ADVANCED COMPLEX ANALYSIS MAT 601

Master of Science
(THIRD SEMESTER)

MAT 601
ADVANCED COMPLEX ANALYSIS

DEPARTMENT OF MATHEMATICS
SCHOOL OF SCIENCES
UTTARAKHAND OPEN UNIVERSITY
HALDWANI, UTTARAKHAND
263139




COURSE NAME: ADVANCED COMPLEX
ANALYSIS

COURSE CODE: MAT 601

Department of Mathematics
School of Science
Uttarakhand Open University
Haldwani, Uttarakhand, India,
263139




ADVANCED COMPLEX ANALYSIS

MAT 601

BOARD OF STUDIES-FEBRUARY 2024

Prof. P. D. Pant

Director

School of Sciences
Uttarakhand Open University

Prof. Sanjay Kumar

Professor

Department of Mathematics
Deen Dayal Upadhyaya College
University of Delhi

New Delhi

Dr. Kamlesh Bisht
Assistant Professor(AC)
Department of Mathematics
Uttarakhand Open University

Chairman
Prof. O.P.S. Negi

Honorable Vice Chancellor
Uttarakhand Open University

Prof. Harish Chandra
Professor

Department of Mathematics
Institute of Science

Banaras Hindu University
Varanasi

Dr. Arvind Bhatt
Programme Cordinator
Associate Professor
Department of Mathematics
Uttarakhand Open University
Haldwani, Uttarakhand

Dr. Shivangi Upadhyay
Assistant Professor (AC)
Department of Mathematics
Uttarakhand Open University

Prof. Manoj Kumar

Professor and Head

Department of Mathematics,
Statistics and Computer Science
G.B. Pant University of
Agriculture & Technology,
Pantnagar

Dr. Jyoti Rani

Assistant Professor
Department of Mathematics
Uttarakhand Open University
Haldwani, Uttarakhand

Editor

Dr. Kamlesh Bisht
Assistant Professor (AC)
Department of Mathematics,
School of Sciences, Uttarakhand Open University

Unit Writer Block Unit

LI 1,234,5,6,7,8,910,11,12,13, 14

Dr. Jyoti Rani

Assistant Professor
Department of Mathematics
Uttarakhand Open University




ADVANCED COMPLEX ANALYSIS MAT 601

Course Title and Code : ADVANCED COMPLEX ANALYSIS (MAT-601)

Copyright : Uttarakhand Open University
Edition 12024

Published by : Uttarakhand Open University, Haldwani, Nainital -263139
ISBN

*NOTE: The design and any associated copyright concerns for each unit in this book are the sole
responsibility of the unit writers.




CONTENTS
MAT 601

BLOCK-I Analytic Functions Page No.1

Unit 1
Unit 2

Unit 3

Unit 4

Complex Number 02-22

Degree & Exactness of Differential Equation and Principle of 23-51
Duality
Analytic Function ( Cauchy-Riemann equations) 40-57

Power series 58-73

BLOCK-I1 Conformal Mapping Page No.74

Unit 5
Unit 6

Conformal Mapping 75-90
Mabius transformations and Other Mapping 91-107

Block-111 Conformal Integration Page No0.108

Unit 7
Unit 8

Unit 9
Unit 10

Complex line Integral 109-121
Cauchy’s inequalities and other consequences. 122-147

Cauchy’s Theorem and Cauchy integral formula 148-168
Maximum and Minimum Modulus Principle and Schwarz 169-184

Lemma.

Block— 1V Singularities and Residues Page N0.185

Unit 11
Unit 12
Unit 13
Unit 14

Singularities 186-205
The residue theorem, 206-231
Argument principle, Rouche’s theorem. 232-245

Uniqueness of analytic continuation 246-259




COURSE INFORMATION

The self-learning material titled ""Advanced Complex Analysis™ has been specifically
designed for M.Sc. (Third Semester) learners at Uttarakhand Open University, Haldwani,
to provide them with easy access to high-quality educational resources. The course is
organized into fourteen units, each focusing on different key concepts in complex
analysis. Units 1 and 2 introduce the foundational topics of complex numbers, including
the concept of functions, limits, and continuity, which are essential for understanding
more advanced topics. Units 3 and 4 delve into the concept of analytic functions,
particularly focusing on the Cauchy-Riemann equations and power series, which are
crucial for analyzing complex functions. Units 5 and 6 shift the focus to conformal
mapping and Madbius transformations, as well as other types of mappings that preserve
angles and are fundamental in complex analysis. Units 7 and 8 explore complex line
integrals and Cauchy's inequalities, along with their various consequences, which are key
tools in evaluating integrals and understanding the behaviour of complex functions. Units
9 and 10 cover Cauchy's Theorem and the Cauchy Integral Formula, along with the
Maximum and Minimum Modulus Principle and Schwarz Lemma, which provide
powerful results about the properties of analytic functions. Unit 11 is dedicated to
singularities, where the behaviour of functions near points of discontinuity is studied.
Units 12, 13, and 14 explain the residue theorem, argument principle, Rouche’s theorem,
and the uniqueness of analytic continuation, which are advanced topics that extend the
applications of complex analysis.

The material is not only structured for academic learning but is also useful for
competitive examinations. It explains fundamental principles and theories in a clear and
straightforward manner, with numerous examples and exercises included to help learners

easily grasp the subject matter.
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UNIT 1:-Introduction to Complex Numbers
CONTENTS:

1.1  Introduction

1.2  Objectives

1.3 Complex Numbers

1.4 Equality of Complex Numbers
1.5  Geometrical Representation of Complex Numbers
1.6 Complex Plane or Argand Plane
1.7  Polar Form of Complex Numbers
1.8  Properties of Arguments.

1.9  Properties of Moduli

1.10 Summary

1.11  Glossary

1.12 References

1.13  Suggested Reading

1.14  Terminal questions

1.15 Answers

1.1 INTRODUCTION:-

Complex numbers extend the real number system to include solutions to
equations that have no real solutions, such as x2+ 1 =0. A complex
number is of the form 2z = a+ ib where a the real part, b is the
imaginary part, and i is the imaginary unit with i = —1. They can be
represented on the complex plane, with the real part on the horizontal axis
and the imaginary part on the vertical axis. The term “Complex Number”
was coined by C.F. Gauss, and later mathematicians like A.L. Cauchy, B.
Riemann, and K. Weierstrass made significant contributions, enriching the
subject with their original work. Basic operations with complex numbers,
such as addition, subtraction, multiplication, and division, follow specific
rules. The modulus and argument provide a polar form, offering an
alternative way to express complex numbers, which is particularly useful
in advanced mathematics and engineering.

