6) = (2ik)~" i{zx +1) (ezaaz ~1)Pi(cosd) ... (31a)
i—0
1 (a3 i eiﬁ; g e—'&tﬂ
=< ;m +1)e' (T)H(cﬂs 0)
1 o0 5 Ei.é: - E—%ﬁg
=re ;{21 + 1)e™ (T)P;(cos o)
= % Z(Zl +1)e sin §;P(cosd) ... (31b)

h,,
Il
=

The differential scattering cross-section is given by,

1 oo
a(0) = |f(0)]* = = Z (21 4 1) P;(cos 8)e* sin §,

=0

The total elastic cross-section is the integral of equation (32) over the sphere, i.e.

Ciotal = 2T / () sin 6d6

o

:—jz M+Tgin?d;  sween (33)
=0
since f|Pg(cos 9)|* sin #df = ﬁ
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Here &, the phase shift of I*® partial wave is unknown parameter and is to be evaluated.

1.8 OPTICAL THEOREM

A general law of scattering theory in physics known as the opftical theorem relates the
forward scattering amplitude to the total cross section of the scatterer.

It may be noted that the scattering amplitude is complex.

For 8 =0, P,(cosf) = P,(cos0°) = P,(1) = 1 for all values of /.

Equation (31) gives for & = 0 gives,

1 y
£(0) = EZ[EI + 1)e'% 5iné, P, cos0)
=0

1 oz
=EZ(ZH- 1) e™! sinég,
And so,
1 L,
1. .f(0)= EZ (21+ 1) sin”§;
H

Where, I, f(0) denotes the imaginary part of f(0).

~ From equation (33), the total elastic cross-section gives,
1 4
Trotal — Tfmf(ﬂ] (3 )

This relation is a special case of a more general relation (including absorption) called the
Optical theorem. 1t relates the imaginary part of the forward scattering amplitude (i.e.,
at 8 = 0) to the total scattering cross-section.

1.9 SUMMARY

In this unit, you have studied about the scattering of particles and wave. Also, we have
discussed cross-section, differential cross-section and total cross-section. In Stationary
scattering wave we got know the relation between scattering cross-section and scattering
amplitude i.e., o(@) = |f(w)|". Partial wave analysis suggest that plane wave is equivalent

to the superposition of a number of spherical waves.
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1.10 GLOSSARY

Scattering — The spreading of a stream of particles or a beam of rays

Cross-section — a cross section is the non-empty intersection of a solid body in three-
dimensional space with a plane

Differential — an infinitesimal ("infinitely small") change in some varying quantity
Partial — part of the whole

Superposition — the ability of a quantum system to be in multiple states at the same time until
it is measured.

Asymptotic — approaching a given value as an expression containing a variable tends to
infinity

Phase angle — a measure in degrees of how much one wave leads another wave or lags behind
that wave

Phase shift — The displacement of a waveform in time

Scattering amplitude — the probability amplitude of the outgoing spherical wave relative to
the incoming plane wave in a stationary-state scattering process.
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1.13 TERMINAL QUESTIONS

Short Answer Type Question

1. What do you understand by scattering cross-section? Deduce an expression for the
scattering cross-section of particles by a spherically symmetric potential.
2. Define total and differential cross-section. Discuss on the basis of classical theory the
scattering process when the angle of deflection is small.
3. Write the short:
1. Scattering Amplitude
ii.  Optical Theorem

Long Answer Type Question

1. Describe the method of partial waves for the determination of the rigid scattering
amplitude for scattering from the spherically symmetric potential.

2. Use method of partial waves to obtain scattering amplitude and cross-section. Show
that the imaginary part of forward scattering amplitude is proportional to the total
cross-section.

3. Describe and discuss the method of partial waves for an elastic scattering. Give the
interpretation and deduce optical theorem.

4. Distinguish between incoming and outgoing waves. Deduce an expression for the
total scattering cross-section of particles by a spherically symmetric potential.

5. What is meant by scattering cross-section? Show that the scattering amplitude by the
method of partial waves is given by,

f(6) = ZZo(2l +1)e™ sind, P, cost)
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2.1 INTRODUCTION

The Born approximation often involves substituting the incident field for the total field as the
driving field at each point in the scatterer in scattering theory, and specifically in quantum
mechanics. The Born approximation was first presented by Max Born in the beginning of the
development of quantum theory. It uses the perturbation approach to account for extended
body scattering. If the scattered field is small in comparison to the scatterer's incident field, it

1S accurate.

2.2 OBJECTIVES

After studying this unit, you should be able to-

1. Understand the Born approximation and its validity

2. What is phase shift and how to calculate it

3. Explain Scattering length and its importance in quantum mechanics.

4. Discuss scattering length and effective range for low energy scattering
2.3 BORN APPROXIMATION

The Born approximation can be used to determine the scattering amplitude f (&, ¢ )) and
therefore, the differential cross section o (8, ¢) = |f(8, ¢)|",if the scattering occurs from

localized, weak scattering centers that scattering does not occur far away from the scatterer.

When the potential function is fairly small, the Born approximation is applicable. The idea is
simply that of successive approximations. The Born approximation simply ignores the re-
scattering of the scattered waves provided the scattered wave is small compared to the
incident wave.

The total wave-function of the scattering problem with source point at r'’ is given by,

_om
2k 2

P(r) = " G{r v V") ydre" e (1)

Replacing r by r' in above equation, we get
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fcp(r’) = 'k* 2wfi2 fG N o ( ]w(r")df"

Substituting this value of y(r’) in the integral of equation representing the total wave-function
with source point at r' i.e.,

We get,

P(r) = ¥ ik fG(r,r’)V(r')eik""idT’

(MQ) / G )V(E)GW, )V drdr ... 3)

The first iterated form of equation (2) is achieved by the iterative process in equation (3).
This procedure is repeatable indefinitely, producing an infinite (Neumann) series that can be
assumed to represent a solution provided the series converges. The series meaning is
described below.

i kr

The first term e represents the incident wave-function while the remaining terms

correspond to scattered wave-function. The first term in the scattered wave represents single
. . . . ¥ . . . .
scattering of the incident wave e’ ®* by the interaction V(r’) in the volume element dr’. This

produces a wave which travels from r’ to the point of observation r, and the total wave

arising from single scattering is obtained by integration over the region in which the force is

. e
effective. In the second term, the incident wave e'® s scattered at the

. r . I
point 1", [W(r'")e'®" ], travels to the point r, [G(r',r")W(r'"")e'™™ ] where it is again
scattered and the travels from 1’ to r. The total effect of all such scattering is obtained by
integration over " and r’. Accordingly nth term represents the contribution of waves which

have been scattered n-times in the region of interaction before travelling to the point r, where
their total contribution is observed.

It may be anticipated that the Neumann series will converge quickly and that the first term in
the series will provide an approximation to i if the interaction is weak, resulting in a

scattering wave that is not too large. This is known as the First-Born approximation.
iler m

Y=e"" — o G(r,r)\V(r)e*"dr ... (4)

The n" Born approximation is the equation where the Neumann series is terminated at the n
term. The Born approximation, by its very nature, eliminates waves that have been
multiplicatively scattered more than n-times as a result of the interaction.
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Substituting asymptotic form of Green's function, we get

ikr o i
h = T — 2?7;2 E_ fe_ik T V(r’)e"‘k'r ar’ ... (5)
nh? T
S . eikr ‘
P = ™" + f(6, ) e (6)

Hence according to first Born approximation, scattering amplitude,

“?1;-(91 ‘;ﬁ} gy 2::;2 /‘ei(k-—kj)—rfv(?,})dq_! ..... (7)

So, the scattering cross-section is

o(0,6) = ( 2:;._,,)2

2

/ei(k_k')‘?JV(?"') ar'| ... (8)

2.4 CONDITION FOR VALIDITY OF BORN APPROXIMATION

The Born approximation will only be valid when the total wave function does not
significantly different from the incident wave function e®*. Therefore, it will be valid when

the scattered wave y_(r) is small compared e'®rin the region where V(r) is large. In most
cases both V(r)and y,_(r)are largest near the origin, so that a rough criterion for the validity

of Born approximation is,

|, (r)]* < 1 for small values of r. e (9

The case, in which i, (r) is small when r is small but large for intermediate values of r, such

that V(r) is still considerable, we should apply the criterion carefully. The Born
approximation still holds when the criterion is not satisfied. The Born approximation is valid
if yr_(r) is small everywhere, this is a sufficient condition although this is not a necessary

condition.

We can define another criterion for the validity of the Born approximation if we keep in mind
that a change in potential behaves similarly to a change in refractive index in optics. As a
result, the wave function's phase changes as a result of the potential change. If the phase of
the incident wave is not much changed as it passes through the region where it is influenced
by the perturbing potential, the overall wave function will not significantly deviate from the
starting wave function.

The magnitude of the wave vector at a distance is-
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. 2m(E—V
k= ——LZ:T’—EL and near the centre of force it is M

The change of phase due to the potential is then given by,

a¢:f0m¢(%)[\/[(E—V)]—JE]dr ....(10)

Implying that the wave function is not significantly different from that in the absence of the
potential, if this change in phase is small compared to unity. The first order Born
approximation will therefore be valid if,

<<1

201 =|v(22) [T1y&-v) - VEar

If V' << E the criterion may be simplified by expressing equation (11) as a function of the
ratio V/ E and expanding the square root. Then the criterion becomes,

2mE o v\ M2
,‘/( 3 )ﬁ {(I—E) —1xdrel<<1l L (12)
2mE i v
or \/( = )fﬂ {(1—ﬁ+....)—1}dr <<1
i fmidr <<| sin E<<1
or ) . 2E BICe: o
or "’/(ESE) A‘ Vdr| << 1
m -
or ‘/(EHEE)VF el ceer.(13)

where 7 is the mean range and ¥V is the average potential.

In case, the scattering of high-energy particles by the square potential well with radius a and
depth Vo, Vo << E. From equation (13),

Another explanation for the condition of validity of Born Approximation:

The scattered wave should be significantly smaller than the incident wave, which is the
criteria for the validity of the Born approximation.
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The mathematical representation,

=1

[Wse(r)| << |tin| i€ [thec(r)] << |€™*
]'lpsc(rﬂz - |

We know,
ul) = £(6,6)
Where,
f(8,¢) = — 2:;2 f SEH)T Y () dr!
k-k =K |
P(r) =~ 2:112 / KTV (1) 6::” -
As, r =71’

The intensity of scattered waves will be at its peak close to » = 0 or at the scattering centre
because they are generally spherical waves and lose strength as they go away from it.

f XV (1) dr’ &= o
!

a 2> T

|¢sc{ﬁ)| = |

Thus, the condition of validity of Born approximation is,
2
<<1

iK1k )17 (o dor!
m. e r T
O = |2 | )

2rh? d

If (r) is spherically symmetric, then choosing K as polar axis, we can write,

dr’ = dr'r'df'r' sin @' d¢’
a T 2 . , V '
/ / / e'![Kv'r"-i-kr }__(.'{._}?2 Sin érdf?'dd)’
0o Jo Jo r

<<1

|¢5.:{0)F=( = )2

2mh2

But,
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K.v' = Kr'cos @

. L +1 e'iK?"'p +1
/ ezK?' cos sin@dé’ = f esK'r"pdp _ S
0 -1 1Kr 1

ikt _ iKY

1 Kr!

2w
f d¢ = 2w
0

iKr' iKr'

¢ ikr’ n € s /
‘/O'e V(') e (2m)dr

2
o |

b0 = (o )

Near scattering centre, the propagation vectors K and k of scattered and incident waves

respectively are equal, so that
& 3 !
/ (egw' - 1) V(*r") dr’
0

0 = ()

This is the condition for validity of Born approximation.

2
<<1

2.5 PHASE SHIFTS

Phase shift of the partial wave is caused by scattering potential.

We know that total scattering cross section is given by equation:

—

Trpral = erf a(8) sinf db
0

L

= Zi=o(2l +1) sin* &,
Here &, the phase shift of / partial wave is unknown parameter and is to be evaluated.

The scattering cross section vanishes for §, = 0 or 180 and the cross section is maximum if

™ 3m

, T —etc.

the value of §, = +

[ ]

The radial wave function R(r) = lim % sin kr — ﬂ—? — 4§,

—rpa KT &

So &, is the difference in phase between the asymptotic form of the actual radial function R(r)

and the radial function j, (kr) in the absence of scattering potential (V=0). j, (kr) will be
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. I i .
maximum when r # - hence for the value of r (we choose “a”) r * a & — we get higher

k

phase difference (since V will vanish beyond ‘a’ i.e., r = a).

2.5.1 Small Phase Shift

The phase shift will be very small if a ::::i .Thus the summation ¥:Z,involves the

summation of few terms such as E ;g’*.
Calculation of &; :

g, is calculated by applying boundary condition for the continuity of R, at = a in the region

r<aandr>a

_[1 dp.:]
B R, dr

atrr = rea

[1 dﬁ,]
R, dr

rea atr=a

But

R, = A;[COS 5;Jg{ki") — sin 5@?}5(13’.")]

017y (ka) — sin dym)(k
g LB (o b 3 200 Ra) — sin B (ko)
Ry dr cos 65;(ka) — sin &y (ka)
1 dR, o
Let E?|T>a|a‘cr—a—*}q.
- _ o Li(ka) — tan )
J j‘}:(kﬂ.) — tan 5;?}5{.76&)
ki (ka) — vigi(k
tand; = djilka) = mjika) (15)

N knj(ka) — ~vim(ka)
Jilka) = ji1(ka) — =% ji(ka),
and nj(ka) = m-1(ka) — %n;(ka)

Here y, is the ratio of slope to value of the interior wavefunction. Equation (15) can be used
once to determine an expression for &, when / is large and &, anticipated to be small. In the
absence of a scattering potential y, will differ little from the ratio of slope to value of the

solution, in this case. Thus, we put,

_ [ ilka) ;

= k{jg(ka) + e;] ..... (16)
Ji(ka)

lea| < el (17)
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Equation (15) can be written by changing j“i into j, so that,

e1(ka)?j; (ka)

tand; =
e1(ka)?ji(ka)m(ka) — 1

Which is still exact.

If now we make use of the power series equation for j, when / > (ka)* and use the value

of j, in terms of sine and cosine, the inequality (17) becomes,

el <
E —
: ka
And equation (18) may be approximated as,
2142 20 (11\2( 1oy \ 2042
5 = ei(ka) _ a2” ()" (ka)™™ (19)
[(21 + 1)1)? [(21+1)!]

By Stirling’s formula, we get
log|d:| = log|e;| = 2l[log(ka) + 1 + log 2] — 2llog!

The following are explanations regarding &,.

(1) §, > 0 for attractive field
g, < 0 forrepulsive field
(i1) For large k and /, the phase shift can be calculated by the Born approximation
it becomes,
1
51 = _EEU(TO)TO

where o is the classical distance of closest approach. For large /, o, p = impact parameter.
The series for total cross-section behaves like

. 1 =
oox 220 +1)8 = i / dp - p*U*(p)
0

As

pp = hkp.
In order that this may converge U(r) must decrease with distance at a rate faster than 1/72.

(ii1). For a scattering amplitude in forward direction, f'(0) will have the form

f(0) x Z(20+1)é; — k[;m dp - p°U(p).
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In order that it may converge U(p) must decrease with distance faster than 1/,

(iv). For low energy scattering by a potential of the asymptotic form ¢/7", the variations of
the phase shifts for various / are

& oc KA for 2l<n-3,
& o< k**% logk for 20=n—3,
& o< k2 for 201>n—3,

2.5.2 Phase shifts related to potential

The radial equation must be fully solved in order to obtain the phase shift precisely because it
solely depends on the asymptotic form of R;. Certain potentials make this feasible, however
in general, some significant information can be inferred regarding &,. We compare the

function y, with the corresponding function ;' o< r j,(kr) to represent the phase shift in

terms of the potential; when potential V= 0 the relevant equations are

d? < (l+1

d,fﬁL[kz—U(r)— (TQ )]xz—o ..... (20)
! , l+1
! ;::go) # [k"’ - %] 2 = 0; with x@ o ris(kr) ... (21)

multiplying equation (20) by x; and (21) by y, and then subtracting, we get

X T U(?‘)X;ln)x: =0

d l (0) dx1 dXz{D}

= o

~U@x"x=0 ... (22)

Xi dr Xt dr

Integrating with respect to 7, from limits 0 to r, and remembering that y, and y; vanish at the

origin r = 0; we get

dr? r
fuede B [oenteuear o
0
o (23)

It is clear that this relation is independent of y and y;. Let us normalize y and y so that their

asymptotic constant is unity, i.e., at r — oo we have,
1
xi — sin(kr 4+ Al) and X%OJ — sin (kr — Eﬂ') ..... (24)

This means that,

X" = krji(kr),
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then the bracketed term in (23) (for r—o0) may be expressed as

ksin (kr — ) cos(kr + Al) — sin(kr + Al) cos(kr — )

l
- —ksin(; g Al) = —ksind;

Thus, at r—o0, equation (23) becomes,
ksin d; = / V(r)x (P xa () dr’
0

sin§; = — / V(r)rj(kr)xi(r)dr  ..... 25
0

This expression for the phase shift is exact, but is purely formal since y,(r) for all values of r

is not known. However, it is important for an approximate evaluation. Assume, for instance,
that y, barely differs from

X = krji(kr)

Then,
sin §; = —k/ U(r)ri (krydr  ..... (26)
0

This is Born approximation for phase shifts. For the approximation to be valid, it is
necessary that the potential term U(r) in equation (20) is very small. This is only possible if
either the kinetic energy term & or the centrifugal potential term dominates over U(r). In the
former case 9y is expected to be small for all / & then we can take,

(eml — 1) — 210; ~ 2isin §;
Substituting this in, £(8) = (2ik)"* X2,(21+ 1)(e%%1 — 1)P,(cosf)

We get,

16 = @+ fg " Ulr)r?2(kr)dr Py(cos )

I=0

This reduces to Born approximation formula.
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2.6 SCATTERING LENGTH AND EFFECTIVE RANGE
THEORY FOR LOW ENERGY SCATTERING

At low energies, the partial wave approach is of special interest if the incident beam's energy
is so low that ka < 1 where a is the range of potential, then the only / = 0 or s-wave is
scattered. In the region with non-zero potential, all other partial waves are so small that they

don't change. The scattering amplitude for s-wave is given by,
1 i0p o1
f(0) = ze Usindy  wees (1)

We observe that the scattering is isotropic at the centre of the small reference system because

the scattering amplitude is independent # of ¢ and. The total scattering cross-section,

naturally,

4 |
Ptotal = ?Slﬂ2 5@ ..... (2)

In the limit k—0, Gt — G0 called the low-energy cross-section. Then we note that,

: 41
Limg_,q k? cosec® §p = —
ap

It is obvious that,
Limy_osindp(k) — 0
i.e., 0(k) approaches 0 or 7 in zero energy limit.

It is found that low energy cross-section can be described, instead of 6o, by two quantities that
characterize V(r) completely as far as low energy scattering is concerned. In relation to
nucleon-nucleon scattering, Fermi introduced the terms "effective range (1, )" and "scattering

length (a)”. The two low energy parameters r, and a will be entirely determined by the bound

state wave-function if the system has a bound state with a low binding energy. This
relationship between the bound state's properties and low energy scattering is interesting but

not unexpected since that both were determined by the potential V().
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2.6.1 Scattering length and effective range for short ranged potential V®

For s-wave, the Schroedinger equation is

d?u 9 o W it
) + [ - U(r)]Ju=0,U(r) = =3 7 1 ) Q— (3)

Let u, (r),u,(r) be the solutions for two energies ki k3 They satisfy,
u,(0)=0,u,(0)=0 v (4)

and are normalised such that asymptotically they are

us(r) — 31352 sin(kar + d2),

uy(r) — S.]j—{hsin(klr - 51},}

From the two equations, we readily obtain

dul dU2 N . R
{"’2 = =y o ]U = (kﬁ - kf) —/[; ujtedr  ..... (6)

Where R is an arbitrary radial distance.

Let us take two free-particle solutions,

v (r) = ﬁsm{klfr -+ 51)}

v (r) = ﬁgsin(kg’r + 62)
From the equations forv, (1) and v,(r) we obtain as in equation (6)
R R
: 2 2
vo— —v1— | = (k5 —k7) — vivedr ... 8
e IR e ®

On subtraction equation (7) from (8) and using equation (4), (5) and (7) and limiting R — oo,

we get,

ks cot 85 — kj cot & — (k‘% = k%) / (ugvy —viug)dr ... (9)
0

UTTARAKHAND OPEN UNIVERSITY, HALDWANI



ADVANCED QUANTUM MECHANICS MSCPH-512 35

On defining the "scattering length" a by,
1 :
S Limg ,g[kcot (k)]  ..... (10)

We can write (9), on limiting k1—0 and denoting k> by £,

1 b
keotd = —— + -k, ... 11
co = + 5k (11)
where b= 2] (vov — wou)dr.  ..... (12)
0

The inclusion of factor 2 in equation (12) so that b (or o) has the meaning of the range of the
potential. According to equation (5) and (7), the integrand above only deviates from zero in
the region where U(r) is appreciable. The wavefunction u(r) won't be overly affected by the

energy k7 if |U(r)| == k7 in this region.

To approximation replacing u, v by u,, v, (for zero energy) in equation (12), i.e., we will use

the first two terms of the power series expansion in k*or k cotd:

Where,
]_ To 4
kcot é§ = ——+?{k2+0}(k) ..... (13)
a
(e a]
where 1y = Zf (1;[2} — ug)d'r. ..... (14)
0

ro 1s referred to as the potential's V(r)"effective range." The zero energy u,(r) has the

asymptotic form in accord with equation (5) and (10)

ug(r) — v(r) =Limy ,o(coskr + cot dsinkr) ..... (15)
o,
a

By the equations (5) and (7) v —uj vanishes outside the "range" of U(r).
So, both ro and a are determined by U(r) that they are in sensitive to the exact form
of U(r) but depend only on some integrand of U(r).
(1) For ¥*—0, we have from equation (2) and (10)
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47 ;
o= — da®  ..... 16
k*(1 + cot? §) (16)

(2) From the expression of d;, we have oo for k—0.

o0
- / PTG o (17)
0
where 1, (1) is normalised by the asymptotic behaviour and is different from (15)

sin(kr +0)

k (r—a)cosd ..... (18)

U ('r') — Limy, g

Where cos & has a value between 1 and -1.

If we use the Born approximation and if it is valid, i.e., 1, 1s replaced by the field free

solution,

r/(m/2kr)Jyjo(kr) = (1/k)sinkr — rask — 0

Then equation (17) becomes

(3) The sign of ‘a' depends on U(r). We take the following example for variation of 'a'
with U(r): Consider a potential well,

—B,r<R

Ui {05?‘ SR .. (20)

If E = —y*,¥ = 0, is a discrete state, then

d2
( —72+ﬁ2)u¢(r)=ﬂ;r<R

e
d 2
) -7 Ju(r)=0;r> R
i {Asin(\/ﬁz - 72)7‘} r<R
Be™ r>R
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The continuity condition at » = R provides that

tan( /(6 — ¥

The following is seen as the condition SR for the existence of 1, 2, or more discrete states:

For only 1 discrete state,
%ﬂ' < BR < -g'-'n'.
For only 2 discrete state,

3r<BR< S ... (22)

Now consider the scattering U(r) in equation (20); the wave-function u, can be written as

follows:

(i +k2+ﬁ2)uk:0,r>R.

dr?
d? 5
(?-l—k)ukzﬂ,'r)}{ ..... (23)
uy(r) = Csin(\/(ﬁ2 + kz)'r), r<R
= Dsin(kr+6),r>R  ..... (23a)

Apply continuity condition at » = R

keot(kR+6) = /(B + k) cot(/(B* +F)R)  ..... (24)
ktan (\/(ﬁz + kz)R) tankR + /(6% + ¥?)

kcotd =
tan(\/(,ﬁz - kz)R) - 71;\/{52 + kz) tan kR

By the equation (10), a comes out to be,

a=R-— %tan g ... (25)

&

As a result, the scattering length a vanishes as 8 — . As SR increases from 0, a decrease.
As BR — w/2, a becomes negatively infinite. When the energy is 0, the cross-section o

possesses "resonance," and it becomes infinite.

The following formula can be used to determine the range ro for rectangular potential:
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We obtain from (23a) and the u, (r) for k — 0,r — coin (15), we get

R\ sinpr
= A -
Uy ( )sinﬁR‘0<T<R

a

And with equation (15), for v,, we have from equation (12)

R 3RE R\? 1 R
=2R—2— 1—— el 26
' 2 T 3a? N ( 0) (ﬁtanﬁR sinzﬁR) (26)
fAR=(n+1/2)mn=1012,...... ; a stands to +co and equation (26) simplifies and the
total cross section o in terms of a and 7y is
Ama?

o =
1+ a(a— *ro)kz -+ (%ﬂ.?"{])k4

2.7 SUMMARY

For weak scattering potentials and high incident energy, the Born approximation remains true.
In other words, the scattered wave can be considered as a plane wave when the average
interaction energy between the incident particle and the scattering potential is significantly
lower than the incident kinetic energy of the particle. Low-energy scattering is described
by scattering length in the quantum mechanics. In the context of quantum mechanics, partial-
wave analysis is a method for resolving scattering problems by decomposing each wave into

its constituent angular-momentum components and solving using boundary conditions.

2.8 GLOSSARY

Approximation- nearly exact

Successive- following in order
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Differential- an infinitesimal ("infinitely small") change in some varying quantity
Range- the distance or extent between possible extremes

Scattering- a change in the direction of motion of a particle because of a collision with

another particle

Asymptotic- approaching a given value as an expression containing a variable tends to

infinity

Cross-section- a section made by a plane cutting anything transversely
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2.11 TERMINAL QUESTIONS

1. Calculate the scattering amplitude for a central potential in the first-Born approximation

and discuss its condition of validity.
2. Explain the method of partial waves to calculate the phase shifts and scattering amplitude.

3. Discuss the scattering length and effective range theory for low energy scattering.
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4. What is Born approximation? Explain the condition for validity of Born approximation.

5. What is phase shift? Calculate phase shift &,
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UNIT 3 PERTURBATION THEORY I

Structure

3.1 Introduction
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3.3 Time dependent perturbation theory
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3.5 Transition probability: Fermi’s-Golden rule

3.6 Harmonic perturbation
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3.1 INTRODUCTION

In quantum mechanics exact solution of the problems cannot be obtained, so we should opt
for the approximate solutions. Physics is said to be a science of approximations. In quantum
mechanics different methods of approximation have been formulated to get nearly accurate

evaluation of energy values and wave function.

For any perturbed quantum mechanical system, we use approximation methods instead of

simple Schrodinger equation to find out wave function and energy Eigen values of the system.

Hence, perturbation theory is a tool or a systematic procedure for obtaining approximate

solutions to the perturbed problems by using solutions for unperturbed case.

Perturbation theory was developed by Schrodinger in 1926 and are of two types:

» Time independent or Stationary perturbation theory
» Time dependent perturbation theory
What is Perturbation?

Perturbation is a small change/ disturbance

Perturbation in quantum mechanics is a small change in Hamiltonian of the system
Hamiltonian means the total energy (K.E. + V)

Perturbation is the change in potential of the system

For any perturbed quantum mechanical system, we cannot use simple Schrodinger Equation

to find out wave function or Eigen function and energy Eigen values of the system.

When the Hamiltonian of a system depends on the time, there are no stationary state solutions
of Schrodinger’s equation. Thus, the identification of a bound state with discrete energy

levels and stationery eigenfunctions must be modified.
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3.2 OBJECTIVES

After studying thus unit, you should be able to-

e Understand time dependent perturbation theory

e Explain Constant perturbation

e Explain Harmonic perturbations

e Understand Transition probability: Fermi’s-Golden rule

¢ Discuss Selection rules for dipole radiation

3.3 TIME DEPENDENT PERTURBATION THEORY OR
METHOD OF VARIATION OF CONSTANTS

In this method Hamiltonian is divided into two parts as usual, i.e. The Perturbed Hamiltonian,
H=H"+ H'
Where H? is simple unperturbed Hamiltonian and H' is small time dependent perturbations

term and has the effect of causing transitions between Eigen-states of H® that would be

stationary in the absence of H'.

It is generally impossible to obtain exact solution of the Schrodinger equation when the
Hamiltonian depends upon time. Therefore, such an equation is solved by time- dependent

perturbation theory also called the method of variation of constants.

Total Hamiltonian:

H=H"+ H' e (D)

UTTARAKHAND OPEN UNIVERSITY, HALDWANI



ADVANCED QUANTUM MECHANICS MSCPH-512 44

Where the unperturbed Hamiltonian H® can be solved for its normalized eigenfunction ¢,

and its eigen value E,, i.e., we have

H° =E.¢. .. (2)

Perturbation term is H' very small. Since H' depends upon time, the stationary solution of the

actual Schrodinger equation does not exist.
Hence time-dependent Schrodinger equation is:

ih22 = Hy e (3)

The energy Eigen-states of such a system are stationary: the time enters only in the phase

according to

W(t) = X, a,(t)¢,(r)enf e (D)

Where a_'s are time-dependent constants and 7 is time-independent.
n p n p

This equation represents solution of equation (3), therefore substituting value of i and H

from (1) and (4) in (3), we get:

A —iEn, 0, ' ~58e
ihﬁ[z a,(t)p,(r)e F] = (H°+ H)[Zﬂn{ﬂfﬁu (r)e *7]

mn n

or
En

[Ih E?! d?! (tjqbn (TJE_EE?_I:I:- + E:-z ﬂu E:'z ‘Jﬁn {Tje_i R f']

—i&n —i&n
=ZHD a, ¢ (r)e F° + ZH' a,$,(r)e F°
n

n

d .
Where, ;a”[t] = a,
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Using equation (2) i.e. H¢, = E, ¢, , we get
E E
[if Z a, ¢n {TJE_E?}r + Z a,E,¢,(r) e w"

En

En .
- Z” Qn E:'!qb:lz (TJE_ET‘Z- + Z:z ady qub;-z(’l'je_z k r]
En £,
or [Iﬁzﬂ d'i'! qb”{‘rje_iTr = Zu L2 qub;u{TJE_iTr] (5)

Multiplying both sides by ¢, and integrating over configuration space, we get

¢:lz [T] —* ¢:lz

En En
[Ih Eu. du 'E_ET‘?.Jr (,'b;{ qb” dt = E:: iy, e—!Tf‘ .Jrqb;-ch‘lf"udr]

Now using orthonormality condition of ¢'s, i.e.

_Jrqb;{ qbn {'II = 6?{::
§,.,=0forn#k
=]forn=k
_fn, _fEn,
We get, ih du e T 5?{11 = Eu a, € * ..r‘ﬁ;{Hf‘ﬁudr

Because in L.H.S. all terms will be zero except kth term due to the properties of Kronecker

delta &, we have,

En En
ihda, e v =X a e+ [¢iH' ¢ dr ...(6)

The integral [ ¢; H'¢,dr at right hand side is a matrix

<k|H'|n>=Hg,

Sothda,= X, a,e * HL, (D)
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E—8 =y, ..(8)

@, 1S the Bohr’s frequency.

Time dependent constants a,,’s is given by

_ spn =1 ! it
Ay = (Ihj E Ay Hkue n

mn

(ih)'Z, a, <kl H'|n > e*“knt ....(9)

46

If we replace H' by AH', where A is the parameter, then coefficient a’s can be expressed in

parameter A as follows,

b I \l

a,= a% +1a +22a7 4. \....(10)

Substituting the value of a, in equation (9) we get,

al” + 2al” + 226 4. =(fh)_lz'm+‘1“"“+fﬂiﬂ+ -----

n

Comparing coefficients of different powers of A on both sides.

Equating coefficient of 1%, ik diﬂ} =0 . (a)
Equating coefficient of 4, ihal = X, a0 H] etwimt (b)
In general,

ihal™ = ¥ o H efwmt (©)
Wheres=0,1, 2, ... .11

So, we can get desired perturbation.
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Zeroth order calculation: From (11), we have

ih ci:',:{[":I =0 or ci,':m =0 ie. iam)

k =% 0

Integrating, we obtain,

1]
g

= ronstant in time.
For convenience without loss of generality, we may put,

a;‘{m =<klm== &,

As the initial state m is one of a discrete or continuous set.

oy _ fod_
- . =1

Accordingly, a, 1fork=mi.e.a,,

And aiﬂ} =0ifk#m

Thus, in the sum, we have only one term and equation (9) may be expressed as
a,= (i)' <kl H'|n > e™“m* _ (12)

First order Perturbation:

Integration of (12), gives

ﬂi”(tj: (i)™ [T < k| H'|n >e“m=tdt ...(13)

The constant of integration is taken to be zero in order that a;‘{”be zero at t = -oo (before the

perturbation is applied).

3.4 CONSTANT PERTURBATION

Let us consider a perturbation that is constant in time and that it operates only during the time

0tot, i.e.
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for —m<t' <0
foro=t <t
fort >t

H! =< k| H'|m }:{g{ k| H'|m > (14)

From equation (13) and (14), we get

all(ty= (i) [T < k| H'|m > ei“m® gt

= (iR)™ < k|H'|m > [  e'“rm® gy
(th) o

r

— )™ < k|H'|m > [E‘m?"m“]

ELIJ".{m El

= (ih)™* < K| H'|m > [—m:':;‘l]

’
_ =k|H |m> (ef%mr _1

.(15)

Thus, to the first order, the probability of the system from m™ state to kth state is given by

(1) o |<k|H|m=]F 2
|ﬂ'k (T]l = W |E:u"'mr— ]_l (16)
Using the relation,
lim (e — 1) = 2ie**/?sin= = 2i sin=
x—=0 2 2
Orle™ — 1] = 4 .S‘I".I"t:%
ie., |e™rmt — 1|2 = 4 sinz{u%’"r)
|ﬂﬁlﬁ(rj|: — 4| < k| Hr| n1}|ssh1:[uknﬁ ] (17)
" S — —
2 A em b

gin” |

Physical interpretation: We plot =— as a function of w,,,,. The plot is shown in fig. 1
“Em

The major maxima of probability curve occur at w, .= 0 i.e., for E, —E,,,.

ﬂ.”:[""kmf
If we put w,,,,, = x iIn ——5— we get,

Wrm
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sin® (U2) _ sin*(5) _ 1w Ge/2)° (e

Wy x2 x| 2 3 5

= [i—sz, if higher powers are neglected because their values are very small
£ Za

I
o | e

T8nft —6mt —4mt 2wt O 2@t 4t 6wt 8wt
Fig:3.1
The hight of main peak is :—: and the intensity of probability curve touches the e, axis at

. o XL
Fin~(— )

points where ——=— = 0.
£

This occurs at points where,

xt . 2mr
— = f+rgorx=+—
2 t

Where 7 is an integer (i.e., » =0,1,2, 3, ...)

(5]

=3 4
r

4m
4

LT

i.e., width of the peak is proportional to

1
P

Thus, x = w,,,, = + -

=0, +Z +
t

r
13

1/t; the area under the curve is proportional to 7 i.e., time of application of the perturbation.
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Constant perturbation for a definite time is analogous to single slit diffraction experiment are

applicable to problems of excitation and emission of radiation in elementary systems.

Now we look for the figure's physical interpretation: When 7 is large enough, most transitions
to new states occur under the primary peak because its area is much larger than those of its

neighbouring peaks.

There are transitions in the system and it is noticed that there is a clear transition rate from a
set initial state to a final state if we have a system with the Hamiltonian Ho and if this system

interacts with an external agency with an interaction Hamiltonian H.

3.5 THE TRANSITION PROBABILITY: FERMI-GOLDEN RULE

Let's assume that the unperturbed Hamiltonian H, has a continuous spectrum and that
transitions are occurring from one state to another along the continuum. This is how most
physical problems work, such as the scattering problem, where the scattered states have

continuum eigenvalues of the Hamiltonian.

If the transition takes place to state k of energy between Ej and Ex+dE and the energy density
of states is given by p(k) at this stage, then the transition probability per unit time is defined

as

w=zf la (817 p(k) dEx ..(18)

where p(k) gives the number of final states in the energy interval from Eito Ex+dEr. If tis

large enough, the central peak in the probability curve is sharp and then the quantities

<k |[H'| m > and p(k) may be regarded as sufficiently independent of Ej, so that they may be

taken out the integral, therefore,
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1 [ 4| < k|H'|\m >|* .
w:?/; | %;; " in? (et /2) p(R) A
__Kkm%n>ﬁw{[m4ﬂﬂmﬂﬂmmm
it i wiﬂ
L <K Hm > 2p(k) f+°° sin‘?{w;mtiz -
fit oo (wrm/2)

we have the standard integral

+oo - 3
s
f de =

Do €T
Substituting

t 2 2
m% =z, e W, = T:B, 50 dwyy = ?d:r:

[ e [ ()

boa s 2
=2t[ B T iy — 2t

2
G T

Substituting this in (19), we get

I< k| H'/m > |*p(k)

W= 27t = ?ﬁ{p(kﬂ < K|H'|m > |*

it

51

Equation (21) is the important result of time-dependent perturbation theory and called as

Fermi-Golden Rule. The Fermi-Golden Rule is a key result of time-dependent perturbation

theory. This relation has been successfully used to determine transition probabilities between

two states and to determine their corresponding life spans. It has provided the results that

were actually found experimentally, particularly in 5-decay.

3.6 HARMONIC PERTURBATION

Perturbation theory studies how quantum systems respond to outside disturbances. Harmonic

perturbation is a rare specific case of time-dependent perturbation for which an exact analysis

is available. If the perturbation is harmonic of frequency w, i.e.
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0for —mm<t <0
< k|H'(tY|m=>|or H,,(th=12< k|Hy/|m=> sinwt for0<t' <t .(23)
0fort <t

< k| H,'| m = is independent of time.

The first order amplitude ail}{t’j at time t, would then be given as
1 - wopmt’
ai )(t' > f) = (iﬁ)_lf < k|H'|m > "% dt’
]

i
=@m4/2<kmmn>mmﬁwwﬁ’
0

2 < k|Hylm > f’ gt gt
i A %

! t
_ <kEH{2m > f { i)t _ ilm—ult | gy
0

< k|Hglm > { i (hmtw)t -
It (Wi + @) 6(wWem — w)

/

0

(1) < k| Hn'll me [um;fm+u|r_1 [{m;{m—uur_l

ie. al(t)= - E —: ] ..(2%)

ik Wi + @ ey —

The form of this equation suggests that,

(i) The first order amplitude depends on perturbation duration t and not on instantaneous
time t'.

(i1) The amplitude is appreciable only when the denominator of the one or the other terms
is practically zero.

The first term is important when w,,, = — @ or E, ¥ E,, — hw and the second term is
important when w,,, = @ or E, & E, + hw .Thus the first order effect of a harmonic
perturbation (i.e., perturbation that varies sinusoidally with time) with angular frequency w is

to transfer or to receive from the system on which it acts the Planck’s energy quantum hew.
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In the special case in which the initial state m is a discrete bound state and the final state k is

one of the continuous sets of dissociated states. Then E, = E,, and only second term in
equation (24) need to be considered. In this case the first order probability of finding the

system in k" state after the perturbation is removed is given by

o o (g — Wil
4 |= k| Hy | ?n?l‘sin"%‘

I:J__:I -~
a (=)= I — .o (25)

3.7SELECTION RULES FOR DIPOLE RADIATION

An electric dipole separates the positive and negative electric charges in any electromagnetic
system. A simple illustration of this system is a pair of charges with the same magnitude but

the opposite sign, separated by a small distance.

Electric dipole radiation (EDR) is the Electromagnetic radiation (EMR) generated by an
oscillating electric dipole (pair of opposite charges) or by an electric dipole that cycles

through changes in the location of the charges at some frequency.
The dipole transitions between states £, 7, are possible only if,

:’:er}ﬁ¢ﬂm' e < 1‘}fi,il‘.}

In this case, the states that are being considered have definite angular momenta, The selection

rule governing the change in angular momentum is then provided by this condition.

From the properties of spherical harmonics, it follows that
J(¥ypm )" Yy JedT # 0 only if I, = £1

This result can be obtained more generally if it is assumed that r is a vector operator or a
spherical tensor of rank one. Hence its matrix element between the angular momentum eigen

states is proportional to Clebsch - Gordan coefficient < I; m;; I, m, > by Wigner Eckart
theorem. Consequently, if [Al] = [I; — .| exceeds one. The matrix elements for Al vanishes

because r is of odd parity.
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The selection rule for I remains Al = +1 . From the properties of Clebsch - Gordan
coefficient it is also clear that Am = m; — m is restricted to Am = £1,0. The polarisation

vector A determines which of these cases can occur. For example, of A is along z-ais, then

T(a),~ Zfi» @5 Z =T cOsH. Which is independent of ¢ this corresponds to m = 0 in Clebsch -

Gordan coefficients and hence the selection rule from m is Am = 0
Thus, the selection rules are Am = 0 and Al = +1.

The transitions which occur under dipole selection rules are called allowed transitions.

3.8 SUMMARY

In this unit, you have studied the time dependent perturbation theory also called as method of
variation of constants. The time dependent perturbation term is small and since this term
depends upon time, the stationery solution of the actual Schrodinger equation does not exist.
Also, you have studied about constant perturbation, transition probability harmonic

perturbation and selection rule for dipole transition.

3.9 GLOSSARY

Perturbation — a deviation of a system caused by an outside influence
Constant — something that does not or cannot change or vary

Hamiltonian — the Hamiltonian of a system is an operator corresponding to the total energy of

that system

Dipole — a pair of equal and opposite electric charges or magnetic poles of opposite sign

separated especially by a small distance

Parity - the flip in the sign of one spatial coordinate
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3.12 TERMINAL QUESTIONS

Short Answer type questions

1. Write short notes on
1. Constant Perturbation
1. Harmonic Perturbation
2. Give the outline for outline of the derivation of the “dipole selection rule”

Am =20, +1and Al =+1.

3. What is Perturbation theory? Explain time dependent Perturbation theory.
4. Show that the first order effect of a time dependent perturbation, varying

sinusoidally in time, leads to emission or absorption of energy.
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Long Answer type questions

1. Discuss the first order time dependent perturbation theory and derive the
Fermi Golden rule for the transition rate from a given initial state to a final state of
continuum.

2. Prove that the transition probability per unit time is
21T -
?P (k) |Hkm |_

Where p(k) denotes the density of final states and Hy,, is the matrix element of the

perturbation term.

3. Give the time dependent perturbation theory for the case of a perturbation
which is constant in time except; that it is switched on at # = 0 and switched off at
time t.

Describe the method of variation of constants as applied to time dependent
perturbation. Illustrate by simple examples.

4. Discuss briefly the time dependent perturbation theory and derive an

expression for the transition probability to a group of states per unit time.
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UNIT 4 PERTURBATION THEORY II

Structure

4.1 Introduction

4.2 Objectives

4.3 Adiabatic approximation

4.4 Sudden approximation

4.5 Semi classical treatment of an atom with electromagnetic radiation

4.5.1 For absorption

4.5.2 For emission

4.5.3 Interpretation of terms of absorption and emission

4.6 Summary

4.7 Glossary

4.8 References

4.9 Suggested Readings

4.10 Terminal Questions
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4.1 INTRODUCTION

So far, time-independent perturbations and only periodic time dependent perturbations have
been considered. One of the general time-dependent difficulties in quantum mechanics is the
on/off switching of a perturbing factor, such as an external field. In general, solving the
details of turning on or off time-dependent disturbances is too difficult. The abrupt and
adiabatic approximations, however, are two significant limiting situations that may be

examined in depth and with some degree of accuracy.

4.2 OBJECTIVES

After studying this unit, you should be able to-

e Explain adiabatic approximation
e Explain adiabatic approximation

e Understand Semi classical treatment of an atom with electromagnetic radiation

4.3 ADIABATIC APPROXIMATION

In standard time dependent perturbation theory, weak time dependent perturbation is
assumed. When we assume the time dependent perturbation is slow, then it is called adiabatic
approximation or we can say in adiabatic approximation the perturbation is varying slowly
with time. According to this approximation, we expect on physical ground that solution of the
Schrodinger equation can be approximated by means of stationary eigen functions of the
instantaneous Hamiltonian, so that a particular eigen function at one time goes over

continuously into corresponding eigen function at a later time.

The detailed response of a system to a time-dependent disturbance depends on the
perturbation's time scale. Consider a simple pendulum that oscillates back and forth in a
vertical plane with no friction or air resistance. If we move the support "fast," the bob will
move in a highly chaotic manner. The bob will continue to oscillate smoothly, in the same
plane (or one parallel to it), and with the same amplitude if we move the support "gradually,"

on the other hand.
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“The adiabatic process is characterised by this slow change in the external conditions.”