1.2 OBJECTIVES:-

After studying this unit, the learner’s will be able to
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e To find the solutions to equations that lack real solutions.

e To represent complex numbers as points or vectors on the complex
plane.

e To solved the form of complex numbers.

e To solved the equation of straight line and circle.

1.3 COMPLEX NUMBERS:-

Complex numbers were introduced to provide solutions to equations like
x?+1 = 0, where there are no real solutions. These numbers include
both real and imaginary parts and are denoted as a + ib, where a,b are
the real numbers, is called Complex Number. and i represents the
imaginary unit, which is defined as the square root of —1, also called i as
imaginary unit.

If we represent a number in the form z = x + iy, then z is called a
complex Variable . Here, x and y are called the real and imaginary parts of
z respectively. Sometimes we write z as

z=(xy)
we also write
R(z2)=x1(z)=y
Ifx = 0,i.e., z=1iy,then zis known as pure imaginary number.

The complex conjugate of a complex number z = x + iy is denoted as
x + iy and is equal to x — iy. In other words, it involves changing the sign
of the imaginary part while leaving the real part unchanged.

z=x+1iy or z=x+1iy
Example: the conjugate of —3 — 5i is 3 + 5i.

It is easy to verify that

21

zZ+Zz Z
R(Z):x:T' I(z)=y=

1.4 EQUALITY OF COMPLEX NUMBERS:-

The equality of complex numbers follows the same principles as equality
of real numbers. Two complex numbers x; +iy; and x, + iy, are

Department of Mathematics
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Advanced Complex Analysis MAT601
considered equal if and only if both their real parts and imaginary parts are
equal, i.e., x; = x,and y; = y,.
Formally
zy =X+ 1y, Zp =%+ 1Y,
zy =z ifandonly if x; = x,, y; =y,.

Remark: The phrases “greater than” or “less than” have no meaning in
the set of complex numbers.

Fundamental operations with complex numbers:

e Addition: To add two complex numbers, add their corresponding
real and imaginary parts.

If
zy=a+ib, z,=c+id then
z1+z,=(a+c)+i(b+d)
e Subtraction: To subtract one complex number from another,
subtract their corresponding real and imaginary parts.

zy=a+1ib, z, =c+id then
z1—2z,=(a—c)+i(b—d)

e Multiplication: To divide two complex numbers, multiply the
numerator and the denominator by the conjugate of the
denominator.

If
zy=a+1ib, z, =c+id then
z1.2, = (a + ib)(c + id) = ac + iad + bc + i?bd
= (ac — bd) + i(ad + bc)

e Division: To divide two complex numbers, multiply the numerator

and the denominator by the conjugate of the denominator.
If
zy =a+ib, z, = c+ id,the conjugate of
z, 1S Z, = ¢ — id then
zy a+ib c—id (a+ib)(c—id)

z, c+id c—id c?+d?
B (ac — bd)(bc — ad)
B c?+d?
ac—bd . (bc—ad) -
- (cz+d2) T (c2+d2) ifc® +d* #0
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Absolute Value: For a complex number z = a + ib, where a the real part
is and b is the imaginary part, the absolute value is defined as:

|z| = la +ib| = a? + b?
|z|2=a?+b? =(a+ib)(a—ib) = zz
|z|? = zZ
Also Z1.29 = 71 2,
Properties of the Absolute Value:

e Non-negativity: | z [> 0
The absolute value is always non-negative.
Zero: lz[=0

if and only if z=0 (i.e., both the real and imaginary parts are zero).

e Multiplicatively: |21.25 | = |24]]2,]
The absolute value of the product of two complex numbers is the
product of their absolute values.

e Triangle Inequality: |z, + 25 | < |z1| + | 25|
The absolute value of the sum of two complex numbers is less than
or equal to the sum of their absolute values.

e Conjugate: |z |=|Z|
The absolute value of a complex number is equal to the absolute
value of its conjugate.

1.5 GEOMETRICAL REPRESENTATION OF
COMPLEX NUMBERS:-

A complex number z = x + iy is defined as an ordered pair of real
numbers (x,y), where x the real part is and y is the imaginary part.

Department of Mathematics
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vA

P (x.y)

ol LT ———

Fig.1

A complex number z = x + iy can be represented by a point P with
Cartesian coordinates (x, y) on a rectangular coordinate system, where the
X —axis is the real axis and the Y — axis is the imaginary axis.

Each complex number corresponds to a unique point in the plane, and
conversely, each point in the plane corresponds to one and only one
complex number.

1.6 COMPLEX PLANE OR ARGAND PLANE:-

The complex plane, also known as the Argand plane or the z-plane, is a
two-dimensional coordinate system used to represent complex numbers
geometrically. Gauss was the first to produce in 1799 that complex
numbers are represented by points in a plane, then this concept that was
developed by Argand in 1806. In this plane, each complex number z =
x + iy can identify with a point P = (x, y), where x the real part is and y
is the imaginary part. The horizontal axis, known as the real axis, contains
all points of the form (x, 0), representing real numbers, while the vertical
axis, called the imaginary axis, includes points of the form (0,y),
representing purely imaginary numbers. Points not on the real axis
represent general complex numbers with both real and imaginary parts.
The origin (0,0), represents the complex number0 + i0. This graphical
representation helps in visualizing complex number operations and
understanding their properties.

The nonnegative number | z |, called the modulus or absolute value of a
complex number z = x + iy, represents the distance of the complex
number z from the origin in the complex plane. It is calculated using the
formula:
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|z| = /x? + y?
This is derived from the Pythagorean theorem, considering z = (x,y) as a
point in the xy —plane.(see Fig.2.)

¥

Z=(x,y)

1zI Y

Fig.2.

The distance between two points z; = x; +iy;, 2z, = x, +1iy,in the
complex plane is given by the distance formula:

|2y — z,| = \/(xz - %)%+ (v, — y1)?

This formula measures the straight-line distance between the points
(x1,v1) and (x,,y,) in the complex plane.