Now we solve Schrodinger’s equations:
a
in a—‘f - Hoy (1)

Where H(t) changes slowly over time. In this condition it is expected that equation (1)

should give a good approximation by solving at each instant of time assuming that H is

constant and is equal to the instantaneous value H'(t"), where t' is the time at which is H
required. For t' = t = constant the stationary state wave function is obtained and would

satisty the equation,

H'(t) Yo (r, 1) = E () Y, (1) ()

The approximate solution is,

A Exp{_% ﬁ Ba()dy . (3)

T = Zﬂ:u,l{t}tﬁ{t] Exp{—-% /; t Eﬂ(ﬁ“)dt'} ..... (4)

Substituting equation (4) in equation (1), you get
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ih |:Z-n. (ﬁn(f)ﬁf’n(*) + ﬂn%ﬁl) GXP{—% fcf En{f’)dti} + 3 andnE, cxp{—% f; Eﬁ,(t’)dt’ﬂ

or

or

i(mﬁn I ma%) exr:{—% thEﬂ(t)dt’} =0 ... (5)

n

i ot
Multiplying by Y., exp {!E I 0 E; (t dt’} and integrating over all space, we get

_ " i [* 3 a6,

o nl
cxp{—l f (By — Em}rit'}{h =2
fi Jo

Using condition of orthonormality, we get

i =—E a '%x}{—iflE—E df}d’r
an - ﬂftﬁm at & I ﬁ. 0 [ n m)
= 6¢ﬂ- { 'I‘ 1 f}
==Y a. [ ¢t 5 dr,expy —~ [ (Ba—Bn)dtp ... 6

Evaluation of,
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[ #nSgzdr = (41 40

We have H(t) ¢,(t) = E,(t) ¢, (1)

Differentiating equation (7) with respect to t, we get,

5H afﬁn. o aEﬂ aq&iﬂ-
et H g = Ty

Multiplying by ¢, and integrating over all space, we get,

. o S ) . 90
f¢mm¢ﬁdr+/¢mHat dT'_ B‘t f¢m¢ndT+Eﬂf¢m m d

As fqﬂm*qbﬂdf = ( and H is Hermitian, we get

[ S badr+ [ 8y R dr = B [ 45,55 ar

/cgﬁm dnnd'r-l—Equﬁm 6%01 —Enfqﬁm%

O

Le. E“" E"“ f‘ﬁm dr = _f¢:rtﬁ¢nd7

. Oy ¢ﬂ1*ﬁ¢TidT
fd:m g; dr:—fEmmEﬂ R .
T .."""I-'ll"“?‘l“I aH‘:bndT
=B _E. ( for n £ m)

This gives

Substituting this value in (6), we get
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an ([ $m” G dudr) exp{ ~§ J;(Bn — B}t }
(o = _T;l E._ E.,
_ (J ¢ 5 dndr) exp{— 5 (En — Ep)t}
&m__,;;l% En_Em

Applying the method of variation of constants.

Let the system with a,,= 1 and a,= 0 for n = k. Solving this by successive approximations

-=:m| [.R:=-

g, Z-Wexp{—% G

dH . OH
Where < m.|E|F{ > = f(f)m o ¢, dt

: 3
To evaluate the matrix element, we can neglect the slow change of (—f)

equation (10), so that

Lil: § t :
7

. (10)

62

and integrate

mk

ih dH | i

We know, E,, — E,, = hw,,, . (11)

A = —=—<m ’—‘ k = {exp(—iw,,t)— 1} ....(12)

r{

e ) .. 3 ]‘:miﬁh}i
- The total probability in the interval 0 to ¢ is given by|a,,, |* = BT
Wmk
From Condition |a, |* < < 1,

R }{ m‘i—ﬂk }‘:::::1
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Thus, for adiabatic approximation < m ‘Z—ﬂ k = should be significant.

The example of adiabatic approximation occurs in the collision of gas molecules. When the
gas molecules collide with each other than the process may be regarded as adiabatic in which
the electrons remain in their original state and energy of the gas molecules system remains

unchanged.

4.4 SUDDEN APPROXIMATION

The sudden approximation occurs when,

i.  The perturbing term H'(t) is very small.
ii.  And the perturbing term changes suddenly (rapidly) during a finite interval of
time ty.
The change in the Hamiltonian is discontinuous on different times in the sudden

approximation.

Let t, be the duration for which the perturbation is applied, then to consider sudden

approximation we have,
gH| .
. _ . E] i
Ay — ﬁﬁ?tp{—ﬁ (Eﬁ_Em]t} (1)
In sudden approximation the variation of Z—I: cannot be neglected; so

dH
ta am1Flk}

O = [ Wexp{—i (Ey — En)t} dt

'y

_ {::: mlH (t) |k > Exp{_% (E, — E’,n)t}}

Ek - Em a

J-ru <m|H{t)|k=>
0 Ek_Enz

exp {—> (B~ En)t).{-1 B —En}dr ...
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By the help of uncertainty relation AE At ~ i , is expressed (since At =

ty is very small) as,

h
= >> b e (3)

The physical interpretation of this condition is that of the energy of the system changes by an

amount AE. In a time t, which is much less than the characteristics time associated with this

energy change, then the state of the system remains unchanged (i.e., there is no transition)

and so << m|H(t}|k == 0 so equation (2) becomes,

a., ::._ f;n = ﬂ'llH[t)Ik = exXp {_% [Ek - Em}t} dt ... (4)

If w,,, 1s the angular frequency of the transition from initial state & to a final state m, then

Em _Ek
o -

mk ,ﬁ

== [° < m|H(t)|k > et at e ()

L
™ h
When perturbation is switched on suddenly, H(t) changes instantaneously in time At which

iyt

. . 1 . .
is small compared to period —— so that the factor e in the above integral changes a

Wmk

little and hence can be taken outside the integral, then we get,

. Iy
I .
a,, = E E.“'-'r::i'tf = ﬂllH{t}lf{ = dt
]

i
= e'“mkt = m|H(t,)— H(0) |k = ¢,

- % elmkt = m|H'|k > o (6)

Where, H' = H(t,) — H(0) and its value is maximum during the sudden switch on.

Hence the sudden probability of the transition from state & to a state m will be given by,
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-

la,, |°

= %:lﬂ‘: m|H' |k =|* ~ lmlaric=|?

(7

o &
L

This is the equation which is used to evaluate the probability for transition under the
influence of sudden perturbation. Sudden perturbation should be sufficiently small, so that the

perturbation theory may be applied.

4.5 SEMI CLASSICAL TREATMENT OF AN ATOM WITH
ELECTROMAGNETIC RADIATION OR APPLICATION OF
TIME INDEPENDENT THEORY TO SEMI -CLASSICAL
THEORY OF RADIATION

We are quite interested in studying processes that emit or absorb a single photon. But for this,
the electromagnetic field must be quantised, which is covered in a more advanced course. As
a result, we must rely on the so-called semi-classical radiation theory in this course, which
treats the radiation field as a classical field. The interactions between the radiation field and
the particles are then represented by specific Hamiltonian interaction terms, which are dealt
with time-dependent perturbation theory. The particles and their Coulomb interactions are

handled in a quantum mechanical manner.
This is the reason the theory is known as a semi-classical radiation theory.

This semi classical treatment describes approximately but correctly the influence of an
external radiation on particles giving absorption and induced emission, but not the influence

of particles on the fields (spontaneous emission).

The theory will be semi-classical due to the fact that we shall treat the motion of the atoms to
be quantised and the electromagnetic field to be classical represented by continuous

potentials 4 and .

From the knowledge of classical electrodynamics, it is known that for transverse

electromagnetic waves the vector potential A satisfies the equations:

UTTARAKHAND OPEN UNIVERSITY, HALDWANI



ADVANCED QUANTUM MECHANICS MSCPH-512 66

VA - 58 =0
and divA=V-A=10

A typical plane wave-monochromatic solutions applicable to physical situations of equations

(1), representing a real potential with the real polarization vector ReA, = |A,| and

propagation vector k can be written as

Alr, D) = Age’CT 8 | gog~Wem-at) (2a)
= 2|Ag|cos(k - r — wt + a);
Ag = |Agle™ ..... (2b)

Equation (2a) is satisfied if ® = kc, k being magnitude of propagation vector k and (2b) is

satisfied if constant complex vector Ay is perpendicular to k.

The electric field associated with vector potential A (equation (1), $=0) is

B=—-S2 = ET“"|AD|sm(k.r EAE) e (3)

The intensity of radiation i.e., Flow of energy per unit area per second is given by well-

known Poynting's vector

(S

1
4

(E x B). (C.G.S.System) ... (4)

In free space |E| = |B| and E is normal to B. Thus, in free space (ExB) is a vector of

magnitude |E|*and direction k i.e.

4o :
i et | Ag*sin?(k - — wt + )

dr 2

Mean Poynting vector:
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__w2 3
I—%l 0|

[Since time averaged magnitude of sin®(k - r — wt + &) is 1 |

Fig.4.1

The first order correction to Hamiltonian for a charged particle interaction

with electromagnetic field is given by:

§ e S (Aep)= EA v
;’fﬂ ..... (6)
. ie [A. E-a.(k-r—iﬂ}+A # —'I-[k‘:l.'—hlﬂ] v

Assuming nth state as initial state, then Zero order perturbation equation for a final

state m becomes,

'ﬁ-a'(ﬂ{.t’:} - (Hbﬂ-t:}mﬂ !mmn!‘ where Wopn = Emﬁ_El
= Hj,e'lemn™@)t L gol gilemntalt (7)
where,
r Iﬂ.ﬁ. o kr
Hy, Yo e (A V) dr
' ieh ¥
Hpy = — [ €' (A0. V)Y, dr coee (8)

mec

If harmonic perturbation of frequency w is switched on at t=0, then equation (7) on

integration with respect to ¢ gives,
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1 ¢ : ¢ ;
’3‘5?11) {:t:} - E |: f H-rrnn'ﬂi{%p_w'}zdt + f H”mn'ﬂt[w”" +w}tdt
o 0

: g w0 e 9a
- 1 — eilums—w)t o 1 — gilimn 4 Ld)t { }
= (e — @) T e + )
: Em—En
using ey, = ——» We get,
ey — g {1—ef'iﬁ’m‘5ﬂ‘*“””f*‘} " {1—gf'iEm—En+am:rrr—.}
@ (0 = Ho (™ | P B e v (9)

Out of the two terms in equation (9) only one term at a time is to be considered.

If E, —E,—hw or E,, — E, = hw, the first term will be very large compared with the

second; but if

E,—E, +hworE,  —E, = —hw

L]

the second term will be large compared to first, while if neither of these conditions is satisfied,
the probability of transition is vanishingly small. This means that the transitions are probable

only if,
E,—E, = thw ... (10)

which is Bohr's frequency condition, which thus emerges as a deduction rather than a

postulate.

One of these two probability relates to radiation from the field being absorbed, and the other
to radiation being emitted by the field. It is rather amazing that we have energy quantization
even if we did not initially assume an electromagnetic field quantization. Equation (10)

makes the assumption that there is energy conservation between the particle and the field.

4.5.1 For Absorption

E

n

>E

n  the probability is maximum for e,,, = w or

mn

E, — E, = hw and first term of (9b) predominates while the second term is negligible. Thus,

for absorption
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(1) _ g {1_95':%:1:1— @}'f}
U (O) = Hon {00 e (11)
The probability of finding the system in m-state at the end of the interval 7 is
X 1
(1) 2 __ I 2 4 sin®Z [ty — R}t
la,, (D1 = |Hmpal { ﬁz{i}m“_m]z S (12)

Thus, for absorption the probability is proportional to |H _|>.

mn

We have just taken one frequency w into consideration thus far. Since the probability

|:1:|

la, " (t)|* is very small except when e,,, = w; the random motion of emitting and

mn
absorbing atoms produces a Doppler broadening of spectral lines and the radiation present in
the initial state has a continuum of frequencies. If the intensity in the smaller angular

frequency range Aw is I (w)Aw the magnitude of the Poynting vector is,

I (w)Aw = i |Agl* or Ao = E—TI[&;]&M ..... (13)
!

2me

Here Ay is the vector potential amplitude and characterises the frequency range.
The transition probability for absorption is,

(1) T Bre” + _ilks 2 min f{egy — w)t/ 2}
la, (D" = Z,—=—= I(w)Aw|f [ 2 et™™ grada ¢? dr|”. o ~.(14)

) . R
Lo — o

where gradA is the component of the gradient operator along the polarization
vector Ag. On account of being no phase relations between the radiation components of
different frequencies, the contributions to the probability from various frequency ranges are
additive. Each frequency range Ao in equation (14) can be made infinitesimal and then the
summation can be replaced by an integration. As the time factor has a sharp maximum at ® =

omn the other factors involving can be taken outside the integral and the limits on w can be
extended to +oo .By doing so the transition probability per unit time for an upward and

(absorption) becomes.
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1

i v B
[wﬂ-s *k’grad ‘i,f.llﬂl'f"rg w f} 511 {{wﬂ"-ﬂ_w?it}d{u

2

| | Bme

—I(w
micwt, —c0 (Worm — w)?
dr’e 0w _iler 0, |
e E—I{wﬂm] PYpe Tgradgypdr| 0 L., (15)
mécws,

R £ bi lt
since f - {{w “)3 } - dw = 2wt
o0 {{Wﬁnﬂ g J.'rz}

Where k = 2Zmn

4.5.2 For Emission

For emission or for the downward transition there is a similar result, the only difference being

that "™ is replaced by e “'®") i.e., the transition probability per unit time of a downward

transition E, ' % E, — hew) is given by,
1) i1 4?1’ . ik ]
5 agt}{t}‘ =4 — I{wnmf) /?,E gT&dA‘i,f)ﬂdT ..... (16)
'J'L'I'?’i!-

Where k = ”%

4.5.3 Interpretation of terms of absorption and emission

Equation (15) and (16) represent the transition probabilities of the particle per unit time

between stationary states under the influence of a classical radiation field.

Let us now interpret these expressions in terms of absorption and emission of quanta of
electromagnetic radiation by assuming that such quanta exist and provide the energy units of

the radiation field and that energy is conserved between the field and that particle.

In an upward transition the particle gains the amount of energy E,, — E,, under the influence

of angular frequency w The quantum energy of this radiation is E,, — E,, &% hew S0

mn ° mn o
that we may consider hat the upward transition of the particle is associated with the

absorption of the one quantum from the radiation field.

Similarly, the downward transition may be considered to be associated with emission of the

quantum whose energy corresponds to the frequency of the radiation field. According to
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equation (16) the transition probability of emission per unit time is proportional to the
intensity of the radiation present. The process of emission is therefore called the induced

emission.

If we rewrite equation (16) in terms of the reverse transition to that which appears in (15).
Equation (15) describes the transition from an initial lower state » to a final upper state m,
equation (16) can be made to describe the transition from an initial upper state m to a final

lower state n if n is replaced by m and m' by n. Then equation (16) takes the form

2
[ (e ) Vautan

e (17)

It can be seen that the integral is just negative of the complex conjugate of integral in (15).
The squares of magnitudes of both integrals in (15) and (17) are equal. This implies that the
transition probabilities of absorption and induced emission between any pair of states are the

same.

4.6 SUMMARY

In this unit, you have studied about adiabatic approximation, in which the perturbation is
turned on very slowly. Adiabatic approximation occurs in the collision of gas molecules. In
sudden approximation the Hamiltonian changes rapidly for a very short but finite time
interval. Also, you have understood that the transition probabilities of absorption and induced

emission between any pair of states are the same.

4.7 GLOSSARY

Perturbation — a deviation of a system caused by an outside influence
Adiabatic — The gradual change in the external conditions

Sudden — The quick change

Approximation — nearly same but not exact

Absorption — a process by which radiation is absorbed and converted into energy
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Emission — the process by which a higher energy quantum mechanical state of a particle
becomes converted to a lower one through the emission of a photon, resulting in the

production of light
Induced — to cause or produce
Transition — alteration of a physical system from one state or condition to another

Probability — something that is likely to happen
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4.10 TERMINAL QUESTIONS

Short Answer type question

1. Write Short notes on:
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1. Adiabatic approximation

ii.  Sudden approximation

2. On the basis of time dependent perturbation theory, briefly outline the theory of
emission and absorption in atomic systems.

3. Explain semi classical theory of radiation.

Long Answer type question

1. Give the theory of induced emission and absorption of radiation on the basis of time
dependent perturbation theory.

2. Develop the semi classical radiation theory and use it to determine the conditions for
allowed transitions.

3. Explain Adiabatic approximation in detail.

4. Explain Sudden approximation in detail.

5. Give an account of adiabatic and sudden approximations. Show that approximation
can be applied to the extra nuclear electron initially present in the hydrogen atom and

is superior to the other approximation methods that might be used.
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5.1 INTRODUCTION

Till now we have dealt with non-relativistic quantum mechanics. A free particle satisfying

Schrodinger equation has the non-relativistic energy E = p*/2m. Non-relativistic Quantum

Mechanics is applicable for particles with velocity much smaller than the velocity of light (v
<< ¢). But for relativistic particles, i.e., particles with velocity comparable to the velocity of
light (e.g., electrons in atomic orbits), we need to use relativistic Quantum Mechanics. For
relativistic Quantum Mechanics, we need to formulate a wave equation which is consistent
with relativistic transformations (Lorentz transformations) of special theory of relativity. A
characteristic feature of relativistic wave equations is that the spin of the particle is built into
the theory from the beginning and cannot be added afterwards. (Schrodinger equation does
not have any spin information; we need to separately add spin wave function.) it makes a
particular relativistic equation applicable to a particular kind of particle (with a specific spin)
i.e, a relativistic equation which describes scalar particle(spin=0) cannot be applied for a
fermion(spin=1/2) or vector particle(spin=1). Before discussion relativistic QM, let us briefly
summarise some features of special theory of relativity here. Specification of an instant of
time t and a point r = (X, y, z) of ordinary space defines a point in the space-time. We’ll use
the notation

af = (x%xtx%x%) or x* = (x%x") where, x®°=c¢t,u=10,1273

This notation is given for four vectors. Now if we consider two events in
space time (x%x'x*x?) and (x®+dx® xt+dxtx®+dx® x*+dx?) In three
dimensional space we define the distance between two points. We generalize the notion of
the distance between two points in space to the interval between two points in the space-time,
say, ds. For ds to be same for all observer (i.e., in all inertial frames), it must be invariant

under Lorentz transformations and rotations. The interval is defined as:

ds* = g,,dx"dx"

Where, g, is the metric of the space-time. In Minkowski space

guv =

coco -~
colo
ocLloo
Looo
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So,
ds® = (edt)® — ((dx1)* + ((dx*)* + ((dx*)*) = (cdt) * — (dr)*

Under Lorentz transformation x* transforms as x™ =AMx¥ where, A*, is a 4x4 matrix

representing the Lorentz transformation operator. For example, the operator for x! axis can be

given as:
y —¥vB 0 0
AA=|"¥YE ¥ 0 0
0 0 1 0
Q 0 0 1

Where, = v/c and 1/4/1— (v/c)® . Hence, the transformed coordinates under x! axis

represent:
ct = }-'(ct —le},xll =¥ (xl —Sctj,xlz = x:,xls = x*3
Problem: Prove that ds? is invariant.
Solution: ds'* = (edt')* — ((dx"")* + ((dx"*)* + ((dx'*)*)
=y (cdt — Bdx't)? — ¥y (edt — Bedt)® — (dx?)* — (dx?)?

Hence, ds's = ds*°

ds* is Lorentz invariant. It can be both positive and negative unlike spatial distance

which is always positive. If:
ds®> 0 ie., (cdt?) >(dr)?, the interval is called "time-like”
ds? <0 i.e., (cdt?) <(dr)?, the interval is called "space-like”

ds?=01i.e., (cdt®) =(dr)?, the interval is called "light-like”
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Covariant & Contravariant vectors: Any quantity which transforms like x* under Lorentz

transformation is called a contravariant vector while anything which transforms like % is
X

called covariant vector. General convention for contravariant vector is a* (i.e., is in the

superscript) and for covariant vector a, (i.e., x4 is in the subscript) i.e., ;—u = du . The inner
s

product of a covariant vector and a contravariant vector is a Lorentz invariant (i.e., scalar).
The relation between contra and covariant vectors is given as follows:

— E v
I“ - Huv:’r

¥
After implementing the convention of summation over repeated indices we can write the
above equation as x,, = g,,,x" where v can be repeated again and hence can be summed over.

— v

Similarly ¥*=g"*x,,. In Minkowski space g, = g"". So, we have

_ v _ 0 1 2 3 _ 0 _ .0
Xy = GouX = GppX T Gp1X T GooX" F GpaxX” = GppX =X

_ v o_ ) 1 2 3 _ 1_ .1
Xy = G1, X = GoX TG X" T gpxT T gpxT = gpyxT = —x

Similarly,
x, = —x° and x; = —x3

Differential Operators:
0 1 8 a8 o
6= 5 )

~axt \cadt'ax'ax? ax?
6“ = (0p,0,0,,03) = (EEJE)
cdt
Similarly,
g" = g™, = (ii’_ﬁj
cdt

The Lorentz invariant second order differential operator or the d’Alembertian operator is

given by following relation:

-

1 a- —

c2atd’

O=a,8" = ( v2)

As we know the relativistic mass mr = y m and energy E = m,c*= y mc?. The energy-

momentum 4-vector is p* = (E/c,p) where p = ymuv. So,
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5 - —y |:]-"?‘]’|C: : —. 5
p® = g,.p"p, =p*'p, = (E/c)* = (p)* = ) (ymd)?) = m2e?

G=
So, the relativistic energy momentum relation is given by:

E“=c"p~+m-c”

5.2 OBJECTIVES

Till now we have considered non-relativistic quantum mechanics and it is not applicable to
the phenomenon involving particles moving with relativistic velocities. Hence, it is desirable
to include the requirements imposed on our theory by the relativistic theory, at least required
by special theory of relativity which deals with inertial systems. Since the use of general
theory is not essential due to negligible gravitational field in atomic systems. This concept
can be imposed in two following ways:

1) Implementing the concepts of special theory of relativity,

2) Formulating quantum theory in Lorentz invariant form.

5.3 KLEIN-GORDON EQUATION

Schrodinger proposed a relativistic form of his non-relativistic equation (at the same time
when he developed his non-relativistic equation. Klein and Gordon developed this equation at
a later time and is known as Klein-Gordon equation. Schrodinger used the energymomentum

dispersion relation. Using the correspondence principle:

Go —

Hy =ih o (1)
The non-relativistic Schroedinger equation is

- L V2Y(r,t) = fh""“”;:’” )

Since transformations (under which the requirement of Special theory of relativity is invariant)

to be considered are linear transformations.

it =al.x 3)
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This leaves invariant metric tensor g,,,,

where gy, =022 = g33 = Gas = 1 and Gy =0 foru#v

v

_{lfaru=v
"o forusv

Equation (2) in tensor notations in Minkowski space (where Special theory of relativity treats

spatial and temporal variables) can be given as:

B @ @

Im dxt Ax"

W(x®) = —hesp(x%) )
Where, x* = ict

This equation is invariant under linear transformation of space co-ordinates alone, but not
invariant under Lorentz transformation in special relativity. Under these transformations this
equation can become of second order in new time coordinates and mixed space time second
order partial derivatives will appear. Such a result is not surprising since the Hamiltonian

used here was non-relativistic. This is due to the use of non-relativistic Hamiltonian.
H=E =+/c?p? + m?c* (%)
Schroedinger equation will become:
+[Jpr F ety = 2 (6)
t

There are two difficulties in the interpretation of above equation:

First related to interpret sign +. There is no problem in classical mechanics since
energy can continuously vary with a gap of 2mc? between lowest positive and highest
negative value. If any particle has any type of energy other can be ignored. But in quantum

mechanics energy can change discontinuously.
Second difficulty arises when +[/c*p* + m*c* |y = ih %,

We cannot interpret the square root of any operator & if we expand it binomially there will
be space and time derivative in unsymmetrical form, so it will not be Lorentz invariant & will

be difficult to solve. So Klein-Gordon modified this Schrodinger equation as:

dy
Hy = ih—
i =ih 3t
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. =0y 8HY
H Lﬁ—IhHE—ﬂi at
2, _ 28
Hy=—h*— (7)

Equation (7) is relativistic Schroedinger equation & also known as Klein-Gordon equation.