1.7 POLAR FORM OF COMPLEX NUMBERS:-

In the complex plane, any complex number z = x + iy can be represented
as a point P with coordinates (x,y). The polar coordinates (r, 8) of this
point are derived from its Cartesian coordinates (x,y). The modulus r,
also known as the absolute value of z, is found by taking the square root
of the sum of the squares of the real and imaginary parts, giving us r =

ﬂ\

) P=(X y)
y

Fig.3.
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This represents the distance of the point P from the origin O. The
argument @, often referred to as the amplitude of z, is determined by the
angle 6 between the line segment OP and the positive real axis. It is

calculated as the arctangent of 8 = tan‘lg, representing the direction of
the point P from the origin. Together, the modulus and argument
provide a comprehensive description of the complex number's location
and direction within the complex plane and it is also written as 6 =

amp(z) or 0 = arg(z).

From the figure 3. x =rcosf,y = rsinf

Then r=\/m=|x+iy|=|z|
6 =tan-12

It follows

z=x+ iy = r(cosf + isinf) = re'?
It is called polar form of the complex number z and that r, 6 are called
polar coordinates of z.

e The argument of a complex number z is not unique because it can
differ by any integer multiple of 2.

e The principal value of the argument of a complex number z,
denoted as Arg(z), is the value of 0 that lies within the interval
—-n1<f<mor0<6 <2m.

e If z=0, then arg(z) = arg(0) is not defined and arg(z) is
defined only if only z # 0.

e If Arg(z)denoted general value and argument arg(z) denoted
principal value, then

Arg(z) = arg(z) +2nrvn el
where I = set of integers.

e If z=x+iy,then

ftan‘lg,ifx>0,y>00rys 0

‘1%ifx<0andy20

_1X
X

T + tan
arg(z) =< —m +tan if x<0andy >0

gifxzo,y>0

L —gifxzo,y<0

1.8 PROPERTIES OF ARGUMENTS:-

Department of Mathematics
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Theoreml. The argument of the product of two complex numbers is
equal to the sum of their arguments.
arg(z,z,) = arg(z,) + arg(z,)

Proof: Let z; and z, be two complex numbers with arguments 6,and 9,
respectively. In polar form, these complex numbers can be written as:

z, = r,(cosO, + isinb,)

z, = 1,(cos6, + isin,)

Now, consider the product z,z,:
2,2, = [r,(cosB, + isinB,)][r,(cosO, + isinb,)]
= r1,[(cosB,cosB, — sinb,sinb,) + i(cosB,sinb, + sinb,cos6,)]

Using the angle addition formulas for sine and cosine:

cos(6; + 6,) = cosB;cos6, — sinb,sinb,

sin(0, + 6;) = cosf,sinb;, + sinbcosH;
We can rewrite the product as:

Z1Zy = 1y1y[cos(6; + 6,) + sin(6, + 6,)]

This shows that the modulus of the product is r;,and the argument of the
product is 8, + 6,.Therefore
arg(z,z;) = arg(z;) + arg(z;)
Theorem2. The argument of the quotient of complex numbers is equal
to the difference of their arguments.
Z1

arg () = arg(z) - arg(z)

Proof: Let z; and z, be two complex numbers with arguments 8,and 9,
and moduli r; and r,. In polar form, these complex numbers can be
expressed as:

z, = r,(cosO, + isinb,)
z, = 1,(cosb, + isin,)
Now, consider the quotient z, /z,:

z;  11(cosB, + isinb;)

z, 1,(cosB, + isinb,)

Department of Mathematics
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Using the properties of complex numbers in polar form, we can write this
as:

z; 1 (cosBy + isind;)
z, 1, (cosB,+ isinb,)

To simplify the fraction, we multiply the numerator and the denominator
by the complex conjugate of the denominator:

z; 1y (cosB; +isind;) (cosf, — isind;)

z, 15 (cosB, + isind,) (cosB, — isinb,)
The denominator simplifies as:
(cosB, + isinb,). (cosO, — isinb,) = cos?0, + isin?6, =1
This shows that the modulus of the quotient is % , and the argument of the

quotient is 8, — 6,. Therefore

arg (;) = arg(z,) —arg(z,)

2

This completes the proof that the argument of the quotient of two complex
numbers is equal to the difference of their arguments.

1.9 PROPERTIES OF MODULI:-

Theorem3: The modulus of the product of two complex numbers is the
product of their modulus.

|z1. 25| = |21].|2,]
Proof: |z,.2,|% = (21.2,)(21.2,) = 21.2,.7,. 2,
= (21.21)(2,.23) = |Z1|2- |Zz|2

|Z1-Zz|2 = |Z1|2- |Zz|2

=
|21. 25| = |z41]. | 2,]
Remark: |z;| = Z—l.zz| = [2|.]z,],
Z2 Z2
Z Z
Zy B Zy

Department of Mathematics
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Theorem4: The modulus of the sum of two complex numbers is less than
or equal to sum of their moduli.

|y + 23| < 23] + |2,]
Proof: Suppose, z; = r,e'%1,z, = r,ei%2, then
z; + z, = r1(cosB, + isinb,) + r,(cosb, + isinh,)

= (r,c080, + ryc050,) + i(rysinb; + r,sinb,)

|z1 + 2, = /(r1c0s0; + 15,¢056,)% + (rysinb; + 1,5in0H,)?

= \[rf + 12 + 21ry1yc05(6; — 6,)

< \[rf + 12 + 211y for cos(8, —0,) <1

=1 +1 =|z1| +|2,]
|Z1 + Z2| < |Z1| + |Zz|

Remark: By induction, it follows that

(o]
n=1

Theorem5: The modulus of the sum of two complex numbers is less than
or equal to sum of their moduli.

[ee)

< ) 1zl

n=1

|zy — z| = |z1] — |2,
Proof: Let, z; = ry,e'01,z, = r,e'%2 then
|z | =7, PR
z, — z, = 11(cos; + isinb;) — r,(cosh, + isinh,)

= (r,cos0, — r,c080,) + i(rysinb; — r,sinb,)

71 — 7| =/ (r1c088; — 1,¢056,)% + (rysinf; — 1,5inH,)?