For relativistic free particle K.G. equation is:

(~h2c2V2 + m¥ctyy = —h2 22 ®)

This equation may be written as:

2 _iﬂ_z_ m- e —
[? et de? R )I'DI (9)
[O-Z2=]w=0 (10)
- 1 &° a & . , .
where, [1 = V* — SiE T aaas s called the D’ Alembertian operator.

In coordinate representation

LV é g 2 EN _mc
[g+ ok ):,.s;(x ) =0, where k=2 (11)

Problem: Derive continuity equation for the KG equation.

Solution: The KG equation describes the relativistic dynamics of a scalar particle. The plane

wave solution of the KG equation is
p(x) = Ne iEPT) 11(a)
Where, N is normalization constant and energy E can be both positive and negative.

Multiply above equation by ¢*(x) we get

6" () (22 -72) 6(x) = — 26" (D) 11(b)

= ae?

Taking the complex conjugate of equation (9) and post-multiply with ¢(x), which gives

g? dr?

(L = Exl)eb(x) — (T ())o() = ~EE 0 (D) 11©)
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Subtracting 11(c) from 11(b)

1 a° 1 8° . .
¢ () 57 ¢(x) — =70 (De(x) — (¢"(O)V” p(x) — p(x)V=¢") = 0
c* dt c* dt
Or 15 [ (¢ 52 =5 0)| + 7.5 (070 - (vor)0] = 0
Thus, %%p +V.j=0

Or d,*=0
This is the continuity equation for the KG equation where

= p =i(¢*%—aa—f¢)

2me ot

h

2im

And j = [2= (¢ Vb — (V)9

Recall the continuity equation for Schrodinger equation p is the probability density and j is

the probability current. Continuity equation has the interpretation of conservation of
probability. It tells that if the probability of finding a particle in some region decreases, the
probability of finding it outside that region increases, i.e., there is a flow of probability
current so that the total probability remains conserved. Since the KG eqn also satisfies the

same continuity equation, it is natural to interpret p as the probability density and j as the

probability current.

MAJOR PROBLEMS WITH K-G EQUATION

There are two major problems with the KG equations which have been listed below:

(1) The equation has both positive and negative energy solutions. The negative energy

solution poses a problem. For large p we can have large negative energy, i.e., the

system become unbounded from below. So, we can extract any arbitrary large amount
of energy from the system by pushing it into more and more negative energy states.
One may say, we truncate the physical space to be the positive energy states only i.e,
only E are physical. But then the eigenstates don’t form a complete basis states, (both

+ve and —ve energy states are Fourier modes of &); if we don’t have completeness
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relation, we cannot have superposition principle too i.e., we cannot expand a state in
the basis of ¢ and a perturbation may cause the system to jump to a negative energy
states. Since -ve energy states are valid solutions of the KG equation, we cannot stop

that. So, just interpreting negative energy states as nonphysical does not work.

(2) The second problem is associated with the probability density. Since p=2NZE, i.e. p is
negative if E is negative. But for interpretation of probability density it must be a
positive quantity. Though in QM, KG equation looks awkward at this moment, but in
QFT this is a valid equation for scalar (spin=0) particles. Feynman and Stiickelberg
interpreted the positive energy states as particles propagating forward in time and
negative energy states are propagating backward in time and thus represent
antiparticles propagating forward in time. But we’ll not discuss those developments

here.

5.4 DIRAC’S RELATIVISTIC EQUATION

The Dirac equation is a relativistic quantum mechanical wave equation for spin-1/2 particles
(e.g., electrons), which was derived by Dirac in 1928. The difficulties in finding a consistent
single-particle theory from the Klein—Gordon equation led Dirac to search for an equation

that

e had a positive-definite conserved probability density and

e was first order both in time and space

Dirac approached the problem of finding a relativistic wave equation:

Ay (r,t) = ih 200 (1)

dr

Dirac formulated an equation to avoid the difficulties arising in K.G. equations on basis of
requirements of Lorentz invariance which demand that an equation which is linear in H and
hence in E must be linear in p. Dirac assumed that the Hamiltonian H is linear in energy and

momentum. The simplest linearized Hamiltonian for a free particle is
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H=ca.p+ fmc? ()
Where a & B are independent of E & p (thus commutes with r).
Substituting H from (2) into (1)
— 2 . s a?i.'l:?‘_.r}
(ca.p+ fmc”) P(r,t) = Ih—ar (3)

dibirrt)
dr

[ca.(—ihV) + Bmc Jy(r,t) = ih
. Gy — 2
Or (zha + thea.V — ,BmC')J.,Lr[T,t] =0 4
For simplicity we can write E for ih% and p for —ihV thus, we get

(E—ca.p +Bmc*)Y(r,t) =0 5)

Also we can put @« = ia,+ ja,+ka, and p=ip, + jp, + kp, inequation (5)

[cc:r:l.pJE +ca,p, +ca.p; + ﬁmc:)lﬁr = Ey (6)
Where @, @ @ & B have following properties

E_ — CI; — ﬁle

() a; = a;

. _ _ N _
(i) ea.a, ta,a,=0a,a.taa,=0a.a,+a.a. =

(ihe.f + fa, = a,f +fa, =a.f+Ffa, =0

i.e., their squares are unity and; they anti-commute with one another in pairs.

Matrices for « and 8

83

The squares of all four matrices are unity; such that their eigenvalues are +1 and -1.

Arbitrarily taking £ as the matrix that is to be diagonalised, so that all +1 and -1

eigenvalues are grouped together. So, the matrix S can be expressed as:

Which is an abbreviation of
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coOo -~
co-a~o0o
oloo
Looo

All the four matrices a,, a,, @, &f are such that their squares are unity and

they anti-commute with each other in pairs. Since we know that Pauli’s spin matrices

also satisfy the above properties, given by:

0 1 [0 —i L o
ﬂf_[l n]’ ﬂ}'_[i u]’ ﬂx_[n —1]

Since a 2x2 matrix has four elements, so, there are only four independent 2x2 matrices.

Three of these areo,, g,,, .. The only other matrix linearly independent of these three is

Which is a unit matrix and therefore commutes rather than anti-commutes with every .

Now, we show that the Dirac Matrices must be even-dimensional.

Let’s take f as NxN diagonal matrix:

As =1, b =1,b, = +1(1,2,....N)
Also, since az = f*=1(k =X, y, z); deta, or detf # 0
This implies that matrices &, (k = x, v, z) and B has an inverse
Since B anti-commutes with each component of e, we have;
a.p+Pfa,=0
Or Ba,=—a,PB
Multiply with inverse of a, we get

cxiiﬁ a, = —f
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Taking trace on both sides

Trace(a, B a,) = —Trace f8 since, Trace (ABC)=Trace (CAB)
Thus, Trace (B) = -Trace (B) or, Trace (f)=0

Similarly, Trace (e, )=0

Thus, this shows that the trace of each of the matrices must be zero. Also we know that
Dirac matrices must be even dimensional. Therefore, we cannot use 3x3 matrices. The

next simplest choice is 4x4 matrices.

As the eigenvalues of all four matrices are +1 and -1. We can arbitrarily take B as

grouped matrices of =1 eigenvalues:

I n]
= [u —I
10 0 O
B= 01 0 O
00 -1 0
00 0 A1
As B anti-commutes with @ we have
a.p+Pfa,=0

The, jl element of which is(a,) ;(B; + B,) = 0; here, if ;= B, then (a,.);; = 0 whereas,

if B; and [5; have opposite signs then, (a,) ;1 need not to be zero. Therefore,

Where, @,, has m rows and n columns while @,, has n rows and m columns. Also

square of a,, is unit matrix.

Or a, @, =1and a,a, =1, but no two matrices exit that satisfy this condition

simultaneously if m # n. Therefore, we must have m=n=2 for 4x4 matrix. It is apparent

that a, and & can be taken in similar form.

Using Pauli’s spin matrices:
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00 0 1
o 2[0 cfx]z 00 1 0
= o, 0 0 1 0 0

1 0 0 0
Similarly,

0 0 0 —i
o 2[” Jy]z 00 i O
¥ a, 0 0O —i 0 0

i 0 0 0
And,

00 1 0
“ =[ﬂ ﬂz]: 00 0 —1
= la. 0 1 0 00

0 -1 0 0

The four components of i's : If the Dirac operators are to involve 4x4 matrices. Then

the Dirac operands must have the four components, that is Dirac 3¢ function, must have

the form
Py
L
Y=y,
Y,

where each of four components is an ordinary function of X, y, z and t. The time
dependence of a Dirac pertaining to a system whose Hamiltonian is H is determined

through the equation

Hy = ih %
Wy d, /d
o
A ay, /ot
The Dirac Equation:

The equation Hy» = E1f» can now be written as

(ca.p + Bmc ) = Eyr
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To write it in more explicit form we replace & and § by specific matrices using Y with

four component column symbol.

mc? 0 Pz c(Pe — Py )1, Yy

0 mec® c(p, + ip,) —cp; I I F7/N
Pz c(p. — ip,) —me* 0 W3 ¥
C‘{px + ipy.j —CP: 0 —mc? w4 wf.l

So that this equation reduces to the four simultaneous equations
(me*)y +ep,y +e(p, —ip, ), = Ep,
(mc®), + cpiy +c(p, —ip, )05 = E,
(=me*); + ep, +e(p, +ip, )@, = EY,
(—mc®)y + cp, +c(p, +ip, ), = B,
These equations may also be expressed as follows:

{(E — me*)y, — ep.p; — e(p, — ip, ), = 0}
{(E — me* ), — c(p, + ip, W5 + cp.p, = 0}
{(E +me®)py — ep @, — c(p, — ip, )W, = 0}
((E + me* )y, +c(p, —ip, W, — cp. ¥, =0}

Finally we can replace p, by — ih :—x and get:
, d d d
(E— mc™)yy + ihc%-} ihc(a— iﬂ_}r]l’&“ =0

N d d d
(E — mc*)y, +ihc (——1— i —) Py — i‘ﬂc& =0
“ dx dy

. ey, 8 3.
(E+me“)y; + Ith-J-Ihc[E— IE P, =0
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oy,
2 _p
dz

, d d
(E +me* )y, + ihe (a + ia)lﬂl —ihe

Problem: If @ represents three Dirac matrices a,, @, o, and B and C are usual three

dimensional vectors, then show that

(a.B)(a.C)=B.C+ig'.BxC

=

Where, &' = |7 9 is a 4x4 matrix. & being a 2x2 matrices.
0 o £

Solution: (a.B)(a.C) = (a,B, +a,B, +a_B_ )(a,C, + a,C, +a_C,)

= a-B.C, +alB,C,+ a’B.C.+a.a,(B.C,— B,C.)+a,a(B,C.—B.C,)
+a_a(B.C. —B.C.)

Since, a,.a, = —a,a,etc.
Also,a} =a;, =a =1
-2 5l B1-1T o)
But, Gty = [cra. 0lle, 0ol L0 oo
j 1] 0
[5 8)- 2l
0 iog, 0 o
Similarly, e, @, = io, and a. a, = ig,
g, o, a,
Thus, (@.B)(a.C)=B.C+i|B, B, B,
c. €, C.

=B.C+ic'.BXC

Problem: If & and P are Dirac matrices, prove that

. 1
(1) a, = E[rxxcx}., a,]

(i) a.a,a, = [a.a,a.pB, B]

(ii)Trace(a.B)(a .C) = 4 B.C
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Solution: If & = (ax, a az) and P are Dirac matrices, then they must obey following

l}:!

properties:

1. The squares of all matrices is unity

2. All four matrices anticommute in pairs
a.a, = —a,.a.etc.

(i) We have [a

a:}.]z .00 0, — @, C

Ia.‘r"’ y¥ow ¥ ¥

=a.a) ta.a,a,
=a.a, ta.a, =a, t+a,

Therefore, e, =

(11) [ﬂxﬂf}.ﬂfzﬁ, .IB] =a, ﬂf}.ﬂfzﬁ .IR_ ﬁa:xcx}.a:zﬁ
= a:x:x}_cxgﬁ: +fa,a,a,

=Z2a.a. o,

¥

1
Therefore, a,a,a.= 3 [a.a,a_B.5]

(i) If @, a,, a_ are Cartesian components of @ and similarly B and C have Cartesian

components, then we have

(a.B)(@.C) = (a,B, + a,B,+ a_B,)(a,C, +a,C, +a.l,)

= a-B.C, +alB,C,+ a’B.C.+a.a,(B.C,— B,C.)+a,a(B,C.—B.C,)
+a_a(B.C. —B.C.)

b
Il
2
P
Il
2
1 b
Il
o R Y e R ]

Since, e

oD D O
[ T e
[l e e

|l e
[ e e
[ T e
== R T o
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0o 0 1 070 0 0 1 0 1 o0 0
wa =00 0 —1flo 0 1 0of_|-1 0 0 0
= 1 0 o oj|j0o 1 0 O o 0 o 1
0 -1 0 041 0 O O 00 -1 0
0 0 0 1 0 ¢« 0 0O
R i n 0 o0 —1 _|li o0 0o o
yo= o —i 0 0 EI o o o 0 0 i
{ 0 0 0 0 0 0 i O
Substituting these values we get
1 0 0 0
— {0 1 0 O
(a.B)(a'.C) = 00 1 0 (B.C.+ B,C,+ B.C.)
0 0 0 1
i 0 0 l:l o 1 0 0
0 —i l:l -1 0 0 0
+ 0 0 ( By{".r)—]_ 00 0 1 [Bzcx_B.rCz]
-0 0 EI —i o 0 -1 0
0 ¢ 0 0
i 0 0 0
+ o 0 0 i (— )
0 0 ¢ O

As the Trace of a matrix is the sum of its diagonal terms, we now have
Trace (@.B)(a.C) = 4((B.C, + B,C, +B.C.)+0+0+0

=4B.C

5.5 DIRAC’S FREE PARTICLE SOLUTION OR PLANE
WAVE SOLUTIONS

The wave function y has four components and the Dirac equation is exactly a set of 4 first

order linear partial differential equations. The plane wave solutions have the form:
P;(r.t) = Lt}-ei':k‘”_”r:' e (D)
where, j=1,2,3.,4

u; are numbers
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Making substitutions in Dirac’s equation, we get
{(E— mc®u, — cpu; —c(p, —ipy)uy = 0}
{(E — mc®u, —clp, +ipy)us + cpu, = 0}

{(E+mcPuy —ep,uy — elp, — ip},)tr,: = 0}

{(E+mcHuy + c(p, —ip, Ju, —cpu, =0} ....Q2)
(E — mc?) 0 —cp, —e(p, — z'p}_)
0 (E — mc?) —c(p, + ipj.) €p, o
—cp, —c(p.—ipy)  (E+mc?) 0
_E[Px _|_ IP},) cpg 0 (E + ]'TE.C:)
Or (E*— m*c*— c*p?)* =0 ....(3)

This is in agreement with momentum energy relation for a free particle.
Or E =+(p?c?+ michl/?
1.e., the relation between E & p is in agreement with Schrodinger picture.
Hence, we can assign numerical values of two of u’s. At first we take:
E, = +(p2c? + mic*)/?
There are two linearly independent solutions that can be given as:

cp, _c(p. +ip,)

., =lLu, =0, =————, u, =
1 » 2 » 3 B 4 5
E, + mc- E, +mc-

c(p.—ip,) _  —cp; (d)

u, =0,n,=1,u, = L, =
1 P2 r 3 4 »tla P
E, +mc- E, +mc*

Similarly if we choose the negative square root
E = _(pzc: + ﬂ"l!-: c-—]-jl.-'r:’

We obtain two new solutions from first two equation of (2)
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ep cipy— ipy)
= —=2— y,=—>—% y.=1u,=0
E_—mc*® = E_—mc
...(5)
c(p. — ipy) —Cp:
Wy =———" Uy =, Uy =0u, =1
E_—mc* = E_—me-

Each of these solutions can be normalized
wry= 1

# 4 4 L g —
wity Fusi, Fuglig +uiu, =1

) C: 3: C 3 +
N2 l1soz P:_ ‘(. +p,° 9] _
(E; +mc?)? [E.’+ + mc?)?
7 3 -1/2
€
Thus, N=]|1 +p—,.,.
(Ey + me*)”

PROBABILITY DENSITY AND CURRENT DENSITY

Let us check whether the Dirac equation leads to the correct probability density. The Dirac

equation for free particle is given as
(E—ca.p— Bmc* )y =0,

Where E and p are operators given by

E=ih—,
"ot
p = —ihV
So,
(=22 + ihcd. v — fmc®y) = 0, (1)

A Hermitian conjugate equation gives (—ihaa—?‘i_ — iheVi T a — J,ErTﬁ’mcjj =0 (2)

Recall @ and 8 are Hermitian. Multiplying (1) on left by 1T and (2) on right by .
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(et 2+ iheyTa. vy — me*pTpy) = 0
alﬂT -+ =3
—ih 'S Y — itheVyT.ay —me*YTyY | =0
On subtracting,
d 3
(f*ﬂE (T) + ihc‘?.(:,&rTcxl,ﬂr]) =0
This equation may be expressed as
d T Teer .
(5:@™) +v.pteay)) =0
Comparing this equation with equation of continuity Z—J: + V.5 = 0,we get
Probability density P(r,t) = (¢ T1)

And Current density §(r,t) = (@ Tcay)

This expression for probability density is familiar. The current density expression looks more

plausible if we note ca is the velocity of the particle in usual sense

d - , -
fhﬂ_i = [x,H] = [x,ca.p + fmc*] = ihca

Since [x,p] = 2h

Therefore,

dx
dar

-
= Cca

This implies however, that the Eigen values of velocity operator are ca. This result is often

attributed to Zitterhewegung and interpreted by uncertainty principle. A very precise
measurement of instantaneous velocity (distinct from momentum in the relativity theory)
requires the accurate measurement of the position of the particle at two slightly different

times. Such accurate position measurements imply that the momentum of the particle is
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completely unknown, so that very large momenta of the particle become possible and large

velocities result.

5.6 NEGATIVE ENERGY STATE OF ELECTRON: THEORY OF
POSITRON

Dirac equation in electromagnetic field is given as:
[E — e¢p — a.(cp —ed) — Bmc*]y=0 (1)

This equation may be written as four equivalent equations, two corresponding to positive
energy states and two corresponding to negative energy states of the particle. On physical
grounds negative energy states can be ignored according to classical mechanics but according
to quantum mechanics, since energy changes takes place discontinuously and the transition
from positive to negative energy states and vice versa are possible. Assuming o to be real and

B to be purely imaginary or zero, complex conjugate of equation (1) can be given as:
[(—E — e¢) — a.(—cp — eA) + fmc*] ¢*=0
[(E +ep) — a.(—cp+ eAd)— Bmc*]y=0 )
Where, E = ih% and p = (AV
Solution of y from (1) belongs to negative value of (E — eg), &
Solution of ¢* from (2) belongs to positive value of (E + e¢)

Which means that operator in (2) is obtained if one substitutes -e instead of e in equation (1).
Thus, the negative solution of (1) refers to motion of new kind of particle having mass of an
electron but opposite charge. Such particles have been produced during experiments and are
termed as positrons. We cannot however assert that the negative energy solutions represent
positrons, as this would make the dynamical relations all wrong. For instance is it certainly
not true that a positron has a negative kinetic energy. We must therefore establish the theory

of positron on a somewhat different aspect.
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Dirac proposed that nearly all the negative energy states are occupied with one
electron in each state in accordance with Pauli Exclusion Principle and there are no positive
energy electrons; so that electrons can no longer reduce in their energy as all the negative
energy states are full. This explains the ground state definition of a field to be vacuum state in
the new assumption. Thus the normal state of vacuum consists of an infinite density of
negative energy electrons. It is assumed that there are no electromagnetic or gravitational
effects of these electrons but the deviations from the normal state produced by emptying one
or more the negative energy states can be observed.

Evidently Dirac Relativistic equation gives two regions of the continuous energy spectrum
of a free electron

e 3
E=1c*p*+m?c?

For minimum energy of electron p=0; therefore when these direct electrons are addressed
the energy difference between positive and negative energy states is separated by a gap
equals to 2mc?. Both in the positive and negative energy states, the electrons can take
continuous values of energy states, upto infinity. The positive branch of energy is similar to
the classical relativistic energy; but the negative energy is energy states of electron has no
classical analog.

Now the transition from negative energy states to positive energy states will create
an unoccupied negative energy states. Physically this unoccupied negative energy state will
now appear as something with a positive energy, since to make it disappear or to fill it up we
should have to add to it an electron with negative energy. These unoccupied negative

energy states are called holes or positrons.

+00 states

@ electron ®

A

2mc

v
O holes O

- 0o states

Fig.5.1 Dirac’s picture of positive and negative energy states of electron
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Thus the absence of a negative energy electron with spin up is equivalent to the
presence of a positive energy and positively charged "hole" with spin down. So, "hole"
represents the antiparticle of the electron (i.e, positron). So, the unfilled negative energy
states according to Dirac, represent positive energy antiparticles. Thus in order to give
stability to the +ve energy states, Dirac predicted the existence of positron(Actually, when
Dirac wrote this equation, positron was not known and he thought proton which is a
positively charged particle might be the antiparticle of electron!). Anderson discovered
positron in 1932 to win the Nobel Prize.

The assumptions require there to be a distribution of electrons of infinite density
everywhere in the well. A perfect vacuum is a region where all the states of positive energy
are unoccupied. In a perfect vacuum, Maxwell’s equation

VE=10
Must, of course, be valid. This means that the infinite distribution of negative energy
electrons does not contribute to the electron field. Only departure from the distribution in
vacuum will contribute to the electronic density po in Maxwell equation.
V.E = 4mp,

Thus, there will be a contribution —e for each occupied state of positive energy and a
contribution of e for each unoccupied state of negative energy.

Dirac required considering infinite number of electrons filling up the negative energy
states to describe a stable "single" electron with positive energy. So, in that sense, it is no-
longer a "single-particle" theory! Exciting a negative energy electron to a positive energy
state, ie. Creating a physical electron from the vacuum also creates a "hole" in the Dirac sea
or a positive energy positron, which corresponds to the process of creating an e—e+ pair!
Appropriate theory to describe the particle creations or destruction is the Quantum Field
Theory Dirac’s theory thus suggests moving to quantum field theory.

This at once leads to the conclusion that in the collision of an electron with a positron, the
calculation of this process on the Dirac theory of the positron, where the positron is
considered as an unoccupied state of negative energy, would lead to a result different from
that which we should get if we did the calculation considering the positron as an independent
positively charged particle in a state of positive energy whose behaviour is described by the

Dirac equation.

It is possible for a negative energy electron to absorb radiation and be excited into a positive

energy state. In this process we observe an electron of charge —e and energy +E and in
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addition a hole in the negative energy sea. The hole shows absence of an electron of charge —
e and energy +E i.e. positron. It is called pair production on the basis of the hole theory.
Correspondingly electron jumps in the negative energy sea with emission of radiation and

leads to electron-positron annihilation.

Dirac equation predicts the correct hydrogen-atom energy spectrum and g value of the
electron to high accuracy. Moreover positron predicted by the theory has been experimentally
observed. This theory gives the existence of antiparticles as well as particles. The particles
are described by positive energy solution for Dirac equation and in present case are electrons
of mass m and charge —e, the antiparticles are described by negative energy solution; and in

the present instance are positrons of mass m and charge +e.

Thus, the hole theory results to a new fundamental symmetry in nature “To each particle
there is an antiparticle and in particular the existence of electrons implies the existence of

positrons.”

5.7SUMMARY

Schrodinger proposed a relativistic form of his non-relativistic equation (at the same time
when he developed his non-relativistic equation. This equation was further developed by
Klein and Gordon known as Klein-Gordon equation. Here we have discussed only free
relativistic equations. If we consider Dirac equation in for hydrogen atom (i.e., Dirac
equation in central potential), the fine structures are observed in the energy eigenvalues. One
can also include interaction with radiations by introducing the gauge fields. Along with this
theory of positron or negative energy state of electron has also been discussed. The reverse
process would consist in creation of an electron and a positron from electromagnetic radiation

as elaborated above.
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5.8 GLOSSARY

Interpret- clarify
Confined- restricted
Undergo- suffer
Maintain- sustain
Interactions- exchanges

Equivalent- equal to something
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2. Advanced Quantum Mechanics, B.S. Rajput, Pragati Prakashan

5.11 TERMINAL QUESTIONS

1.Derive the Klien Gordon equation and apply it to a particle in the Coulombian field.
2. Derive the Klien Gordon relativistic wave equation of a free particle. Determine the current
density and probability density. Also give the shortcomings of Klien Gordon equations.

3. Discuss Dirac’s relativistic equation for free particle. If @ are Dirac’s matrices, prove that
trace (& B)(@.C) = 4B.C

Where, B and C are three dimensional vectors.
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3. Using Dirac’s equations obtain the energies of the bound states of the hydrogen atom and
discuss the hyperfine splitting of first two levels.
4. (a) Show that L=r x p does not commute with the free particle’s Dirac Hamiltonian. While

J=L+S does where,

4
ar

(b) Evaluate (&. B )(a. c )

-+ 1 3
s=-hZ=

I

5. (a) Show that the probability is indefinite in relativistic Klein-Gordan theory.
(b) How did Dirac overcome this?
(c ) Can you neglect the negative energy state solutions of the Dirac equations.

6.Explain the following:
(a) Dirac particle has spin é

(b) Spin-orbit energy is a consequence of Dirac equation.
7. Find the solution of Klein-Gordon equation and interpret the charge and current densities
associated with it.
8. Derive Dirac’s relativistic wave equation. Obtain from it the equation of continuity. Hence
define the probability and current densities.

9. Explain how Dirac arrived at a linear equation starting from the relation

2 = ¢2p? + m2c*
10. Show that a particle obeying the Dirac equation is endowed with a spin momentum.
11. Write short notes on:

(a) Klein-Gordon equation

(b) Dirac matrices

(c) Dirac equation and electron spin

(d) Negative energy states of an electron.
12. Show how Dirac’s relativistic wave equation for an electron leads to the theory of
positrons.
13. Dirac wrote Hamiltonian for free particle as

H =ca.p + fmc®
What are the reasons to choose @ and P as 4x4 matrices with elements

independent of position and momentum of the particle?
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SPIN THEORY
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6.4 Spin of Electron

6.4.1 Stern-Gerlach Experiment

6.4.2 Mathematical Formulation of Spin

6.4.3 The Pauli Matrices

6.5 Magnetic Moment of an Electron due to Spin

6.6 Energy values in a coulomb potential

6.7 Summary
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6.9 References

6.10 Suggested Readings
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6.1 INTRODUCTION

Spin theory plays a very fundamental role in particle physics and it is an important "tool” to
gain insight especially into the theory of strong interactions or the colour force between
gluons and quarks, the building blocks of hadrons. The spin property is peculiar to quantum
theories. It is not predicted by the non-relativistic theory, but inserted” by hand” to explain

experimental facts. In a relativistic approach it is however an automatic and inherent property

6.2 OBJECTIVES

After studying thus unit, you should be able to-

e Understand anti-particles and negative energy state of electron
e Explain the spin of the electron
e Explain Pauli matrices and magnetic moment of an electron due to spin

e Understand the energy values in a coulomb potential

6.3 WHAT ARE ANTI PARTICLES?

In the standard model for describing fundamental particles and interactions, every particle has
an antiparticle. For example, the positron is the antiparticle of the electron. It has identical
mass, but has a positive charge. If an electron encounters a positron, they annihilate with the
transformation of their mass energies into two gamma rays. However, to better understand

the concept, let’s discuss it firstly from the perspective of time.

Consider a structureless point particle. Classically, its kinematical state at any time ¢ consists
simply of the three components of its three-position z(z). We assume that z(?) is a continuous
function of ¢ that is sufficiently differentiable for our purposes. In special relativity, we form

the four-position z# of the particle:

;= (t, z),
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where we shall always use units in which ¢ = /. The continuous function z(?) specifies the
path of the particle in Minkowski spacetime-its worldline. To parameterize its "length", in a

Lorentz-invariant way, we consider an infinitesimal differential element of the path,

dzu (1) = (dt, dz(1)),

where dz() is the infinitesimal change in position z(?) in the infinitesimal time interval from ¢

to t + dt. We now consider the Lorentz-invariant quantity
dr?(t) = d2*(t)dz,(t) = dt* —d2*(t) ...(1)

where we employ a (+, —, —, —) metric. What we would like to do is define a quantity dz(?)
that would provide a measure of "length" along the worldline. But the Lorentz-invariant
expression (1) involves not dr, but rather the square of dt. Thus, dt can only be defined up to

a sign:

dr=ti/dzFdzy, (2]

To investigate the meaning of this ambiguity in the sense of dt, let us consider the special
case in which the particle is instantaneously at rest, with respect to our own inertial

coordinate system:

In this case, we find
dT = =+dt

The solution dT = dt for a particle at rest is the one usually presented in introductory texts on
special relativity: such a dt is obviously equal to the passage of time as measured in the

instantaneous rest frame of the particle. For a particle undergoing arbitrary relativistic motion,
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we assume that the particle itself possesses its own "cumulative time" or "age", which we

term the proper time, that can be calculated by summing up all of the dr along its worldline:

T(€) = /gj dr

where T (E) is the proper time at event E on the worldline, and where the event £y on the
worldline defines the (arbitrary) origin of 7. Since the worldline of any classical particle
passes through each constant- t hyperplane once and only once, we can replace the events £
and Ey by their corresponding coordinate times t and to, and hence determine 7 as a function

of t:

5 dr k 1
T(t) = dt! — = dt’
W= 5 =] ¥ @

.. (3)

where we have made use of Eq. (1):

d;it) :\/1_ (di(?) Emz%.

when the speed v of the particle is much smaller than the speed of light, the factor p(?) is
close to unity, and the passage of proper time is indistinguishable from that of coordinate
time; but if the particle's motion is such that its speed rises to an appreciable fraction of the
speed of light, the factor p(?) rises above unity, and the particle "ages" more slowly. In all
cases, however, the particle gets older: special relativity only seems to modify the rate; it

warps our view of the world, but it does not throw it into reverse.

Let us now consider the other solution in Eq. (2) for a particle at rest, namely,

dt =—dt.
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Even to a student possessing a good knowledge of special relativity, Eq. (4) does not look
familiar at all. It seems to imply that a particle at rest with respect to our Lorentz coordinate
system might somehow believe that time evolves in the opposite direction to what we do! For
example, if we determine that some spacetime event E' is definitely earlier than another event
E"” (i.e., E' lies within the backward light cone of E”), then a particle whose own "proper
time" obeys (4) would insist, to the contrary, that E' is definitely later than E” (i.e., from the

particle's point of view, E’ lies within the forward light cone of E”).

The problem is that, by the principles of relativity, such a particle is just as valid an observer
of the universe as we are: it agrees with us that the speed of light is unity in all inertial frames.
We have no physically acceptable justification for dismissing its counterintuitive view of the
world. We must conclude that both of the solutions (2) are equally valid definitions of the

passage of proper time.

Stueckelberg and Feynman made the following realisation: a particle for which dz evolves in
the opposite sense to the df in our particular Lorentz frame of reference is simply in
antiparticle motion with respect to us. Of course, there are no classical forces that can change
"particle motion" into "antiparticle motion" - the two regimes are as disjoint as the interiors of
the forward and backward lightcones; but, even classically, this does not bar the possibility

that a particle might have always been in antiparticle motion.

Following this argument to its logical conclusion, it could be noted that there is a similar
ambiguity of sign when parameterizing path lengths in Euclidean space, since there the

invariant interval is also squared:

dP = dz’
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and hence we could equally well measure length one way along the path, or in the opposite
way. But we are already used to the idea that, at a fundamental level, travelling to the left is
no more difficult than travelling to the right. The crucial difference in Minkowski space is
precisely the fact that classical forces do not reverse the sense in which "time is traversed";
our intuition with Galilean mechanics is rooted firmly in the belief that everyone agrees on
the direction that time is travelling. Relativistically boosting to another frame of reference
"warps" the rate at which clocks tick, but it does not reverse it; in contrast, time-reversal is a
discrete symmetry, and cannot be brought into contact with "intuitive" physics by a

continuous transformation.

6.3.1 NEGATIVE ENERGY STATE OF ELECTRON

We have Dirac equation in electromagnetic field as:
[E—ep—a-(cp—eA)—Bmc*|ypy=0 ...(1)

This equation may be written as four equivalent equations, two corresponding to positive
energy and the remaining two corresponding to negative energy states of the particle.
According to classical mechanics negative energy states can be excluded on physical grounds;
but according to quantum mechanics, it is not so because energy changes take place
discontinuously and the transition from positive to negative energy states and vice-versa are

possible.

If equation (1) is expressed as a matrix equation assuming all the elements of matrices
representing ox, 0y, 0 to be real and all those of matrix representing 3 to be purely imaginary

or zero, then if we take complex conjugate of (1) remembering

E = iﬁ.% and p = —ihV

we get,

[(_E —ep) —a-(—cp —eA) +ﬁmc2]1,b* =]
[E+eg] — - (cp+eh) — fmc|y" =0 ...(2)
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Thus, each solution of the wave-equation (1) has for its complex conjugate a solution of (2).
Further if the solution y of (1) belongs to a negative value for (E — ed) the corresponding
solution y* of equation (2) will belong to a positive energy for (E + ed). But the operator in
equation (2) is just what one would get if one substitutes —e for e in the operator of (1). It
follows that each negative energy solution of the wave-equation is obtained from (1) by
substitution of —e for e. Thus, the latter solution represents an electron of charge +e (instead

of — ve as we had up to the present) moving through the given electromagnetic field.

Thus, the unwanted solution of (1) is connected with the motion of an electron of charge +e.
[It is not possible, of course with an arbitrary electromagnetic field, to separate the solution of
(1) definitely into those referring to positive and those referring to negative values for (E —
ed), as such a separation would imply the transitions from one kind to the other do not occur.
The preceding discussion is therefore only a rough one, applying to the case when such a

separation is approximately possible].

In this way we are led to infer that the negative energy solutions of (1) refer to the motion of
a new kind of particle having the mass of an electron and opposite charge. Such particles
have been observed experimentally and are called positrons. We cannot however assert that
the negative energy solutions represent positrons, as this would make the dynamical relations
all wrong. For instance, is it certainly not true that a positron has a negative kinetic energy.

We must therefore establish the theory of positron on a somewhat different footing.

Dirac proposed that nearly all the negative energy states are occupied with one electron in
each state in accordance with Pauli exclusion principle and there are no positive energy
electrons; so that electrons can no longer reduce their energy as all the negative energy states
are full. This explains the ground state definition of a field to be vacuum state in the new
definition. Thus, the normal state of vacuum consists of an infinite density of negative energy
electrons. It is assumed that there are no electromagnetic or gravitational effects of these
electrons but the deviations from the normal state Fig. 6.1 Dirac picture of positive and
negative energy produced by emptying one or more of the negative energy states can be

observed.
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Fig. 6.1

Evidently Dirac relativistic equation gives two regions of the continuous energy spectrum of

a free electron
E=+,/(p*c® + m*c?)

For minimum energy of electron p=0; therefore, when these Dirac electrons are at rest, the
energy difference between positive and negative energy states is separated by a gap negative
energy state, the electrons can take continuous values of energy states, up to infinity. The
positive branch of energy is similar to the classical relativistic energy; but the negative energy

states of a free electron have no classical analogue.

Now the transition from negative energy state to positive energy state will create an
unoccupied negative energy state. Physically this unoccupied negative energy state will now
appear as something with a negative energy. These unoccupied negative energy states are

called holes or positrons.
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The assumptions require there to be a distribution of electrons of infinite density everywhere
in the well. A perfect vacuum is a region where all the states of positive energy are
unoccupied and all those of negative energy are occupied. In a perfect vacuum, Maxwell's

equation

must, of course, be valid. This means that the infinite distribution of negative energy
electrons does not contribute to the electron field. Only departure from the distribution in a

vacuum will contribute to the electric density po in Maxwell equation.

V- E = 4npo

Thus, there will be a contribution -e¢ for each occupied state of positive energy and a

contribution of e for each unoccupied state of negative energy.

The exclusion principle will operate to prevent a positive energy electron ordinarily from
making transitions to states of negative energy. It will be still possible for such an electron to
drop into an occupied state of negative energy. In this case we should have an electron and
positron disappearing simultaneously, their energy being emitted in the form of radiation. The
reverse process would consist in the creation of an electron and a positron from

electromagnetic radiation.

It is possible for a negative energy electron to absorb radiation and be excited into a positive-
energy state as shown in Fig.6.1. In this process we observe an electron of charge —|e| and
energy + E and in addition a hole in the negative energy sea. The hole shows the absence of
an electron of charge —|e| and energy +E; that is the positron. It is called pair production on
the basis of the hole theory. Correspondingly electron jumps in the negative energy sea with

emission of radiation and lead to electron-positron annihilation.
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Dirac equation predicts the correct hydrogen-atom energy spectrum and g value of the
electron to high accuracy. Moreover, the positron predicted by the theory has been
experimentally observed. This theory gives the existence of antiparticles as well as particles.
The particles are described by positive energy solution for Dirac equation and in the present
case are electrons of mass m and charge —|e|, the antiparticles are described by negative

energy solution; and in the present instance are positrons of mass m and charge +e|.

Thus, the hole theory results to a new fundamental symmetry in nature "To each particle
there is an antiparticle and in particular the existence of electrons implies the existence of

electron implies the existence of positrons.

6.4 SPIN OF ELECTRON

In 1922, at a time, the hydrogen atom was thought to be understood completely in terms of
Bohr's atom model, two assistants at the University of Frankfurt, Otto Stern and Walther
Gerlach, performed an experiment which showed that the electrons carry some intrinsic
angular momentum, the spin, which is quantized in two distinct levels. This was one of the
most important experiments done in the twentieth century, as its consequences allowed for

many interesting experimental and theoretical applications.

6.4.1 Stern-Gerlach Experiment

In the Stern-Gerlach experiment silver atoms, carrying no orbital angular momentum but with
a single electron opening up a new s-orbital 2(1=0), were sent through a special magnet which
generates an inhomogeneous magnetic field, see Fig. 6.2. The properties of the silver atom in
this state are such that the atom takes over the intrinsic angular momentum, i.e., spin, of this

outermost single electron.
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Fig. 6.2: Stern-Gerlach Experiment: The inhomogeneous magnetic field exerts a force on the
silver atoms, depending on the spin z-component. Classically a continuous distribution is

expected, but the experiment reveals only two values of the spin z-component

The inhomogeneity of the magnetic field causes a force acting on the magnetic dipole in

addition to the torque
F=_-VV =V(iB),

where V' = H if the particle is at rest. Since the force depends on the value of the spin, it can
be used to separate different spins. Classically, the prediction would be a continuous
distribution, bounded by two values, representing spins parallel and antiparallel to the
direction of the magnetic field. All the spins which are not perfectly (anti-)aligned with the
magnetic field would be expected to have components in that direction that lie in between
these maximal and minimal values. We can write the magnetic field as a homogeneous and

an inhomogeneous part, such that it is oriented parallel to the z-axis, i.e., Bx = By-,
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B = B.&, = (Buom + 02)&,.

The force can then be expressed via the z-component of the spin S" which in the
quantum mechanical formalism will be an operator

Fy = 0%S;.

The separation of the particles with different spin then reveals experimentally the eigenvalues

of this operator.

The result of the experiment shows that the particles are equally distributed among two
possible values of the spin z-component, half of the particles end up at the upper spot ("spin
up"), the other half at the lower spot ("spin down"). Spin is a angular momentum observable,
where the degeneracy of a given eigenvalue / is (2/+1). Since we observe two possible
eigenvalues for the spin z-component (or any other direction chosen), see Fig. 6.3, we

conclude the following value for s

2s+1=2=s=

13| =
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Figure 6.3: Spin % : The spin component in a given direction, usually the zdirection, of a spin % particle is always found in

either the eigenstate " T " with eigenvalue +% or" | " with eigenvalue f%.

Result: Two additional quantum numbers are needed to characterise the nature of the

electron, the spin quantum number s and the magnetic spin quantum number m; = -s, -+, + s.

So we can conclude that spin is quantized and the eigenvalues of the corresponding

observables are given by

-2
S, — hmg = ﬂ:% , 8 —h%s(s+1)= %ﬁ?.

The spin measurement is an example often used to describe a typical quantum mechanical

measurement. Let us therefore elaborate this example in more detail. Consider a source

emitting spin % particles in an unknown spin state. The particles propagate along the y-axis

and pass through a spin measurement apparatus, realised by a Stern-Gerlach magnet as

described in Fig. 6.2, which is oriented along the z-axis, see Fig. 6.4.
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Figure 6.4: Spin % measurement: Spin measurements change the state of the particles, if they are not in an eigenstate of
the corresponding operator. Therefore subsequent measurements along perpendicular directions produce random results.

All particles leaving the Stern-Gerlach apparatus are then in an Eigen-state of the S: operator,
i.e., their spin is either "up" or "down" with respect to the z-direction. Let's now concentrate
on the “spin up” particles (in z-direction), that means we block up the “spin down” in some
way, and perform another spin measurement on this part of the beam. If the second
measurement is also aligned along the z-direction then all particles will provide the result
“spin up”, since they are all already in an Eigen-state of S: (see the upper part of Fig. 6.4).
The measurement of a particle being in an Eigen-state of the corresponding operator leaves

the state unchanged, therefore no particle will "flip" its spin.

If, however, we perform the spin measurement along a direction perpendicular to the z-axis,
let's choose the x-axis, then the results will be equally distributed among "spin up" or "spin
down" in x-direction (see the middle part of Fig. 6.4). Thus, even though we knew the state of
the particles beforehand, in this case the measurement resulted in a random spin flip in either
of the measurement directions. Mathematically, this property is expressed by the

nonvanishing of the commutator of the spin operators
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[Sz, Sx] #0.

If we finally repeat the measurement along the z-direction the result will be random again
(see the lower part of Fig. 6.4). We do not obtain precise information about the spin in
different directions at the same time, due to the non-vanishing of the commutator there holds

an uncertainty relation for the spin observables.

Of course, we could also choose an orientation of the Stern-Gerlach magnet along some
arbitrary direction. Let us assume we rotate the measurement apparatus by an angle € (in the
z-x plane), then the probability P+ to find the particle with “spin up” and P- to find the

particle with "spin down" (along this new direction) is given by

0 0
P, = cos’ 3 and P_ = sin® Ex such that P, + P = 1.

6.4.2 Mathematical Formulation of Spin

It is important to mathematically express the theoretical formulation of spin. So, we will
describe spin by an operator, more specifically by a 2x2 matrix, since it has two degrees of

freedom and we choose convenient matrices which are named after Wolfgang Pauli.

6.4.3 The Pauli Matrices

The spin observable S is mathematically expressed by a vector whose components are

matrices
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s L
5= 'E'O',
where the vector & contains the so-called Pauli matrices oy, oy, 0, :

Ox

B 0 1 0 —i 1 0
a = {T}.- ’ Oy = 1 0 ,(TYZ ; 0 5 O; = 0 1 -

JZ
Then the spin vector s (or the Pauli vector &) can be interpreted as the generator of rotations

in the sense that there is a unitary operator U(0)

6

iga 9
U#) = e’ =1cos 5 T g sin i

generating rotations around the 6-axis by an angle [§| of the state vectors in Hilbert space. The scalar product

(3& is to be understood as a matrix

06 = 0,0 + 6,0, + 0,0,

What's very interesting to note here is the fact that a spin é particle has to be rotated by 2 x 2x

=4m (!) in order to become the same state, very much in contrast to our classical expectation.

It is due to the factor% in the exponent.

6.5 MAGNETIC MOMENT OF AN ELECTRON DUE TO SPIN

To fully understand the concept of spin, we have to review the properties of a classical

charged particle rotating about its own symmetry axis. The angular momentum due to this

rotation, s , will create a magnetic dipole moment g, proportional to the angular momentum

q —p
S,
2me

i=+v5=g
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where y is the gyromagnetic ratio and g is just called the g-factor. For the electron we have:

The g-factor of the electron equals two, g.= 2, although for a classical angular momentum, it
should be equal to 1. The fact that the spin of the electron contributes twice as strong to the
magnetic moment as its orbital angular momentum, is called the anomalous magnetic

moment of the electron. The constant ps is known as Bohr's magneton B.

If such a magnetic dipole is subject to an external (homogeneous) magnetic field Bit starts to

precess, due to the torque f‘, known as the Larmor torque, exerted by the magnetic field
F'=jfxB=+5x B,
The potential energy corresponding to this torque is given by:
H = —jB.

Thus, the Hamiltonian for a particle with spin in an exterior magnetic field of strength B is of

the form:

H = —qS’E.

6.6 ENERGY VALUES IN A COULOMB POTENTIAL

The solution of the quantum mechanical problem of determining the energy levels of a
(bound) particle in the presence of an attractive Coulomb potential, i.e., the hydrogen atom
with centre-of-mass coordinate removed, was a spectacular achievement by Schrodinger,
published in the same paper in which his famous equation was first introduced,1 early in

1926.
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Here’s how the problem goes. The Hamiltonian for the Coulomb potential is given by:

2 9 e? 1

2m Ameg T’

with the first and second terms representing the kinetic and potential energies, respectively of
a particle with mass m (this is the reduced mass of the electron if this Hamiltonian arises
from the hydrogen problem). Since the Coulomb potential is central, the solution for the
angular part of the wave function is standard, and one is left with the radial equation. The

radial equation for u (p) =r R(r), where R(r) is the radial part of the wave function and p = kr,

with k =/ (—2mE)/h, is usually rendered in dimensionless form; it is given by

2
d*u i p_0+€(€+1)

dp® p p

2

Here, ¢ is the azimuthal quantum number, po = 2/(ka0) with ao = 4nofi? /(me?) the Bohr radius,
and E < 0 indicates that we are considering bound states. Asymptotic solutions are then
‘peeled off” by examining the behaviour as p — o0 and p — 0. A more general consideration
rules out solutions that diverge at the origin; when this is addressed at all, it is based on
normalization and/or conditions of hermiticity. However, the elimination of such solutions on

general grounds is premature in some cases.