= \/rf + 17 — 21ry1yc08(6; — 6,)

Department of Mathematics
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< \[rlz + 1} — 211, for cos(6; —6,) = —1
=1 -1 = |z;| — |z,
|zy — 23| = |z,] = |z,]

Remark: To prove
|y — 23| < lz3] + |2,]

|zy — 25| = |21 + (—2,)|
< |z.| + |—2z,| by theorem?2
= |z1| + |z,
|z — z| < |z1| + | 23]
Hence |z — |z;| < |z — 7| < |z1] + |2,]
Theorem6: To prove |z, + z,| = |z;| — |z,].
Proof: : Let, z;, = r,e'%1,z, = r,e%2, then
|z | =7, |z,| =1,
z; + z, = 11(cosB, + isinb;) + r,(cosh, + isinh,)

= (r,cos60, + ryc056,) + i(rysinb, + r,sinb,)

|21 + 2] =/ (r1c080; + 1,c056,)% + (rysinb; + 1,5inH,)2

= \/rlz + 1 + 2ryryc0s(6, — 0,)

> \/rf + 1} — 211, for cos(6, —0,) = —1

=1 —1=|z1|l = |z,| if 7 >,
=1y = |z1| = |z;]
|2y + z3| = |z = |z,| i |21 > |2,]

Theorem?7: Parallelogram Law: The sum of squares of the length of
diagonals of a parallelogram is equal to the sum of squares of length of its
sides, i.e., prove that

Department of Mathematics
Uttarakhand Open University Page 12



Advanced Complex Analysis MATG601

|z1 + 2,17 + |21 — 2,1* = 2[|z,]* + |2,1°]
OR
To prove that |z, + z,|% + |z, — 2,|? = 2[|z11? + |z, %]
Proof: Let z, = e, z, = r,e'%2, then
|z | =7, FAES
z; + z, = 1r1(cosB, + isinb;) + r,(cosh, + isinh,)
= (r,c0s0, + r,c0s0,) + i(rysinb; + r,sinb,)
z, — z, = (rycos0; — r,c056,) + i(r;sinf; — r,sind,)

Now |z, + 2,12 + |z, — z,|? = [(ryc050; + 1,c0560,)? + i(r;sinb; +
15,5in0,)?%] + [(r cos0, — 1,c050,)? + (r;5inb; — 1,5in0,)?]

= [r2 + 17 + 2ryryc0s(0; — 0,)] + [r2 + 17 — 2ryryc0s(0; — 6,)]
= [ +77]
= 2[|z;1* + |2,/%]

Theorem8: (Equation of Straight line)To find the equation of straight
line joining two pointsz, and z, in the complex plane.

Proof: Let the equation of line AB joining the points A (z;) and B(z,),
suppose point P(z) on it. So

. B (z,)
Al

Fig.4.

zZ—Zq

arg( )=00rrr

Z1—22

zZ—Zq

Consequently (ﬁ) is purely real so that
1742

Department of Mathematics
Uttarakhand Open University Page 13



Advanced Complex Analysis MATG601

Z1 — Zy Z1 — Zy Zy — 7y

(z—2)(Z —23) = (2, —2)(Z— 77)

2(21 = 23) = 2(Z21 — 23) — 2121 + 2125 + 2421 — 2,2, = 0
72(z; — 73) — 2(z; — 73) + (212, — z,7;) = 0 is required equation of line.

Theorem9: (Equation of a Circle) To show that the equation of circle in
the Argand plane can be put in the form

zZ+Zb+bz+c=0
where c is real and b is complex constant.

Proof: Suppose a be a complex coordinate of the centre C and r be the
radius of circle. Consider any point P(z) on the circle.
Then the length of line CP = radius of circle or

|z—al =7

P ()

Fig.5.
Squaring both sides, we have
|z —al? =1r?
z-a)(zZ—-a)=r1r?
(zZ—az+ aa—az) =r?
zz—az—az+ (Jal*—-1r?) =0

Taking -a = b and (Ja|? — %) = ¢ = real number
zZ+2zb+bz+c=0
where c is real and b is complex constant.

SOLVED EXAMPLE
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Uttarakhand Open University Page 14



Advanced Complex Analysis MATG601

EXAMPLEL: Prove that |a + VaZ — bZ| + |a — VaZ — b2| =
[la = bl +la — bl]%.

SOLUTION: Suppose |z, + z,|? + |z, — 2,12 = 2[|z,]? + |2z,]?]
|12, | = |z4].|2,]

Now we shall prove the given problem

e+ a5 + o=
= |a+ V@ =7 +|a-Var—p?|
+2|a+Va@—p?||a- V@@= |

=2 [Ial2 + |\/a2 - b2|2] + 2 |[a ++a? — bz] [a— Ja? — b2]|
= 2[lal? + la® — b?|] + 2|a® — (a® — b?)|
= 2[lal? + |a® — b?|] + 2|b?|
= 2[|al? + |b?|] + 2]a® — b?|
= [la + b|?> + |a — b|?] + 2|a + b|.|a — b
= [la + b|? + |a — b|?]?
Hence

|a + VaZz = b2| + |a — VaZ — b2| = [|la — b| + la — b[]? is required the

solution.
EXAMPLE2: Determine the regions of Argand diagram given by
|z%2 — z| < 1.
SOLUTION: Let z = re'®
Then z%2—z =1r%e"?0 —rel?
= (r?c0s20 —rcos@) + i(r?sin26 — rsin)
z2 — 7|2 = (r?cos26 — rcos8)? + (r?sin26 — rsinf)?

=r*+ 7% —2r3cos(20 — 0)

Department of Mathematics
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But |z2 —z|? < 1

Hence
r*+r2—-2r3cosf <1

or r*+1r2—-2r3cos6—-1<0
Hence
r*+1r2—-2r3cos6—-1=0
EXAMPLES3: Determine the region of z —plane for which
lz—1]+]z+ 1] < 3.
SOLUTION: Let z =x + iy

lz—1l+|z+ 1l =|x+iy—1]+[x+iy+ 1|

=Jlx—1D2+y2+/(x+ 12 +y2

But lz—1|+|z+1| <3

JE—1D24+y2+(x+1)2+y2<3
Ja-1D2+y2<3—J(x+1)2+y?
(x—1)24+y2<9+ (x+ 12 +y2—6/(x + 1)2 +y2
0<4x+9—-6(x+1)2+y?
6/(x+1)2+y2< (4x+9)
36[(x + 1)% + y2] < 16x2 + 81 + 72x
36x% + 36+ 36y%+ 72x < 16x% +81 + 72x
36x2% + 36 + 36y% < 16x% + 81
20x2 + 36y2 < 45

x2 y2

+ =
(9/4)  (5/4)
EXAMPLE4: Show that the locus of z such that

1
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|z—al.lz+a]l =a%a>0

is a lemniscate.

SOLUTION: Let z2—a?l=a? or 72 —a? = q?ett
Put z = re'®. Then r2ei2f _ g2 = g2eid
This = r2c0s260 — a? = a’cosA

r?s5in20 = a’sinA
Both above equations are squaring and adding
(r?cos26 — a?)? + (r?sin260)? = a*
r2(r? — 2a%c0s20) = 0
Butr#0asz+#0
7?2 —2a”c0s26 =0 or 72 = 2a’cos26
which is lemniscates.

SELF CHECK QUESTIONS

1. Given two complex numbersz; = 3 + 4i,z, = 1 — 2i perform the
following operations:

Find the sum z; + z,.

Find the difference z; — z,.

Find the product z; X z,.

Find the quoteint of z, /z,

Find the magnitude of z;

o o0 o

Find the conjugate of z,.

2. Determine whether the following pairs of complex numbers are
equal:
a. z;=4+2iandz, =4+ 2i equal
b. zz=—-1+4iandz; = —1—4i notequal
c. zs=5and z5=7+0i equal
d z;,=0and zg=0+0i equal
e. ze=2i and z, = —2i notequal

3. Determine whether the following statements about the geometrical
representation of complex numbers are true (Answer with "True"
or "False"):
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a. The complex number 3 + 4i is represented by the point
(3,4) on the complex plane. true

b. The magnitude of the complex number —3 — 4i is 5. true
c. The complex number 0 + 0i is located at the origin. true
d. The argument of the complex number 1 + i is 7. true
e. The complex number 4 lies on the imaginary axis. False
4. For the circle |z| = 1, the inverse of the point z is :
a. z
b. z
c. 1/Z
d. None
5. If the amplitude of the complex number z be 8, then amplitude of
iz is:
a. -0
b. 6 +m/2
c. 6+m
d. None
6. Polar form of complex number —5 + 5i is:
a. 5v2eim/*

b. Sﬁe—sin/tl
C. Sﬁe3i”/4
d. None
7. Ifa,b,c and u, v, w complex numbers representing vertices of two
triangless.t.,c= (1 —-r)a+rbandw = (1 — r)u + rv, where r
is a complex number, then the two triangles.
a. have the same area
b. are similar
c. are congruent
d. None
8. The points z,, z,, 23, z, in the complex plane are the vertices of a
parallelogram in order iff
A Z1t 24 =2, + 23
b. z;+2z3=2,+2,
C. z1+2z,=23+2,
d. None

1.10 SUMMARY :-

In this unit we have studied, a complex number is a mathematical entity
that extends the concept of one-dimensional real numbers to a two-
dimensional number system. It is expressed in the form a + bi, where a
and b are real numbers, and i is the imaginary unit satisfying i? = —1.
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Here, a is referred to as the real part and b as the imaginary part of the
complex number. Complex numbers enable the solution of equations that
have no real solutions, such as x2+ 1 = 0. They are fundamental in
various fields of mathematics, engineering, and physics, providing a way
to describe oscillations, waveforms, and other phenomena.

1.11 GLOSSARY::-

e Complex Number: A number of the form a + bi, where a and b
are real numbers, and i is the imaginary unit with i? = —1,

e Real Part: The component a in a complex number a + bi,
representing a real number.

e Imaginary Part: The component b in a complex number a + bi,
representing a real number multiplied by the imaginary unit i.

e Imaginary Unit (i): A mathematical constant satisfying i? = —1.

e Equality of Complex Numbers: Two complex numbers a + bi and
c +diareequalifandonlyifa=cand b = d.

e Complex Plane (Argand Plane): A two-dimensional plane for
representing complex numbers, where the horizontal axis is the
real part and the vertical axis is the imaginary part.

e Magnitude (Modulus): The distance from the origin to the point
(a,b) in the complex plane, calculated as | z |= Va2 + b? for a
complex number z = a + bi.

e Argument (Phase): The angle 6 formed with the positive real axis,

calculated using 6 = tan‘lg, (b/a) for a complex number z =

a + bi.

e Polar Form: A representation of a complex number in terms of its
magnitude and argument: z = r(cosé + isinf) or z = re'?,

e Conjugate: The conjugate of a complex number a + bi is a — bi.

e Addition of Complex Numbers: Combining two complex
numbers by adding their real parts and their imaginary parts
separately: (a+ bi) + (c +di) = (a+c) + (b + d)i.

e Multiplication of Complex Numbers: Multiplying two complex
numbers using distributive property and the fact that i?2 = —1:
(a + bi)(c + di) = (ac — bd) + (ad + bc)i.

e Division of Complex Numbers: Dividing by multiplying the

numerator and denominator by the conjugate of the denominator

. oo a+bi _ (a+bi)(c—di)
and S|mpI|fy|ng.C+dl. =T 2ra2
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1.14 TERMINAL QUESTIONS:-

(TQ-1) Let A and B be two complex numbers s.t

—+-=1
B+A

Prove that origin and two points represented by A and B form vertices of
an equilateral triangle.
(TQ-2) If the complex numbers sinx + icos2x and cosx — isin2x are
complex conjugate to each other, then the value of x.
(TQ-3)A relation R on the set of complex numbers is defined by
z1Rz, % real. Show that R is an equivalence relation.
(TQ-4) Show that the origin and the point representing the roots of the
equation z2 + pz + g = 0 form an equilateral if p? = 3q.
(TQ-5) Find argi(x + iy) if arg(x + iy) = a.
(TQ-6)Show that the triangles whose vertices are z;,z,,z; and
z',7',7' ;are directly if

7z 21 1

z, 2z, 11 =0

z3 7'5 1
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(TQ-7) Show that |z, — z,| = (|z,| — |z,])

(TQ-8) Prove that |z, — z,|? + |z, + z,|? = 2|2;|? + 2|2,|? and deduce
that |a+./aZ —B2|+|a—\/a?=B2|=la+Bl+]la—pl all the
numbers concerned being complex.

(TQ-9) Find the principal value of arg 'i’.

(TQ-10) Find the principal value of arg (1 + i).