6.7 SUMMARY

In this unit, you have studied about anti-particles and negative energy state of the electron.
Also spin of the electron and Pauli matrices are discussed. Magnetic moment of the electron

due to spin is explained.
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6.8 GLOSSARY

Infinitesimal- extremely small

Anti-particle- every type of particle is associated with an antiparticle with the same mass but

with opposite physical charges
Spin- to rotate or cause to rotate rapidly, as on an axis

Moment- the property of a magnet that interacts with an applied field to give a mechanical

moment.
Invariant- unchanging;
Inhomogeneous- not uniform

Normalization- the scaling of wave functions so that all the probabilities add to 1
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6.11 TERMINAL QUESTIONS

1. Write a short note on Pauli’s exclusion principle and his theory of spin.
2. What are antiparticles? Explain the negative energy state of the electron.
3. Explain spin of the electron and Stern-Gerlach experiment.

4. Describe magnetic moment of an electron due to spin in detail.
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7.1 INTRODUCTION

Identical particles are those particles in a system for which the system remains unaltered by
interchanging the particles. As each particle is described quantum mechanically by a wave
packet, these particles can be distinguished from one another, only if their wave packers do
not overlap. So, we can simply say that the particles that can’t be distinguished by means of
any inherent property can be said to be “identical particles”, like electrons. Otherwise, they
would not be identical in all respects. In classical mechanics identical particles do not lose
their identity despite the identity of their physical properties due to the existence of sharply
definable trajectories for individual particles since each particle can be followed during the

course of an experiment.

7.2 OBJECTIVES

After studying this unit, you should be able to-

e Understand identical particle

e Define symmetric and anti-symmetric wave functions

e Explain exchange degeneracy

e Describe classical fields and Schwinger’s action principle

e Explain Lagrangian and Hamiltonian densities and field equations

e Describe quantum structure for free fields

7.3 IDENTICAL PARTICLES

The word identical in quantum mechanics is to describe the particles that can be substituted
for each other under the most general possible circumstances with no change in physical
situation of the system. In quantum mechanics a particle can be described by a wave packet
of finite size, spread and the exact specification of the position and momentum of the particle
simultaneously is restricted by Heisenberg’s uncertainty principle Ag Ap # h, therefore there
is no way of keeping track of individual particles separately, specially if they interact with

each other to an appreciable extent. Hence in quantum mechanics the wave functions of the
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particles overlap considerably. As a result the quantum mechanical particles can not be
distinguished. To give an example of the quantum particles consider the conduction electrons

1n metals.

Density of electrons & 10%%/m?3

=~ Volume available for each electron = 102%/m?

For a 1 eV electron momentum,p = (2mE) ”
— [2x (9.1 x 107 kg) (1 x 1.6 x 10" joule)] *
=0.5 x 102* kg-m/sec

=~ Uncertainty of this electron in the position,

Ao & h 6.6 X 107" joule — sec
g ~ ——= —oz
Ap 0.5 x 10" " joule sec/metre

% 1.3 % 107 metre

~ Volume of conduction electron =

£ | e

ard = g X 3.14 X (1.3 X 1077 metre)?

o 27 3
% 10 T metre

Comparing the volume of conduction electron to the volume available to it, it can be
concluded that the electron wave function, overlap considerable, i.e., conduction electron

cannot be identified separately and hence they are indistinguishable.
Thus, there are two general categories of particles:
(1) Classical particles which are identical but distinguishable,

(i1) Quantum particles which are identical and indistinguishable.
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It is to be noted that when quantum particle density is sufficiently low so that their
uncertainty is small in comparison to the volume available to them, they also obey classical

statistics, otherwise we must use quantum statistics.

7.4 SYMMETRIC AND ANTI-SYMMETRIC FUNCTIONS FOR
MANY PARTICLES SYSTEM

The Schroedinger equation for n identical particles is written as:
., 0
H(L2, o .0l 2, : wim §) = zﬁav,[)(l, L 8

where each of the numbers represents all the coordinates (positional and spin) of one of the
particles. The Hamiltonian H is symmetrical in its arguments due to the identity of particles.
The identity of particles means that they can be substituted for each other without changing H

or indeed any other observable.

There are two kinds of solutions of wave function y of eqn. (1) that have symmetric

properties of particular interest.

(i) Symmetric wave function ¥;: A wave function is symmetric if the interchange of any

pair of particles among its arguments leave the wave function unchanged.

(i) Antisymmetric wave function y.4: A wave function is antisymmetric if the interchange

of any pair of particles among its arguments changes the sign of the wave function.

It may now be pointed out that the symmetry character of a wave function does not change

with time. If y, is symmetric at a particular time t then Hy; is also symmetric and according

B;’US is symmetric at time t. Since y, and % are symmetric at time t, y; at

to equation (1), -

infinitesimally latter time t + dt given by w; + %dt is also symmetric. Such a step-by-step

integration of the wave function can in principle be continued for arbitrary large time

intervals and y; is seen to remain symmetric always.

UTTARAKHAND OPEN UNIVERSITY, HALDWANI



ADVANCED QUANTUM MECHANICS MSCPH-512 124

Similarly, if y4 is anti-symmetric wave function at any time t, then Hy, and hence % are

anti-symmetric and the integration of the wave function w4 shows that y, is always anti-

symmetric.

If P is an exchange operator, then we must have
PY(1,2)=Y(021)

PPy(1,2)=-Y4(2, 1)

This symmetry property of the wave function has a relationship with the spin of the particle.

This relationship is listed here in the following postulates.

1. The identical particles having an integral spin quantum number are described by

symmetric wave function, i.e.,

P¥ (1,2 3...r, .5, ..n) =+ ws(l, 2, 3, ...5, ...t’, ..n)

This class of particles, i.e., the particles described by symmetric wave functions are known as
Bose particles or Bosons and obey Bose-Einstein Statistics. The examples of Bosons are

photons (spin 1), neutral helium atoms in normal state (s = 0) etc.

2. The identical particles having half odd integral spin quantum number are described by

anti-symmetric wave functions, i.e.

PY.(1, 2, ...r, ...s, ..n) = — VYu(l, 2, ...5, ...T', ...n)

This class of particles i.e., the particles described by anti-symmetric wave function obey

Fermi-Dirac statistics and the particles are known as Fermi-particles or Fermions. The

) .1
examples of Fermions are electrons, protons, neutrons, muons (all spin =).

7.5 EXCHANGE DEGENERACY

In quantum mechanics, an energy-level can say to be degenerate if it corresponds to two or
more measurable states of a quantum system. Also, two or more different states of a quantum
mechanical system are said to be degenerate if they give the same value of energy upon
measurement. The number of different states corresponding to a particular energy level is

known as the degree of degeneracy of the level.
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We shall now show that s or ya can be constructed from a general unsymmetrized solution
of eqn. (1). If the arguments of the wave function y are permuted in any way, then the
resulting wave function is also a solution of eqn. (1). This is because same permutation
applied throughout eqn. (1) does not impair its validity as it corresponds simply to a
relabelling of the particles. Since H is symmetric, permuted A will be same as original H and
the resulting equation in same as eqn. (1) for the permuted . In this way n! solutions can be
obtained from any one solution, each of which corresponds to one of the n! permutations of
the n arguments of y. Evidently any linear combination of these functions is also a solution of
the wave equation (1). The sum of all these functions is symmetric (unnormalized) wave
function s, since the interchange of any pair of particles changes any one of the component
functions into another of them and the latter into the former, leaving the entire wave function

unchanged.

An anti-symmetric unnormalized wave function can be constructed by adding together all the
permuted wave functions that arise from the original solution by means of an even number of
interchanges of pairs of particles and subtracting the sum of all the permuted wave functions
that arise by means of an odd number of interchanges of pairs of particles in the original

solution.

In the case where the Hamiltonian does not depend upon time, stationary state solutions

w(l, 2..n)=¢(l, 2..n)e "t

can be found and the time independent Schroedinger's equation. can be written as

There is n! solutions of this equation (Eigen-functions) derived from ¢ (1, 2... n) by means of

permutations degenerate® and this type of degeneracy is called exchange degeneracy.

Let us now consider a two-particle wave function
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w(ls1,2s3). For a two-particle wave function, the Schroedinger's time independent equation is

written as

H(,2) w(1,2) =Ey(12)

The 2! = 2 solutions of this equation are y (1,2) and y (2,1). The solutions correspond to a

single energy state E.
The symmetric wave function can be written as
Y=y (12) +y(2]1)

and the anti-symmetric wave function is written as

va=v (1,2) -y (2,1)

Similarly for a system of 3 particles, the Schroedinger's equation is

H(1,2,3) ¥ (1,2,3) =E ¥ (1,2,3)

This eqn. has 3! = 6 solutions corresponding to the same eigen values E. The six possible

functions obtained by exchanging the indices of the particles are

v(1,23),¥Y231),¥Y321), Y32, ¥Y213), V(312

Out of these six functions, those arising by an even number of interchanges of the pairs of

particles in original wave function ¥ (1, 2, 3), are

v (1,2,3), ¥(2,3,1), w(312)
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and the functions arising by an odd number of interchanges of pairs of particles in original

function vy (1, 2, 3) are

Y (132), ¥ (213), ¥Y(321)
So, the symmetric wave function can be written as
Y=y (1,2,3) +y (2,3,1) +y (3,1,2) + v (1,3,2) + v (2,1,3) + v (3,2,1)

and the anti-symmetric wave function is

va=y (1,2,3) +y (2,3,1) +y (3,1,2) = {y (1,3,2) + v (2,1,3) + v (3,2,1)}

Here ¥ and W4 are unnormalized wave functions.
Average Value and Quantum Statistics

The average value of any dynamical quantity p in state y is given by

B [Y*Pypdr

where P is the operator corresponding to the dynamical quantity p. For example, the operator
P associated with energy E is ik 0/0t and the operator P associated with momentum p is -

ih V.
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If y is the normalised function, then | y*y dr = 1, therefore

<p >= / W* Ppdr

The symmetric and anti-symmetric normalised Eigen-functions lead to the following results

and

<ps> = /‘I’sP*IﬁsdT
(pa) = / U, - Py adr.

A little consideration shows that for symmetric solution an exchange of coordinates of
particles leaves both ys and ys* unaltered. Consequently (ps) remain unchanged. In the case of
anti-symmetric solution an exchange of coordinates changes the signs of both w4 and ya™.
Consequently (pa) again remains unchanged. Therefore, we conclude that any interchange of
two particles leaves the average or the observed property of the system unaffected. Therefore,

from the quantum mechanical point of view the similar particles can not be distinguished.

7.6 CLASSICAL FIELDS

Classically the behaviour of the quantum of radiation is described by Maxwell's field

equations, which are four fundamental equations given by:

divD=porV-D=p
divB=0orV-B=0

_ _ 0B _ _ 0B
curl E = o orVxE= o

curlH=J+ 2 or VxH=J+ 2L
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In above equations the notations have the following meanings:
D = electric displacement vector in coulomb/m?

p = charge density in coulomb/m?

B = magnetic induction in weber/m? or Tesla

E = electric field intensity in volt/m or N/coulomb

H = magnetic field strength in amp/m-turn

Each of Maxwell's equations represents a generalization of certain experimental observation:
Equation (1) represents the differential form of Gauss's law in electrostatics which in turn is
derived from Coulomb's law. Equation (2) represents Gauss's law in magnetostatics which is
usually said to represent the fact that the isolated magnetic poles do not exist in our physical
world. Equation (3) represents the differential form of Faraday's law of electromagnetic
induction and finally equation (4) represents Maxwell's modification of Ampere's law to
include time varying fields. It is clear that Maxwell's equations represent mathematical

expressions of certain experimental results.

According to equation (2) div B =0, i.e., field vector B is solenoidal and it is well known that

the div of curl of any vector is always zero, hence B can be expressed as a curl of a vector A

(say) i.e.
B=curl A=V xA.
where A is called electromagnetic vector potential.

Substituting value of B from (5) in (3), we get
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curl E = — % (curl A)

A
Clll'l (E + E) = 0

This implies that the vector (E + %) has zero curl, i.e. E + % is irrotational and we know that the curl of gradient of any

scalar function is always zero and hence the vector E + %‘ can be expressed as the gradient of potential, i.e.

E+ %A = —grad¢
E——% —gradqﬁ——% -V¢
Equations (5) and (6) derived from homogeneous equations (2) and (3), express the
electromagnetic field vectors E and B in terms of electromagnetic vector and scalar potentials
A and ¢. These electromagnetic potentials play a very important role in relativistic
electrodynamics. The inhomogeneous Maxwell's equations (1) and (4) may be expressed as

follows: As D = ¢E, we have from
(1)
AR =
E

using (6) we get:

. oA _p

d“’(‘a —gfa*d‘ﬁ’) =
: o . p
divgrad ¢ + E(d.wA) S

29+ L (v.A = _P
v¢+8t{v A) = E

Adding and subtracting p € zi—f and rearranging, we get

¢ 9 (. 9¢ P
2 — St e LI
Vg Matz +8t (dlvA+psat)

From (4), we have
As

D
cu.rlH:J—{—%—t

B = pHand D = ¢E, we have

curl B = pJ -l—ps%

Using (5) and (6), we get
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2
graddiv A — V?A = uJ — ,usaat—? — pa%(grad ?)
Rearranging we get

2

V2A — pe 3; = grad(dij ot pe%) =—pJ

Generally A and ¢ are chosen subject to the condition

div 4 +ps?—£ =0

Since div A is so far arbitrary, we can do so. This condition is known as Lorentz condition. Then equations (8) and (9) for
electromagnetic potentials take the form

d%*¢ P
Vi —pe—r = —%
¢ — pe o :
and
32
VA — ps% =—uJ

If A and ¢ satisfy these equations, then the fields B and E determined by equations (5) and (6)
satisfy Maxwell's equations. Equations (10), (11) and (12) form a set of equations equivalent

in all respects to Maxwell's equations.

Introducing D' Alembert's

operator
82
Dz = Vz — LLS@
equations (11) and (12) take the form
12 =—L
€
[1PA = —uJ

and
These equations represent an extension of Poisson’s equation.

Non-uniqueness of Electromagnetic Potentials and Concept of Gauge: For a given set of
A and ¢. equations (5) and (6) uniquely determine B and E. But the converse is not true, i.e.,

if B and E are given, the potentials A and ¢ are not unique. This may be seen as follows:

UTTARAKHAND OPEN UNIVERSITY, HALDWANI



ADVANCED QUANTUM MECHANICS MSCPH-512 132

Since A defined by (5) is arbitrary to the extent that the gradient of some scalar function S
can be added to A without affecting B (since curl grad S = 0 always), i.e.

A A=A +gradS

Then equation (3) takes the form

E = —grad¢ — E(A' — grad S)

ot
—oeadf s 95 _ 9A
- e ot ot

This implies that if we adopt the transformation (15), then in order that the electric field (3)
be unchanged as well, the scalar potentials ¢ must be simultaneously transformed
as
oS
/
— ¢ =¢— —
¢—¢ o

Then expression for B and E remain unchanged under transformations (15) and (16), viz.

B = curl A = curl (A' — grad S) = curl A’

E:—gradqﬁ—%—?
= —grad( f — %) = %(A’ —gradS)
oA’
_ r_
= —grad ¢ ET
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Equations (17) indicate that we get the same field vectors B and E whether we use the set (A,
¢) or (A', ¢"). Thus, we conclude that the electromagnetic potentials A and ¢ define the field
vectors uniquely, while they themselves are not unique. The transformations given by
equations (15) and (16) are known as the gauge transformations and the arbitrary scalar
function S is called the gauge function. Since electromagnetic potentials A and ¢ have been
introduced for convenience, it is the field vectors and not the electromagnetic potentials that
have physical meaning. Thus, we can say that though A and ¢ are not unique, the field

vectors E and B are invariant under gauge transformations. The invariance of fields under
gauge transformations is known as gauge invariance. The property of gauge invariance is
helpful in field formulation of interactions of charges and currents. The scalar potential ¢ (r, t)

is given by

qb(r,t) i /p(r’,t) '

e r —r|

where p(r’, t) is the charge density function at (r', ).
Ifp=0,¢=0andif p=0andJ = 0, then (14) gives

and
[PA =0
E:—%andB: curl A=V x A

These equations define the radiation field classically.

7.7 SCHWINGER’S ACTION PRINCIPLE

In Dirac's view of quantum mechanics, the state of a system is associated with a vector in a
complex vector space V. The knowledge of the values for a complete set of mutually
compatible observables gives the most information about a state. It can then be assumed that
{|a)}, where | a) =| a1, ---,an), the set of all possible states, forms a basis for V. Associated
with any vector space V is the dual space V* whose elements are referred to as bras in Dirac's

terminology. A basis for V* is denoted by {(a|} and is dual to {| a )}. The quantities satisfy
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(a’|a")=o (a’, a"), ...

where 6 (a’, a”) is the Kronecker delta if a’ is a discrete set, and the Dirac delta if it is
continuous. The choice of a complete set of mutually compatible observables is not unique.
Suppose {| b )} also provides a basis for V relevant to another set of mutually compatible

observables

B1, B2, ---. Since {| a )} and {| b )} are both bases for V, this means that one set of basis

vectors can be expressed in terms of the other set

Z| Ya|b),  ...(6)

and the (a | b) coefficients are some set of complex numbers, so that (b | a)* = (a | b). If there

is a third basis for V provided by {|c) }, then these complex numbers are related by means of

@le)=3a|B@le. ...(7)

b

Schwinger's action principle is based on the types of transformation properties of the
transformation functions which can be constructed from this basis set [4].

Suppose the transformation function is subjected to, as Schwinger asserted, any conceivable
infinitesimal variation. Then, by performing an arbitrary variation of (7), it follows that

a | e) = Z[(Mlb blc)+(alb)(@®|ch), ..-(8)

and moreover, d(alb)=0o(bla)"

Now a new operator can be defined which evaluates this actual variation when it is placed
between the relevant state vectors. Define this operator to be & Wap, so that it has the

following action between states
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5(a | b) = %(awWabb). ... (10)

Including the factor of & gives the operator units of action. Using (10) in (8) produces,

(@l6Wacle) = S [(al6Waalb) (B | ) + (a | B) (bloWicle)] = (aloWap + 6Wicle) ... (11)
b

using the completeness relation (7). Now it follows from (11) that
Woe = dWep + Wi ...(12)
In the case in which the a and b descriptions are identified then using §{a | a’) = 0, there results
oW, = 0. ...(13)

Identifying the a and ¢ pictures in (11) gives,

Wha = — W ... (14)

The complex conjugate of (10) with a and b descriptions reversed implies

—%WWM\G)* - %(a\&Wab\b). ... (15)

This has the equivalent form

—<a|5Wb];

b> = (a|oWub).  ...(16)
Using (14), this yields the property

W) =Wy  ...(17)

The basic properties of the transformation function and the definition (10) have produced all

of these additional properties [5,6].

In the Heisenberg picture, the basis kets become time dependent. The transformation function
relates states which are Eigen-states of different complete sets of commuting observables at
different times. Instead of using different letters, different subscripts 1, 2 can be used to

denote different complete sets of commuting observables. In this event, (10) takes the form
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5(@’2,ﬁ2 | a’l,t1> = %(ag,tﬂﬁWgﬂa’l,tl). e (18)

The assumption at the heart of this approach is that the operator W51 in (18) is obtained from
the variation of a single operator Ws;. This is referred to as the action operator.

To adapt the results of the previous notation to the case with subscripts, we should have

Wi =W +Wo, Wii=0, Wy =-Wpyp= WJI- o= +(L9)

At this point, a correspondence between the Schwinger action principle and the classical
principle of stationary action can be made. Suppose the members of a complete set of
commuting observables A; which have eigenvectors |al, t) in the Heisenberg picture are
deformed in some fashion at time t;. For example, take the alteration in the observables to
correspond to a unitary transformation 4 — U'AU such that U" = U™!. To remain eigenstates
of the transformed operator, can be written U=I+ih G, where G is Hermitian. It is then

possible to define a variation it must be that states transform as | a ) — U"| a ). Thinking of
the transformation as being infinitesimal in nature, the operator U can be written U =1 + ;;G,

where G is Hermitian. It is then possible to define a variation:
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i

6|a1,t1) = ﬁ

Gilay, t1).  ...(20)

Here operator (7 is a Hermitian operator and depends only on the observables A; at the time #;.
Similarly, if observables A, are altered at 9, it is the case that

7

5(&2, t2| = ﬁ,

(ag, t2|Ga, wvaf 21)

and the operator G5 depends only on observables A at time t5. If both sets Ay, A, are altered
infinitesimally, then the change in the transformation function is given by

)
5(&2, tz | G]_,i]_) — E(az,tg‘cg - G1|(11,t1>. e (22)
Comparing this with (18), it is concluded that
Wa=Gy— Gy ... (23)

If the time evolution from state |a, ¢;) to |ag, t2) can be thought of as occurring continuously in time,

then 15, can be expressed as

Wai = f "L, ... (24)

iy

where L(t) is called the Lagrange operator. As a consequence of (23), it follows that if the
dynamical variables which enter L(t) are altered during an arbitrary infinitesimal change

between t; and tp, then it must be that

SWar=0 .. (25)

The operator equations of motion are implied in this result. The usual form for the Lagrange

operator is

L(t) =

N =

(pi:i:i n ;'cipi) — H(x,p,t).  ...(26)
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It is assumed that the Hamiltonian H is a Hermitian operator. The action operator (24) is used
to calculate the variation 021. In order to vary the endpoints ti, t2, we follow Schwinger
exactly and change the variable of integration from t to t such that t =t (7). This allows for
the variation of the functional dependence of t to depend on t with the variable of integration

T held fixed. Then W>; takes the form,

B T2 1 dyi dyi _
Wﬂ_[n dT|:§(H Tr + dTH) H(y,P T) ...(27)
where in (27),

H(y,P,7) = H(x,p,t) ...(28)

Thus ¢*(7) = () and P,(1) = p;(t) when the transformation ¢ = ¢(7) is implemented. Evaluating the
infinitesimal variation of (27), it is found that

B dyf' dyj dyj 1 dy - dt dt
5W21—fn [ de + = Pa(dT)+ a(d )P+2dT6P SH— Hci(a:ﬂ. ...(29)

Moving the operator & through the derivative, this becomes

f2 a4y dP; dP; _dt  dH
SWay ft dr { = (5 = 0y’ — 8y T) 5 + ==t

i PP

No assumptions with regard to the commutation properties of the variations with the
dynamical variables have been made yet. It may be assumed that the variations are multiples
of the identity operator, which commutes with everything. After returning to the variable t in

the integral in 621, the result is
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2 i ; , dH
oWy = dt| op;x —p,&w + E&t —0H |+ Gy — Gy, v (31)
t
Here G1 and (G2 denote the quantity
G = p;6x' — Hot s v 32)

when it is evaluated at the two endpoints ¢ = ¢1 and t = 5. If we define,

. OH oH oOH
§H = 82 2= 1 o, T ey
m@:c“eraPa;Jr ot

...(33)

then dWsy can be expressed in the form,

*2 ;. OH ..  OH dH 0H

Taking the variations with endpoints fixed, it follows that G; = G2 = 0. Consequently, the operator

equations of motion which follow from equating W5, in (34) to zero are then

. O0H 8H dH OH
i = , P =——, = .
g TiT T Tdt | ot

.. (35)

The results produced in this way are exactly of the form of the classical Hamilton equations

of motion, and the derivatives in the first two equations of (35) are with respect to operators.