1.15 ANSWERS:-

SELF CHECK ANSWERS (SCQ’S)

4+ 20

2+ 60
11-2i
—-1+2i
5

1+ 2i

"m0 o0 T o

g. equal
h.  notequal
i equal
j equal
K.  notequal

5\/§e3in/4
are similar
Zl + Z3 == Zz + Z4

© No g b

TERMINAL ANSWERS (TQ’S)
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m 5m 91w

(TQ-2)x =5,
(TQ-5) > +a
(TQ-9)~
(TQ-10)7

) nen
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UNIT 2:-Concept of Functions, Limit and
Continuity

CONTENTS:

2.1  Introduction

2.2  Objectives

2.3 Point Set

2.4 Neighborhood

2.5  Limit Points

2.6 Interior, Exterior and Boundary Points
2.7  Open Set and Closed Set.

2.8  Convex Set

2.9  Bounded, Unbounded and Compact Set
2.10 Derived Set, Closure of a Set and Connected Set
2.11 Domain

2.12  Jordan Arc(Curve)

2.13  Function Of A Complex Variable

2.14 Continuity

2.15 Summary

2.16  Glossary

2.17 References

2.18 Suggested Reading

2.19  Terminal questions

2.20  Answers

2.1 INTRODUCTION:-

In this unit, learners are well-versed in the definitions of limits and
continuity for functions of a real variable; in this chapter, we will extend
these concepts to functions of a complex variable. This includes exploring
the nuances of limits and continuity within the complex plane, where
functions involve both real and imaginary components. By understanding
these definitions in the context of complex variables, students will gain
deeper insights into the behavior and properties of complex functions,
building on their existing knowledge from real analysis to navigate the
more intricate landscape of complex analysis.
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2.2 OBJECTIVES:-

After studying this unit, the learner’s will be able to

e To Understand and describe the relationship between variables
through functions, enabling the modeling of real-world
phenomena.

e To verify the continuity of a function of two variables at a point.

Overall apply these fundamental concepts to solve practical problems in
various fields such as physics, engineering, economics, and beyond, where
understanding change and stability is essential.

2.3 POINT SET:-

A point set in the complex plane refers to a gathering of points, each
representing a distinct element within the set. These points, commonly
referred to as numbers or elements of the set, collectively constitute the
spatial arrangement of the set within the two-dimensional complex plane.

2.4 NEIGHBORHOQOD:-

In the Argand plane (also known as the complex plane), the neighborhood
of a point z, is defined as the set of points z such that the distance

between z, and z (denoted as |z — z,| < ¢ is less than some positive real
number €. Mathematically, it can be expressed as {z € C: |z — z,| < € },
where C represents the complex numbers. This neighborhood represents
an open set around the point z, where all points within a certain distance &
from z are included.

The neighborhood of the point at infinity in the complex plane is the set
of points z s.t. |z| < k where k is any positive real number.

2.5 LIMIT POINTS:-

A point z, in the complex plane C is termed a limit point of a set S < C if
every punctured neighborhood of z, contains at least one point of S. A
limit point may or may not be an actual member of the set. For instance,
all points on the circle |z |= r are limit points of the set | z |< r, yet they
do not belong to the set itself. Conversely, all points within the circle | z |
= r are limit points of the set and they do belong to the set | z |[< r. This
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illustrates the nuanced relationship between limit points and sets in the
complex plane.

OR

A point z, € Cis called a limit point (or accumulation point) of a subset
S € C if every open neighborhood of z, contains at least one point of
S different from z, itself. Formally, z, is a limit point of S if for every ¢ >
0, there exists a point z € S such that 0 <| z — z, |< €. This means that
z, can be approached arbitrarily closely by points of S.

Theoreml: Let f be a complex valued function defined on D and let
Zo€eCL(D). If lim f(z) exist, then this limit is unique.
Z—Zg

Solution: Suppose for contradiction that the limit is not unique. This
means there exist two distinct complex numbers [;and [, such that:

lim f(z) =, lim f(z) =1,
Z—Zp Z—2Zp
Now assume [; # [,

By the definition of the limit, for any € > 0, there exists a §; > 0 such
that:

| z—1, I< e whenever 0 <| z — z, I< 6;
Similarly, there exists a §, > 0 such that:
| z—1, < e whenever 0 <| z — z, I< 6,

Let § = 6,6, Then for any z satisfying 0 <| z — z, |< & both inequalities
hold:

lz=—L I<elz—=-1,1<€
Using the triangle inequality, we get:

lL—Li=lb-f@+f@-LI<|L-f@DI+I1f(2) -] <e+e
=2€

However, by our assumption [, # l,, so | [; — [, lis a positive constant.

. 1=l
By choosing % we have

1l =1

L—=1 1< 2
1l =15 | 3

2
:§|l1_l2|
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This is a contradiction because | [; — [, | cannot be less than itself.
Therefore, our assumption that the limit is not unique must be false.

lim f(z) =1

Z—2Zp

Hence the limitlim f(z) is unique if it exist.
Z—2Zy

Theorem2: Let f be the complex valued function defined on D. Suppose,
f(2) =ulx,y) +iv(x,y), zog = xo + iyy, Wo =ug+ivy, and z,€
Cl(D).

Then Zh_r;) f(2) = wy iff le_rg) u(x,y) = uq and le_rg) v(x,y) = v,
Solution: Given
f(@) =ulx,y) + iv(x,y)
Zy = Xo + 1Yo

Wo = Uy + ivo

and Zy € CIL(D)
Forward direction (If lim f(z) = wythenif limu(x,y) =
Z-2Z Z—2Zg

uy and limu(x,y) = v0>:
Z—Zy

Assume lim f(z) = w,

Z—oZy

This means that v €> 0,3 § > 0 such that whenever 0 < |z — 75| < 6,
we have

lf(z) —wy| <€
We can express this in terms of the real and imaginary parts:
lulx, y) + iv(x, ¥) — (uo + ivp)| <€

Using the properties of absolute values for complex numbers; this can be
written as

V@ y) —ug)? + (wlx, y) — vo)? <€

Since the square root function is positive and increasing, we have:
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(u(x,y) —up)? + (w(x,y) — vy)? <€?
This implies:
lu(x,y) —uol <€ and |v(x,y) — vyl <€

Therefore, limu(x,y) = uy and limv(x,y) = v,.
zZ—2Zg

Z—Zy
Reverse direction (if lim u(x,y) = uy and limu(x,y) =
VAR Z—oZ

vy then lim f(z) = w0>:

—)ZO
Assume

lim u(x,y) = uy and limu(x,y) = v,
Z—DZ Z—oZ

This means that vV €> 0,3 §; > 0 such that whenever 0 < |z — z,| < 6,
we have

€
lulx, y) —uol <—=
y 0 \/’E
Similarly 3 §, > 0 such that whenever 0 < |z — z,| < §,, we have
€
lv(x,y) —vol <—=
y 0 \/E

Using these inequalities, we get:

2 2
(e y) —u? < () =5
2 2
ey -v? < (5) =5

This implies:
| f(2) —wol = |(u(x,y) + iv(x,y)) — (uo + iv0)| <€
Hence, limf(z) = wy.
zZ—2Zg

Therefore limf(z) =w, if and only if limu(x,y)=u, and
Z-Z Z=Zg

limv(x,y) = v,.
z-2Zg
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SOLVED EXAMPLE

EXAMPLE1: Prove that 1in£ does not exist.
Z—>

SOLUTION: Let f(z) — [ (a unique limit) as z — z, in any manner in
the C — plane.

Let f(z) = 5_ and z — 0, along the real axis.
~y=0,z=x (vz=x+1iy)
llmf(z) = llm— =limZ=1

-0z z-0X
Suppose z — 0, along the imaginary axis.
wx=0,z=1y (vz=x+1y)

— Z _ ly _
llrnf(z) llrréz ?i% o 1

Hence the limit is not unique along real and imaginary axis.

- lim Z does not exist.

z-0Z
EXAMPLEZ2: If f(z) = z2, prove that giiréf(z) = 72,
SOLUTION: Let e > 0 given, to find § > 0 s.t. |z2 — z,%| <€ whenever
0<|z—12zy| <6
Consider |22 — zo%| = |(z — 2z9) (2 + 2) |
|z + zollz — 24| < 8|z + 2|
=|z—2zy+ 2zy| < 8|z — zy| + 26|z, < 68 + 26]|z,| =€

- now 6 > 0s.t. mln{ 1}
1+2|zo|’
= |22 — zy?| <€
= limf(z) = z,?
z—0

2.6 INTERIOR, EXTERIOR AND BOUNDARY
POINTS:-

An interior point of a set S € C is a point z, € S where there exists a
neighborhood entirely contained within S. An exterior point of S is a
point z, where there exists a neighborhood containing no point of S. A
boundary point of S is a point z, where every neighborhood contains at
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least one point of S and at least one point of the complement of S. The
collection of all such boundary points is referred to as the boundary of S.

2.7 OPEN SET AND CLOSED SET:-

A set S € Cis called as an open set if it exclusively comprises interior
points, ensuring that for every point in S, there exists a neighborhood
contained entirely within S. Conversely, a closed set in C includes all its
limit points or possesses no limit points; if a set is closed, its complement
is open. Some sets neither qualify as open nor closed, while others exhibit
characteristics of both.

Notably, the empty set @ and the entire complex plane C are examples of
sets that are simultaneously open and closed. Theset A = {z:0 <| z — z, |
< r} exemplifies a set that fails to meet the criteria for either openness or
closedness. Moreover, the open disc | z |[< 1 represents an open set,
whereas the closed disc | z |< 1 constitutes a closed set. Additionally, it's
crucial to acknowledge that the intersection of a finite number of open sets
remains open, while the arbitrary union of open sets also remains open.

2.8 CONVEX SET:-

A set S < C is called a convex set if, for any two point z,, z, € S, the line
segment connectinglzland z2is entirely contained withS. Mathematically,
this means that z,,z, € S and any t in the interval 0 <t < 1, the point
tzy+(1—t)z, €S.

2.9 BOUNDED, UNBOUNDED AND COMPACT
SET:-

Bounded Set: A set S € C is bounded if there exists a positive real
number M such that for every point z € S, the distance | z | from the
origin is less than M. That is, S is contained within some finite region of
the complex plane.

Unbounded Set: A set S € C is unbounded if for every positive real
numberM, there exists at least one point z € S such that | z |[> M. This
means that the set is not contained within any finite region of the complex
plane and can extend infinitely in one or more directions.
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Compact Set: A set S < Cis compact if it is closed (contains all its limit
points) and bounded (contained within a finite region). Equivalently, a set
is compact if every open cover of the set has a finite subcover.

2.10 DERIVED SET, CLOSURE OF A SET AND
CONNECTED SET:-

Derived Set: The derived set (or the set of limit points) of a set S € C is
the set of all points in the complex plane that are limit points of S. A point
Zo 1S a limit point of S if every neighborhood of z, contains at least one
point of S other than z, itself. The derived set can be denoted as S'.

Closure of a Set: The closure of a set S < C is the smallest closed set that
contains S. It is denoted by S and includes all points of S along with all its
limit points. Mathematically, S = S U S’, where S’ is the derived set of S.
The closure represents the "completion™ of S by including its boundary
points.

Connected Set: A set S € C is connected if it cannot be partitioned into
two non-empty disjoint open subsets. Intuitively, this means that S is all in
"one piece,” and there is a continuous path within S between any two
points in S. A connected set does not have any isolated parts, making it an
essential concept in understanding the topological structure of sets.

2.11 DOMAIN:-

A domain is defined as a nonempty, open, and connected subset of the
complex plane C. If the set includes its boundary points, it is termed a
closed domain. Notably, every neighborhood of a point in the complex
plane qualifies as a domain. When a domain is combined with some, none,
or all of its boundary points, it is referred to as a region. Consequently,
every domain is a type of region, but not all regions qualify as domains,
highlighting that domains are a specific subset of regions with stricter
criteria.

2.12 JORDAN ARC(CURVE):-

The equation z = z(t) = x(t) + iy(t)

where x(t) and y(t) are real-valued continuous functions of the real
variable t, with t in the interval [a, b], defines a set of points in the
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complex plane known as a continuous curve. This curve is called a simple
curve if t; # t, implies z(t;) # z(t,)meaning the curve does not intersect
itself. If the curve is such that t; < t, and z(t;) = z(t,) implies t; =
aand t, = b, then it is a simple closed curve, which means the curve
starts and ends at the same point, forming a loop without self-intersections
except at the endpoints. Simple curves are often referred to as Jordan
curves. A common example of a Jordan curve is a polygon formed by
joining a finite number of line segments end to end.

An important property of a bounded infinite set in the complex plane is
that it must have at least one limit point within the complex plane. This
property is derived from the Bolzano-Weierstrass theorem, which states
that every bounded sequence in C has a convergent subsequence. This
implies that any bounded infinite set in the complex plane cannot be
composed entirely of isolated points; instead, it must contain points
arbitrarily close to each other, leading to the presence of limit points. This
property is fundamental in understanding the structure and behavior of sets
in the complex plane.