7.8 LAGRANGIAN AND HAMILTONIAN DENSITIES AND
FIELD EQUATION

As discussed previously, a physical system with infinite (uncountable) degrees of freedom is
referred to as a field. As the field has infinite degrees of freedom, it is analogous to a system
consisting of an infinite number of particles. Just as a system of particles is specified by
position coordinates qi and their dependence on time t; a field is specified by its amplitudes w
(r, t) at all points of space and the dependence of these amplitudes on time t. the amplitudes y
(r, t) are known as field functions and may be considered as the degrees of freedom for the
corresponding field. The variable r is continuous and must be considered as a continuous
index. In analogy, with any physical system the field is the carrier of energy, momentum,

angular momentum and other observable dynamical quantities.

UTTARAKHAND OPEN UNIVERSITY, HALDWANI

.. (34)



ADVANCED QUANTUM MECHANICS MSCPH-512 140

The field equations, which represent relations between all the field functions y (7, ¢) and their
derivatives, play the role of mechanical equations of motion. The field propagates in

accordance with field equations and carries with itself the dynamical variable.

Lagrangian Formulation: In classical mechanics the Hamilton's principle (necessary

and sufficient condition for formulating equations of motion is
tg
5/ Ldt = 0;6g(t) =0 ...(1)
ty

where the last condition specifies that the virtual displacements at end points are zero. Let us
expect that the field Lagrangian to depend on field amplitude v (r, t) and its first derivatives
only. If L denotes the Lagrangian density, then the field Lagrangian is expressed as

L=/L(¢,V1,b,1b,t)dr ...(2)

This does not represent the most general case ; but covers all the cases of practical
interest. The Hamilton's variational principle (1) gives

tz tz
5/ Ldt = 5f /L(?ﬂ, V?,b;zﬁ,t)dtdr =0 (3)
tl tl
with the conditions

op(r,ty) = dp(r,ts) =0 ... (4)

As L = L(v, V1), 4, t) therefore we may write

oL 3. 9L Eh,b) oL _.
oL = —0 0 bkl .. (5
o5 &5 (52)+ 5% =0

where we have replaced x, y, z by x;, x2, x3 for convenience. As arbitrary variations o are

independent of the differentiation process, we have

UTTARAKHAND OPEN UNIVERSITY, HALDWANI



ADVANCED QUANTUM MECHANICS MSCPH-512 141

(o) = g 09 o 8 = @) .0

Substituting these values in (5), we get

5. 9L 8 AL
SL w 9L 5+ Z ((&p) %—(«w))

—~ a( ) O

and hence equation (3) becomes

OL 0 JL 0

where we have used dT = dxi1dxaodxs.

Now let us consider the integration of the second term in the summation viz.

/ ot - (8¢)dﬁ‘>k
0

(%) By

Integration by parts, we obtain

0L 0 oL 9 oL
‘/6(%) Bz (6v)dxy, = @&b _,/6$k . 8(%) dpday, ... (8)

The integrated term on RHS of (8) vanishes because y falls off rapidly at infinite distance (or
because y obeys periodic boundary conditions at the walls of a large but finite box).

Therefore

0 OL

are

Now considering the integration of last term in (7), we get

(6)day, = f Spder. ... (9)

/a( o) 8:1:
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b 9L oL ]” 8 (oL
B0 svd= | | 5
/ o o o LM wL f o (5 ) Gorae

t.

But [8—1.*514 " = 0 because of (4)
a t

(integrating by parts)

oL Gt =~ [ 5 (%) oyt ...(10)

Using (9) and (10) equation (7) takes the form

/; //f[ 3:ck { 3(63;‘8@) } i (gzllj )] pdtdridrydzs =0 ... (11)

Since 81 ' s are arbitrary, equation (11) is equivalent to the differential equation

L <~ 9 oL 9 (8L
Y __gg; Oy, a(%@i) _'Eﬁ'(Eﬂﬂ) Sl e

This is the classical field equation called the Euler's equation and corresponds to the

Lagrangian equation in Classical Mechanics.

In order to have an analogy with Classical Mechanics it is desirable to rewrite equation (12)

in terms of L rather than L. Since the aggregate of values of y and 1 at all points is analogous

to qiand q; of particle theory, we require derivatives of L with respect to y and 1 at particular

points. These are called the functional derivatives and are denoted by:

L L
59 and )

Expressions for these can be obtained by dividing up all space into small cells and replacing
volume integral by summation over these cells. The average values of quantities such as y,

My and ¢ and ¢ in the i cell are denoted by subscripts i and the volume of the cell by dz; then
L = Limg, o Y _ L{hi, (V4)s, ¢, t]dr;.
7

Similarly, the #-integrand in equation (11) can be replaced by:
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) PR, oL L\ .

i 8(6—%) i

where the variation in L is now produced by independent variations in y; and 1,1.'.1E Let us now

T

assume that the dy; and 81}.‘1{. are zero except for particular dy;. Let us now assume that the oy,
and 81}.‘){. are zero except for particular oy;. It is natural to relate the functional derivative of L

with respect to y for a point in jth cell to the ratio of dL to dy;; we therefore define derivative

of L with respect to i is defined by setting.

Ly oL oL $ | o
5 §r—0 6¢j67_j 31,[) — Oxy, 6((;9_1/)) % 3 (13)
1z

Similarly, the functional derivative of L with respect to 4 is defined by setting all the dy; and

51}){. equal to zero except for a particular dy;; which in the ju cell is defined as:

OL ) OL oL
— = Limgy, 50 — = — ...(14)

Substituting (13) and (14) into (12) we get

o ( 0L oL
— | — ] ——=0 ...(15
7 (%) & )

which resembles the Lagrangian equation for a system of particles.

Hamiltonian Formulation: For quantisation of this classical field theory, we must first
go over to Hamiltonian formulation, which is usually developed for systems having a
countable number of degrees of freedom. We are here dealing with (uncountable) infinite
number of degrees of freedom, corresponding to the values of the field y (7, ) considered as
functions of time at each point r of space. Therefore, we must use some limiting process. For

the purpose let us consider a system at a fixed instant of time # and let the three-dimensional
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space Tbe divided into small cells of volume 0 7, i = I, 2, 3..., so that the system is now

specified by countable degrees of freedom, viz.
@=wi(i =1,2,8,...) ..s(16)

giving values of the field in each cell which is suitably defined. Then Lagrangian of the
system may be defined as
oL aL L

94; oy, B,

The simplified form of the last step is due to restricted form of the Lagrangian density which

involves only y; and not (TViy); because this would overlap the neighbouring cells.

Taking the analogy from classical mechanics, the Hamiltonian function is defined as
H=3%pg,— L. ...(19)

Let us define the conjugate field of y(x) or momentum density by

L OL
oy 9y
So that equation (14) takes the form
H = Z Trié'rz-lﬁi — Y L;on;
i .. {(29)

= Z(m@bz — Li) oT;

If we consider the cells to be infinitesimal, then (6 7,— 0); so that the cell summation may be

replaced by volume integral, then equation (22) gives Hamiltonian as
H= /(m,i)—L)dr sus (28)

where d T represents volume elements dx/, dx2, dx3.
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H:/de . (24)

where the Hamiltonian density H is defined as

H=m)—L.; ...(25)

Let us now derive classical Hamiltonian equations of motion. The variation of

L produced by variations of y and 4 can be written as

Using (15) and (20), we have

8L 8L ..
oL = — — 0 |d
f(wwww)f (26)

so equation (26) takes the form

oL oL
—_— =T a.I].d —_— =T,
0 0
6L = / (#dap + woeh)dr
= f [0(m)) + 7o — pom|dT

= 0H + 6L + f(fr&b —pom)dr ...(27)

145

Similarly, the variation produced in H (i, n) by the corresponding variations of y and z can

be written as
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0H = / 6_—H(51/)—|— a_—Hdﬂ' dr. ...(28)
oy on
From (27), we have

SE = — / Cii— D o )

Comparing (28) and (29), we get

g&:_—Handﬁ':_—H s (30)
o oY

Now to find the Hamiltonian equation for time rate of change of function F (\P, =, t) we
express F as a volume integral of the corresponding functional density F(y, z, ¢), which for

simplicity we assume not

dF_8F+/ OF | OF N\,
it ot ot ar )T

OF f OF 0H OF 0H
= — 4+ — — — — dr
ot dy dr By HyY
_OF

_§+{F,H} 55 lal)

This equation defines the Poisson bracket expression for two functions of field variables. If H

represents the total energy of the field. Up to now we have considered field described by a
single real amplitude: but if the field has more than one component 1, y2..., ..., then

Lagrangian density has the form

L(¢l:v¢11¢17¢2av¢25¢23 s ,",bf,V'l,bf,'l,L‘f,t)

If now each of the components is varied independently, the variational equation (3), leads to

an equation of the form (12) for each of yo (a0 =1, 2, 3...,). Thus
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AL 5.8 AL 8 OL
5.~ 2 O (o)) o8 -+ )
- B:L‘k

and the momentum density 7, and Hamiltonian density H,, are given by

OL :
To = T%,H:;mﬁa—L ...(33)

The example of fields with more than one component are electromagnetic fields described by

four potential A;, A2, A3, ¢ (f = 4) or a single complex field w. expressed in terms of real v,

w2 (f=2) as

= iz(wl i) U = Py — i) ... (34)

V2 V2

It should be noted that the Lagrangian density L depends only on the state of the fields in the
cell under consideration i.e., on values of y, and their derivative evaluated at given specific

point. Therefore, we refer L as the local Lagrangian.

7.9 QUANTUM EQUATION FOR THE FIELD

The classical Hamiltonian field theory discussed earlier can be at once quantised by
interpreting the conjugate coordinates (cell averages) a; p; defined by (16) and (21) as

operators satisfying the usual commutation relations of Quantum Mechanics

9,4l =0 or wwj] =0

pi,pjl =0 or [f;, 7] =0 (1)
|9, p;] = ihd;;  or wi,fri] =ih 3:;

-

This means that we have converted the wave-field from a real numerical function to a

Hermitian operator in the Heisenberg picture.
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If we assume that the cell volumes approach zero, 0 ;. — 0, the commutation relations for the
field variables at two points r and 1’ at the same time are obtained. For the present we are
concerned with one instant of time so let us employ the Schroedinger picture in which

operators are time-independent. So, the commutation relations for the field take the form:

9,0, B, 0] = (e, 1), 7, 8)] = 0

[’QB(I‘, t), w(r’, t)] — ifi3(r — 1) -(2)

Since in the limit 67— 0, Jj/, become the three-dimensional Dirac function &3(r — '), the
points r and r' lying in the ix and ju cell respectively. For fields with more than one

component, we have

[, 8), B5(x', )] = [ra(r, £), mp(x’, £)] = 0]

Dalr,t), s )] =i e—x) ()
05,62(]_,2,3’..,16) J

Instead of specifying algebraic relation for ¥ and # directly, we may expand ¥ in terms of

any complete orthonormal set functions ux(r) moves in the field i
() =) a(t)u(r) ...(4)
k

where u(r) satisfy the relation [ ui(r)w(r) =0 ... (5)

Zuk(r)uk *(r') =6(r— 1)
k

and the expansion coefficients dxare quantised operators acting on the elements of the
Hilbert space. The quantum mechanical properties of 1 will be fixed if & is allowed to

satisfy suitable algebraic relations.

To complete the description, in analogy with quantum equation of motion, we assume that for

any function F
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dFF  OF 1
E—E_‘_E[F,H] ..-(6)

The commutator bracket can be evaluated with the help of (2) when explicit expressions for

F and H in terms of ¢ and # are given. Thus equations (2) and (6) completely describe the

behaviour of the quantised field that is specified by the Hamiltonian H.

7.10 SUMMARY

In this unit, you have studied about identical particles, symmetric and anti-symmetric wave
functions for many particles system. Exchange degeneracy, classical fields and Schwinger’s
principle have been explained. Lagrangian and Hamiltonian densities and field equations are

discussed. Quantum structure for free field is explained.

7.11 GLOSSARY

Identical- exactly the same, or very similar

Symmetry- the concept that the properties of particles such as atoms and molecules remain

unchanged after being subjected to a variety of symmetry transformations or “operations.
Exchange- interchange

Explicit- clear

Distinguishable- able to be recognized as different

Indistinguishable- impossible to judge as being different when compared to another similar

thing
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7.14 TERMINAL QUESTIONS

1. What are symmetric and anti-symmetric wave-functions? Construct anti-symmetric and

symmetric functions from unsymmetrised wave-functions.

2. Show that the indistinguishability of similar particles implies that admissible wave-

function must obey symmetry restrictions with respect to interchange of particles.

3. What are identical particles? How can the behaviour of particles be distinguished in

systems having symmetric and anti-symmetric wave functions?
4. Derive the classical field equations.
5. Explain Schwinger’s action principle.

6. Discuss the Lagrangian and Hamiltonian formulation. Also derive the field equations.
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UNIT 8 QUANTISATION OF FIELDS
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8.1 INTRODUCTION

Quantization is the systematic process used in physics to move from a classical to a quantum
mechanical understanding of physical phenomena. It is a method for converting classical

mechanics into quantum mechanics.

Field quantization is a generalization with unlimited degrees of freedom, as in "quantization
of the electromagnetic field," where photons are referred to as field "quanta" (for instance as

light quanta).

Quantum field theory (QFT) is a theoretical framework in theoretical physics that

incorporates quantum mechanics, special relativity, and classical field theory.

The objective of quantizing fields is to calculate expectation values of observables and their
behaviour with respect to time, energy, and momentum variations in order to describe
experiments. These expectation values of quantum field combinations, may be used to
describe cross-sections, in-depth probabilistic descriptions of scattering, decay rates and
lifetimes, magnetic moments, particle masses and mixing, and other observables with

scattering characteristics like the S matrix.

8.2 OBJECTIVES

After studying this unit, you should be able to-

o Define Quantization of fields
e Understand Second quantization and Quantization relations

e Explain Quantization of non-relativistic Schrédinger matter field and System of identical

bosons and fermions
e Commutation and anti-commutation relations
e  Occupation number representation

e (Creation and annihilation operators
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8.3 SECOND QUANTIZATION AND QUANTIZATION
RELATIONS

Consider a one-particle system that is defined by an orthonormal set of fundamental vectors.

The system's state 1 is then given by,

The coefficients a, satisfy the normalization condition

Za:a@ = = [ — (2)

i

These a, are simply numbers. The second quantization is the formation that treats the
coefficients a,’s as operators. Since the assumption of a,’s as operators implies the

quantization of probability amplitudes along with the observables of the system, the term
"second quantization" is appropriate. To describe the quantized or continuum states,

respectively, the basic vectors may be discrete or continuous.

Let's briefly review the Hamiltonian formulation of quantum mechanics and its application to

the single particle formulation before discussing the second quantization formalism.

If a system is described by generalised coordinates g, and generalised momenta p,, and time ¢

[i.e. (2n+1) independent variables in the phase space], then the Hamilton's equations are

and classical equation of motion of a function in Poisson bracket notation is

dF oF
E—{F;H}q,p‘l’ﬁ """ (4)

If F is replaced by g, and p,, respectively, equation (4) immediately yields Hamilton's

equation (3). The (first quantized) quantum mechanical description of the system is then
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obtained by replacing the variables g, and p, by operators. Then the Poisson brackets are

replaced by commutators such that,
1
{F,H}%E[F,H] ..... (5)

The Hilbert space state vectors also describe the different states of the system, and the time-

dependent state vector can be represented as the time-dependent coefficients, i.e.,

Y(r,) =) ai(t)ei(r)

1

Where the basis vectors ¢, (1) are time dependent.

Then the Schroedinger equation

L
zﬁa—fﬂi

becomes an equation describing the time derivatives of the coefficients a,(t) as follows:

. Oa;
Eﬁg — ZHﬁjﬂfj ..... (6)

H,; being the matrix elements of / in the basis ¢,'s.

The equations of motion (6) must be quantized in order to quantize coefficients a,'s. We
must treat equation (6) as the system's equation of motion with coefficients a;, acting as

generalised coordinates g, if we want to compare this quantization to Hamilton's equation (3).

Then using the techniques of Classical Mechanics the new Lagrangian, genralised momenta

and the Hamiltonian may be constructed.
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8.4 QUANTIZATION OF NON-RELATIVISTIC SCHRODINGER
MATTER FIELD

First, consider the non-relativistic Schrodinger equation's quantization, which is

- _ 0
—o VU = iR (1)

This equation can be obtained from Classical Hamiltonian by simply replacing the variables
q and p by the corresponding operators that satisfy the standard commutation rules

[9:.p;] = ihd;;. The is known as the first quantisation in quantum mechanics. If we approach

the Schroedinger equation as though it were a classical equation describing motion of a
certain kind of material, and again quantize it by substituting an operator for the commuting
function (the wave function) by an operator then this is called the second quantization.
However, it is clear that the wave-function and operator formulations are equivalent.

We must first determine the Lagrangian density, whose substitution into Euler's equation will
result in the Schroedinger equation (1). It is clear that the Lagrangian density has the

following form.

. * 1 ﬁ’E * *
L =ihy ™ — EV‘!,D Vo —V(r, )Yy ..... (2)

This gives,

oL .

% = —V(I‘>f)1f)

0L _ e oo 2 (PLY _

@:zﬁﬂ),so Bt(a'(,!))_ hap
Also,

© 5 [ oL oL 52

_v v gy

k;amk o() o) ( m ‘”)
K,

- e Ll (3)

2m

The Euler's equation is,
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By equation (3) and (4),

h '
“V(r )" + 5V — il =

or
z - % o ﬁz 2
— i) = -V 4 V()Y ... (5)
Equation (5) is the complex conjugate of non-relativistic Schroedinger’s equation
a3 5 R 2
i) = — V24 V(r,t)p ... (6)
The canonically conjugate momentum to s is,

m = “é“q; = ‘l.ﬁ’!;{)* ..... (7)

As 1p* does not appear in the Lagrangian density, the canonically conjugate momentum to

" does not exist and is likewise zero. Under this condition the commutation relation,

1 (x, 1), 7l (r,8)] = ifi- 8(x — 1)
Can not be satisfied. We know y*exists and & does not, hence they cannot be regarded as

canonically conjugate variables. The Hamiltonian density is,

H=m)—-L=i*p—L using (7)

: K2
= iy — |ihp) — 5 V¥ - V=V, i)'y
ﬁ,2
= —V?,b Vy+V(,t)y 0 (8)
From equation (7) for ¢* = % , We obtain,
H= —;—ﬁV‘ﬂ' Vy — —V(r tmp .. (9)

The volume integral of the Hamiltonian density is used to determine the Hamiltonian i.e.
H= /Hdsr = /(—V’gb - Vip+ V(r, )@b*i,b) dr L. (10)

Now HT = H. Consequently, H, is a hermition. Instead of the energy operator for a single

particle, the quantised Hamiltonian (10) is the operator that expresses the total energy of the

real scalar field. In the Hamiltonian form of the clasical field equations are,

UTTARAKHAND OPEN UNIVERSITY, HALDWANI



ADVANCED QUANTUM MECHANICS MSCPH-512 157

Where,

Consequently, using equation (9) for Hamiltonian density, the Hamiltonian equations found

in this example are

i ih
b=Vt %V%p ..... (13a)
h=—Vn %vzw ..... (13b)

Equation (13a) is identical to equation (6), and equation (13b) and equation (7) together are
the complex conjugate of equation (6). Thus, according to classical field theory, the
Lagrangian density, the canonical variables, and the Hamiltonian produced from it are in

perfect agreement with the original Schroedinger's equation.

8.5 SYSTEM OF IDENTICAL BOSONS AND FERMIONS

Any observed elementary particle is either a fermion (with odd half-integer spin) or a boson

with an integer spin. Elementary bosons play a unique role in particle physics, as opposed to
leptons and quarks, which are fermions and make up ordinary matter. They either function as
force carriers that generate forces between other particles or, in one case, as the source of the

mass phenomena.

8.5.1 SYSTEM OF BOSONS

We use the following commutation relations using Jordan and Klein's method

ok, a7 ] = 0n } ..... (14)

— g i oo [
lax, a;] = [ak,aI ] =0
where a, and a, refer to same time 7.

We suppose the Hermitian operator
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Ny = a;ak ..... (15)
If ¢, is normalised eigen function, then eigen-value equation of N,, is
ﬁkqik:quﬁkzﬁl\?Mk SN R e (16)
where N, is eigen-value of operator N, multiplying this equation scalarly by < k|, we get
<k\z\?k|k >= Ni < K|k >
<k‘a:ak[k >= N}, since (k | k) = drdr =1
Ny = <kak|akk >=|lak>2>0 ... (17)
This shows that the values of N, are either zero or positive.
Now operating equation (16) by operator a; from the left, we get
af (Natr) = Ne(aige) oo (18)
As weknow, [a,,a;] =1= a,a; — a,a, =1
Using equation (15)
N, =aja,—1
Therefore equation (18) gives
a (aray — 1), = Ni(a; 4x)
= (afaray — ay) é = Ni(a; d)
af ax(af ¢x) = (N + 1)a; ¢
= N (a.;:(,?f)k) = (Nk + ].]G::(jflk ..... (19)

This implies that if N, is the eigen value of operator N, in the state ¢, ; then (N, + 1) is the
eigen value of operator N, in the state (a; ¢, ).
Likewise, we get

Ni(ardr) = (Ne — 1)(arde) ~ --.-- (20)
This equation demonstrates that operator N, also has an Eigen-function (a, ¢, ) with an
Eigen-value (N, — 1). As a result, the operator aj raises the Eigen-value of N, by 1 unit and
operator a, lowers the Eigen-value of N, by 1 unit. As a result, N, and N, are referred to as
raising and lowering operators, respectively. Additionally, since the eigenvalues of N, are
constrained to be either positive or zero, therefore a vector ¢, or ket |0 = must exist and may

be obtained by repeatedly applying @, and ¢, in such a way that
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Gig =0 s (21)
Nigo =0
Then we may find,
o, (a;)rq‘)g ..... (22)
As an eigen-vector of N, belonging to eigen-value N,. = r. The eigen-value equation being
N kPr = T,

Thus, the eigen values of the operator produce an eigenvalue spectrum that includes all non-

negative integral numbers, such as
N;=0,1,2,3...,7,....

Hence the operator N, is termed as number operator. This implies
[ﬁk,ﬁk} -0 ... (23)

This shows the simultaneous diagonalization of the set of number operators. These Hermitian
operators make up a complete set that encompasses the entire Hilbert space. Let this set have
eigen values; N,,N,....N,..., so that one such eigen function will be

Ny, Na,... , Ni..... = |Ni,Ngy .. . Ne..) ... (24)

All of these eigen functions will be superimposed to get the most general eigen function 1.
The function for which all N,, = 0, is called the ground state (vacuum state) defined by
equation (21).

Equation (22) allows us to generate the function ¢N,,N,....N,.... by repeatedly applying

the operators a; as follows

BN, Ny .. Npoooo = C (@) (@)= (0 )5 gy

Or  |N,N,...Np....>=C (a] )" (a3)*.....(ag ) %.....]0 > ....(25)
Where C is normalization constant.

Alternatively, we may write,

G;;:‘NLNQ,...,N;@... >= Q(Nk)|N1,N2,...,(Nk+1),.. . >}
and aklNl:N?n---:Nk--- F= 6(Nk)|N11N2:'“7(Nk - 1):"' s

Where constants a (N, ) and f(N, ) are to be determined combining these equations, we get

afar | Ni,Na...Ni...>=B(Ne)a(Ne—1) | Ny, Na,... Ng... >
:Nk|N1,N2,...Nk...>
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Or B(N)a(N,— 1) =N, —(27)
Similarly, we get,

a,ay Ny, Ny....Ny....=>= B(N, + 1) a(N,) [N, N;....Ny....>

Which gives, =(Nysy) INLN,o oo Ny = .....(28)
BN, +1) a(N,)= N, +1
Equations (27) and (28) give,

a(N,) =N, + 1and B(N,) =N, ....(29)
Thus, we get,
(@D (a)=.... (@) ..... [0 == NJIN,L....N.!..... N,N,....N,.....> ....(30)

Comparing equation (25) and (30), we get
1

O =
JNJINJLLN L

Then equation (25) may be expressed as,

1 ; ; :
|N1,N:....Nk....}=m (ﬂij“"'— (ﬂ;jh: ..... (ﬂ:)h".....lﬂ} .....(31)

Moreover, it can easily be seen

N N
(a'k)r(a;—) 0>= (N = ]l (a:) o= ;1% JR— (32)
So that,
N N
(@) (a7) 710 >= Nloylo > ... (33)
Using these relations, we get,
< N{,NEN;: ...... [ O . A— >= 6N1N16N2N£-~5NMNJ; ..... (34)

This equation shows that the base vectors are orthonormal. These vectors constitute a

representation (called particle number representation) for the operators a,, a; and N, such

that,
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af|Ni,No...N...>= /Ng + 1| N, No. .. N+ 1... >>
ak|N1,Na ... Ng... >= /Ne| N, Na...Np—1,...> & ..., (35)
Ng|Ni,Ny...Ni...>= Ng|Ny,Ny... Ni... >

As such,
< N{,Nj...N{|Ne| Ny, Ny ... Ny >= Nidwowmy - - - ONeNL e (36)

This shows that N, are diagonal operators in this representation with the diagonal matrix
elements N,.

Using quantum field equation,
o(r,t) = 3 ar(ue(r) ... (37)
k

With,

fui(r)u;(r)df = Op and Z up(r)up(r') =d(r—1') ... (38)
k
Substituting equation (37) into equation (10) and using (38) and single particle equation
Hyug(r) = epug(r)

R _,
—EV +V{l‘) ..... (39)

H, =
We get,
£ = Z N kEE  eaaan (40)
k
Hence the Eigen-values of the Hamiltonian for the quantized field are,

B=y Negr  coone (41)
k

with the corresponding Eigen-vectors [N, N,....N,....>. This relation shows how the

matter field can be conceptualised as an assembly of independently moving, non-interacting

particles, each of which has an energy spectrum ¢, . The sum of individual particle energies

and the total number of particles in the field makes up the total field energy

N=Y"M . (42)
k
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and any particle state may be occupied by any number of particles N,. This is the condition

of Bose-Einstein statistics. Thus, the field represents an assembly of bosons. Moreover, the

particle number operator commutes with the field Hamiltonian H i.e.

[m, :—}] - Y& [m, m] -0 ... (43)
kl

This implies that the total number of particles in the field is a constant of motion when

potential function ¥ does not depend on time. The creation a;, and annihilation a, operators

are thus named because they, respectively, increase and decrease the particle number by 1.

8.5.2 SYSTEM OF FERMIONS

Fermions are half-integral spin particles that follow Fermi-Dirac statistics. Since the fermions
follow the Pauli exclusion principle, hence any state can occupy either 0 or 1 particle, i.e.,

N, = 0 or 1. According to Jordan and Winger, if the operators a, and a; satisfy the anti-
commutation relation instead of the commutation relation, this condition can be met i.e.
{a,a;} = {a] ,ar} = ara] + qiar = oy
And
{op e} ={al:6f}=0 i (44)

These relations provide,

Ay = a;a; =0 ..... (45)
All operators in these relations refer to same time using these relations it is readily seen that
S S %
Ni =Ny = (Nk—Nk) =0

Nk(Nk ~ 1) =0

Hence for any arbitrary state
I\Ark(ﬁk — 1)(#3‘):; =0
This gives, N, = 0 or 1 for any k.

In view of commutation relation (43), we get [N,,N,] =0
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Hence the base vectors can be characterised as simultaneous Eigen-functions of number

operators N,_,as in preceding case. Hence in this case equation (32) is satisfied and we may

still choose the base vectors (31); but here N,.! = 1 (since N, = 0 or 1 only). Thus
N, Nowoo . Ny = (a])M (a3)..... (ai)Vx..... |0 = .....(46)
As the operators a; anti-commute, a phase factor +1 is undertmined in this equation unless

we specify the order in which these operators operate. We put (+) sign when the creation

operators are arranged in equation (46) in order of increasing superscript. we get

a, [Ny, Nyooo Npoooo= = (= 1) bty (@M (@)L (@) M. |0 >
:(_1]5;{ NJ{lNl’N:“"NJ{—ll"I} .....(47)
Where, S.=LEZIN,

Similarly for operators aj; , we have
a}|Ni, Ny... Ny... >= (-1)%(1 — Ng)| Ny, Nz... N +1...> ... (48)
These equations show that still a; and a, may be interpreted as creation and annihilation
operators respectively. The factors N, and (1 — N, ) imply that an empty state N, = 0 can not
be further emptified, while an occupied state (N, = 1) cannot be further filled.
Combing equations, we get,
Ni | NiN;y...Ni...>= Ni(NNy...Ny...>
< N{,N;...N{...,|Nt| Ni,No...Ng... >
= NeOn,n', Oy - - - O]
For operators 1 and 7, we also have

[ﬁ(r,t),tﬁ’(rr,t)h — Z lak, a | _ug(r)ug(x')

kl
And

H‘(I‘,t), ﬁ'(l",t)} 5= ihid(r — ')
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These relations have no similarity with Hessenberg relations in contrast with the system for

bosons.

8.6 CREATION AND ANNIHILATION OPERATORS

In quantum mechanics, creation and annihilation operators are mathematical operations that
are often used, particularly in the study of many-particle systems. A creation operator

(usually denoted as aj; ) increases the number of particles in a given state by 1 and an
annihilation operator (usually denoted as a, ) lowers the number of particles in a given state
by 1. The use of these operators in place of wave-functions is referred to as second
quantization in many branches of physics and chemistry. These operators were introduced by
Paul Dirac.

Consider a number operator N defined by,
i / S ... (1)

where the operator [T (r) ¥’ (r)] may be interpreted as the particle density; so that N

represents the number of particles in the field.
We first note that operator N is Hermitian. Its time derivative is given by

LdN
QEW = [N,H]

{ f Ylapdr, f (% V't Vi + Vit w’) dgfr’] ..... (2)
The commutator of N with the V part of H can be expressed as,
[[ vt -ty drar (3)
By means of the commutation relations,

(), ()] = [$1(x), 4! (r)] = 0}
[%(r), ¢! (r')] = &(r - ')
the bracketed term in (3) becomes
Pl — Ty yly = ol [¢ + 8% (r — ') ] — ¢/Tyfyly
= Yyl + iy (r — 1) — iyl
= T [@fyf — 6 (xr — ') |9 + ¥1/ & (r — 1) — plef/yly

— 0 since § — function vanishes unlessr = r’
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It can also be demonstrated that,

[pl, vyt - vy = [PV — (Vyh)y] - V& (r - 1)
The double integral of this over r and r’ is zero. Therefore R.H.S. of (2) is zero. Hence it is
clear that N is a constant of the motion.

In order to find a diagonal representation of N, let us take a look. N has real eigenvalues since

it is Hermitian. Let's use the expansion theorem to achieve our goals and express (1, t) in
terms of a complete orthonormal set of functions ¥, (), which we assume are discrete

because of the assumption that definiteness exists. i.e.

ED = ) 0 Oue)

&

Pi(nt) = T, a (t) uj (r) n(5)

where u,, are numerical functions of space co-ordinates and the a, are Heisenberg picture

operators that depend on the time. Equation (5) can be solved for a,:

ak(t) == fuz(r)'gb(r,t)d%}
and al(t) = [ ()Y (r, t)d>r

Now multiplying the second commutation relation (4) by ul (r) u,(r)on both sides and

integrating over r and r’, we obtain

[(L;ﬂ (1), aj(t)] = /f up(r)w (r') & (r —r')d’rd’r’ =6y ..... (7)

because of orthonormality of w,.. Similarly, it is apparent that a, and @, commute and that al

and a:T commute for all £ and /.

Substituting equation (5) into equation (1), we get

N = f T () Y@ dr = f [Z al(8) 1 () ) ay(8)un (x) ]d

= I [ g (8) ay(6) w (v) w (r)d®r
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=Ekﬂl e

=%, N, where N, = al a, ce(8)

It may be easily verified that each N, commutes with all the others, so that they can be

diagonalized simultaneously.

To find a representation in which N and all the N,, are diagonal, let us write each of the a,, in

the form,
1

/3 (gk +ipr),ap = — (g —ipk) ... (9)

ap =

Where g, and p,, are Hermitian. This is always possible since above equation leads to

1 t 1 t
qkz—(ﬂ-k—Fﬂ);Pk:_—(ak_a) ..... (10)
V2 ¢ V2 :
which are evidently Hermitian since

ql = qx and piv = Pk

lgk, p1] = [% (ak o al), _%(a! _ aj)}

— _%{[ak,ag] — [ak,aﬂ + {ai,ag] e [al,a;}}
(-l ]} = & oo
= —idt {using(1)} ... (11)
Also
[qk,qﬂ = [pk,pg] = e (12)

By equation (9) and (11), we get

%(fﬁc — ipx) - (

B
V2

. 1 1
Nk = aLak = (Q& + ’-tpk,)) = E(qf —I—pi) — '5 ..... (13)
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therefore, g and p are diagonal; they also make N, diagonal. The solution of harmonic

oscillator problem is equivalent to the diagonalization of the Hamiltonian matrix.
2
p 1 2
H=—+ —K
om 20

when the co-ordinate ¢ and canonically conjugate momentum p obey the commutation rule

[g,p] = ik . The energy Eigen-values were obtained to be E = (n + %) fiw. Choosing an

.
arbitrary system of units, letusput i = 1, K = m = 1 so that w = J% = 1 and identify ¢

with g, and p,.; then we have
— — 172 2
gk, k] = 4, H = 5 (g5 +p})
1
En=(n+3)
These equations can be compared to (11) and (13) to show that N, —|—% has their eigenvalues

n, + % and that can be identified with the oscillator's energy or Hamiltonian operator.

Where n, = 0,1,2,3.....
Analytically defined, the field corresponds to a system of harmonic oscillators where

K =m = 1and k = 1. Here, we have noted the second quantization behaviour of

Schroedinger equation describing matter field. Similar to the harmonic oscillator problem the
non-vanishing matrix elements in non-vanishing matrix elements in Schroedinger picture(z=0)

for g, and p,, are

n;c-i-l
@ngr = @i = (Z2) oo (150)

) ng+ 1
(pk)n;,._,nk+1 = (_pk)nk-l—l,nk =" ( 2 ) """ (15b)

So that the corresponding matrices are
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0 410 0
v2 0 v2 0
g=—|® W20 &l (16a)

V2o 0 V3 o

0 ST 0 0 e
VI 0 V2 0 ;
|0 V20 VB .| 16b
P V2o 0 V3 0 . )

Now the matrices for a,, and al may the obtained from equation (9) namely,

1 i 1 .
ar = ——= (g +ipx), al, = — (gx — ipx)

V2 V2
(@) et = @D mgngrt + 1 (O ngmst}
=(n, + 1]1;“:
And [“l]n;ﬁm;{ = %qu]uk-}m;{ L Y ey
= (n, +1)Y2 o (17)

t — —
(ﬂk)n;{,n;ﬂ-i - (ak)n;{-}l,n;{ =0

So that the corresponding matrices are

0 +1 0 0
0 0 20
ap = . 0 eI I (18a)
0 0 0 0
0 0 0 0 i
J1 0 0 0
0 2 0 0
al = g B % wml (18b)
0 0 30
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The matrix element (a; ), . +, means that in the kth state initially the number of particles
was n,, + 1 and finally it is n,.. Therefore a,, is interpreted as annihilation operator for

particles in the state k. Similarly, al increases the number of particles in the kth state by unity:

hence it is interpreted as a creation operator for the state k.

Thus, we may write

1/2
ak‘nl,nz e e nk’! |n1,n2 Wy s )l AR S - (19)
andaz‘nl,ng....nk T {nk+1}1/2‘nl,n2, ..... ng+1,..... > e (20)
Where [ny n,...... n, — 1 = are the kets. Obviously a, decreases n, to n, — 1 while al

increases 1, to n, + 1 1i.e a, is the annihilation operator and al is creation operator.
Let's fully write the only non-vanishing matrix elements of a, and al in order to define
occupation number operator i.e.

(ak)nmﬁl :<...n;...nk...|ak|...ni...nk+1...>

=S+ dnpyg 0 (21)
(aL) =<...n;...nk—f—l...‘au...nE...nk.,.>
ThgsNit+1
= \/(nk +1...6n0p 0 ... (22)

Matrix multiplication from right of (21) by (22) yields

<....nk...|ak|...nk—|—1...><...nk+1...‘a}; e M. >= (nk+1)---5n;,ni---

% corlipens |akal| R T e (23)
Similarly, multiplication from left gives,

<...nk+1...|a£ak‘...nk+1....>: (nk—l—l)...t’jnm;...

i':‘.

<. olTg. .. |a£ak‘ e >=(mg) . Ol L.l (24)
The difference between (23) and (24) gives

{ak, a;i,] = a;ﬁaL = aLak =1,

In agreement with (7).
Equation (24) indicates that the operator N,, = nlak when operating on |...n,...n, = yields

. |...m;...m, > 1.e.it tells us the number of particles in kth state of the field. Therefore

N, = ﬂl a,, is called the occupation number operator for the kth state. The total number
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N, = X, N, operating on
My, Maea . My =

Yields

E My |1y, Ny 1, =

the total number of particles being n,, = X, n,.. Thus, the Eigen-values of operator N is n.

Thus, we may say that the three operators al

, &, and N are quantum mechanical analogs of
three Gods, Brahma — creator (a'), Shiva — Destroyer (a) and Vishnu — preserver N of

Hindu mythology.

After obtaining a representation in which all N3 are diagonal, the Hamiltonian /7 can be
expressed in terms of a, by substituting equation (5) into expression for Hamiltonian in

equation (2) i.e.
H= f (——Wﬂ Vi + V«p‘f«,b) 5% s (25)

We get,

2
H = Zala; f(— leuz - Vg + Vu;u;) 7 o S (26)
ol e

applying a partial integration to | Pu}, - Pu, d*r we obtain — [ u}, V*u, d*r, the surface term

vanishing as usual. Therefore
H= Z a,a -/uk
= Z aka;E;cskg = Z akakEk ZNkEk ..... (27)
k

—:—VZ + V|wd®r

Here, we've made the assumption that u, are eigen function of [— ] with eigen

values E,.. As H is diagonal in N-representation, the wave-function (... n,...) has the eigen
value for ¥, n, E, for H.
Since it is the product of an operator time its Hermitian adjoint, the eigenvalue of the operator

N, = nl a,, can never be negative. In fact, for an arbitrary non-zero state ¢ by which
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=< fr|yp = 1is greater than zero, we have if we use definition of the scalar product in the

Hilbert space.

(¢, Nitp) = (¢h GLGWJ) = (¥, ax¥)) = laxtp|* >0 ... (28)

When the equality sign is holds in equation (28), it is obvious that the smallest possible eigen

value of N, is zero. Then there must exist a state i, for which,
— T —
ﬂklﬁrﬂ_l’ ]1'%. ]10[11 =1
i.e. i1, is the lowest normalized state with no particle to be destroyed; hence state 1y, is called

no-particle or vacuum state.

N, = alagp, =0 forall k o (29)
However, all the basis vectors may be constructed by repeated applications of creation
operators on al ony, =| =.
In this way, al, = ai|0==|1>=1y(1) .....(30)

is a one particle state [N, |1 == 1|1 =]
al a;ryixﬁ = |2 = =(2) is a two-particle state [N, |2 == 2|2 =]. Therefore, the Eigen-

values of N, are 0,1,2,3....

8.7 OCCUPATION NUMBER REPRESENTATION

There exists a formalism, called” second quantization” or the occupation-number
representation, that is much more convenient. In this formalism the essential information of
many-body states is incorporated in a very succinct way. This essential information consists
of (i) the occupation number for each single-particle state (for fermions these numbers can
only be 0 or 1), and (ii) the

symmetry/anti-symmetry of the state under particle exchange. Note that the wave-function
formalism discussed earlier is often referred to as “first quantization” when it is compared
and contrasted with the “second quantization” formalism.

An approach to deal with systems of many particles is provided by the second quantization.
In this method, the Eigen-states are represented by the number of particles rather than the

coordinates.
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In other words, in this new approach the occupation numbers n,'s of the states play the role

of independent variables. Because of this, the new formalism is known as occupation number

representation. We shall now discuss the cases of Bose-Einstein and Fermi-Dirac statistics.

Second quantization corresponding to Bosons or Bose-Einstein case- The treatment given
in above section 4.6 is applicable to bosons. Since in Bose- Einstein statistics each operator

n, may possess 0,1,2,3,4...... Eigen-values without any restriction.

Second quantization corresponding to Fermions or Fermi-Dirac case- Consider an

assembly of particles that obey Fermi-Dirac statistics. In Fermi-Dirac statistics, a restriction
is imposed by Pauli-exclusion principle that eigen-values of each operator are constrained to
0 or 1 and the function is antisymmetric. This restriction demands replacing the commutator

bracket [4, B] = 4B - BA by anti-commutator bracket [4, B], = AB + BA

Then the anticommutation relation for ¢'s are,

[W(r), ¢(r)], = [’%I’T(r):w(r!}h =0 }
[(r), 9! ()], = [#(), 97 (@) + i ()e(r) = 6(r — 1))

It is evident from equations (5) and (7) that
lax, a1], = [al,afh =0
[ak, a;]* = aka: + ﬂ.}-ak = 0py

We define N, = a, Ta, as previously and interpret N, as the number operator. Each N,

commutes with the all others so that they can be diagonalized at the same time. Evaluating

the square of the number operator to find the eigen-values of N,.

N = ala.;calak = a,;; (1 — a}cak) ap = aLak =Ny  ..... (33)

[since a,Ta,T =a,a, = 0 from equation (32)]
As N, * = N_; the possible occupation numbers for states can only acceptably be 0 or 1 in

agreement with Pauli exclusion principle. A further requirement of the commutation relations
(32) is that no state can have occupation number greater than 1 since the application of two

creation operators (a, Ta, T = 0) for the same k for the same k on any state vector, makes it
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vanish. The eigenvalues of N = %, N, are positive integers or zero, as before. The total

number of particles and energy eigenvalues are ¥ n,, , E,..

Let 1, be the state for which,

N 1, = 0; then a, Ty, = (1)

N, @(1)= N, (ﬂkT¢ﬂ) = ﬂkTﬂk“kT‘#’u =(1- ﬂkﬂkT]ﬂkTﬁ’kT’% = ﬂkT’i’u

i.e., there is just one particle in the state (1) = a, T1,.
Similarly, it is observed,

Ni a (1) = @ apap(1) =0

1.e., there are no particles in the state a, (1) = y(0). Thus

a, (1) =1, and a,yp, = 0 forall k

In conclusion, we may say that by approaching the field as a mechanical system with an
infinite number of degrees of freedom, we are able to develop a theory of the field by an
analogy with classical mechanics of a particle. The field is described by field function that
has an infinite number of degrees of freedom. A variational principle of stationary action can
be used to find the equations for the system's field function. The appropriate differential
equation, such as the Schrodinger equation for real scalar field, can then be obtained by
substituting a suitable Lagrangian function into Euler's equation. Variational equations take
on the form that is similar to classical mechanics equations. This gives us a strong tool for

using a broad approach similar to classical mechanics to solve a variety of problems.

8.8 SUMMARY

In this unit, you have studied about quantization of fields or second quantization. To present
the clear understanding of second quantization, some basic concepts have been discussed.
You have studied about the number operator, creation and annihilation operators. In the unit,
you have seen that occupation number system is a representation of second quantization or

quantization of fields.
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8.9 GLOSSARY

Operators — an operator is a function over a space of physical states onto another space of

physical states

Relativistic - characterized by relativity

Creation operator - increases the number of particles in a given state by one
Annihilation operator - decreases the number of particles in a given state by one

Occupation number - The numerical extent to which a quantum state is filled (in a system of

many, identical quantum particles)
Quantization - The concept that a physical quantity can have only certain discrete values

Simultaneously - happening or being done at exactly the same time
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8.12 TERMINAL QUESTIONS

1. What do you mean by creation, annihilation and number operator? Hence describe
occupation number representation in the case of Bose- Einstein and Fermi-Dirac statistics.
2. Explain the term second quantization. State the criterion for selection between
commutators and anti-commutators when quantizing the given field.

3. What do you understand by creation and annihilation operators? If a™ and a are

respectively the creation and annihilation operators and |0 = is the normalized particle state,

evaluate the following
aa®|0 >, CIT‘}CI';lEI =, cf;ﬂ'r‘}m =>,(ata)®|0 =, (aa®)*|0 =

4.Write short notes on:

(1) Second quantization

(i1) Creation, annihilation and number operators

(ii1) Second quantization applied to bosons and fermions
(iv) Occupation number representation

5. Quantize the non-relativistic Schrodinger equation for bosons of mass (m) moving in a

potential field.
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