Theorem 3. (Bolzano-Weierstrass Theorem)

Ifaset S € C is bounded and contains an infinite number of points, then it
must have at least one limit point.

Theorem 4. (Jordan Curve Theorem)

It states that a simple closed Jordan curve divides the Argand plane into
two open domains which have the curve as the common boundary. One of
these domains is bounded and is known as interior domain, while the other
is bounded and is called exterior domain.

2.13 FUNCTION OF A COMPLEX VARIABLE:-

A complex variable, symbolized by z, denotes any element within a set S
contained in the complex plane C. A function f:S — C represents a rule
assigning a unique complex value f(z) to each z € S, denoted as w =
f(z), where z is considered the independent variable and w is the
dependent variable. This function f maps elements from the domain S to
the complex planeC, often visualized in another complex plane known as
the w —plane. If S constitutes a subset of the real line, f is termed a
complex function of a real variable. The set S is identified as the domain
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of £, while the collection of all f(z) for z in S is recognized as the range
of f.
OR

A function f:A - B, where A and B are non-empty subsets of the
complex numbers, is a rule that assigns to each complex number z, =
Xo + iy, € A a unique complex number w, = uy + ivy € B.

The number wy, is the value of f at z,, denoted f(z,) = w, . As z varies in
f(z) = wvaries in B. This function is a complex-valued function of a
complex variable, where w is the dependent variable and z is the
independent variable. If S is a subset of A4, then f(S) = {f(z) |,z € S} is
called the image of S under f, and the set R = {f(z) | z € A} is called the
range of f.

Single and Multiple Valued Function: For any non-zero complex
number z € C — {0}, the polar form of z is given by z = re'®, where r =|
z | is the modulus of z and 8 € [—m, ] is the argument of z. This can be
expressed as z = z(r,0) = re'®. If we increase the argument 6 by 2, we
have:

z(r,0 + 2m) = rel0+2™M = yeif 27l = i = 7(1,9)

Thus, z(r,0 + 2m) returns to its original value, demonstrating the
periodicity of the complex exponential function with period 2.

Definition. A function f is said to be single-valued if it satisfies f(z) =
f(z(r,0)) = z(r,6 + 2m) , meaning the function's value remains
unchanged when the argument 0 is increased by 2.

Otherwise, f is said to be a multiple valued function.

Example: f(z) = z™,n € Z is said to a single valued function.
Solution: f(z) = f(z(r,6)) = (re®®)"

f(z(r,0 + 2m)) = [rei(9+2”)]n = rneindg2mni

— yngind g2mni

{ e2mni — 1, ne Z}

= (reie)n = f(z(r,0))
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Note: Ifn € Zthen f(z) = z™ is multiplied valued function.
s e?™ig 1 whenn ¢ Z
Let f: A — B be a function then

i) If the elements of A are complex numbers and those of B are real
numbers, then f is a real-valued function of a complex variable.

if) If the elements of A are real numbers and those of B are complex
numbers, then £ is a complex-valued function of a real variable.

Let f: R — R be a function. The graph of f is a subset of R x R and is a
two-dimensional object that can be represented well on a two-dimensional
page. However, for a function f: C — C, the graph is a subset of C x C,
which is equivalent to the Cartesian product R x R x R x R . This four-
dimensional object cannot be represented directly on a two-dimensional
plane. Instead, we use two separate planes: one for the z-plane (domain)
and another for the w-plane (range).

Y Vo
o *w
E
> X
C—plane C—plane
z—plane o—plane
Fig.1.

2.14 CONTINUITY:-

A function f: C — C is said to be continuous at a point z, € C if, for every
€ > 0, there exists a § > 0 such that whenever | z — z, |< &, it follows
that | f(z) — f(zy) I< €. In other words, small changes in the input z near
z, result in small changes in the output f(z). The function f is continuous
onasetS < Cifit is continuous at every point in S.

OR
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A function f: D — Cis said to be continuous at a point z, € D iff v €
>0,36>0st]f(z)—f(zy) I< e whenever z € D and | z — z, I<E.

Uniform Continuous: A function f: D — C is said to be uniformly
continuous D if forevery > 03 6 > 0s.t. Vz; and z, in D.

|z, — z,] <6 = |f(z1) — f(22)| <€

SOLVED EXAMPLE

EXAMPLES: If f(z) = z? then prove that f is continuous at a point z =
i €C.

SOLUTION: Let f(z) = z%,z5 =i
fO=i*=-1

limz2 =1?=-1
Z—1

limz? = —1 = f(i)
Z—1
So f is continuous at a point z = i.

2 .
EXAMPLE4: Let f(2) = {g 2 > i prove that f is not continuous at a

point z = i.
SOLUTION: f(@i)=0
~ limf(z) =liml? = -1
zi z-i
= Aimf(z) =—1=#f(D)
~ f is not continuous at z = z,.

EXAMPLEDS: explain the continuity of f(z) = 2 atz=el

z%+3z2+1

SOLUTION: z = '3

i1
—1+3i+1 3

~ f(2) =-

IT
. the limit exist z = e'+
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.TT
=~ f(z) is continuous at z = e'%.

EXAMPLESG: Determine whether the function f(x) is continuous at x =
1 where:
C(x? ifx#1
f(x)_{3 ifx=1
SOLUTION: To determine whether f(x) is continuous at x = 1, we need
to check the three conditions of continuity.
1. Check if the function is defined at x = 1:
The function is defined at x = 1, and we have:
f)=3
2. Find the limit of the function as x approaches 1:We need to find
Liﬂ f(x) Since the function has two different cases, we consider

the limit as x approaches 1 from the left (x - 17) and from the
right (x - 1).
For x — 1~ (approaching from the left), f(x) = x?2, so:

p fl) = Jipxf =17 =1

For x —» 1% (approaching from the left), f(x) = x?2, so:
lim f(x) = lim x?2=12=1
x—>1F x—-1+

exists and is equal to 1.
3. Compare the limit with the function value at x = 1: We have
limf(x) =1 or limf(1) =3
x—-1 x-1
Since }Ciir} f(x) # f(1), the function is not continuous at x = 1.

Hence the function f(x) is not continuous at x = 1 because the limit as x
approaches 1 does not equal the function value at 1.
EXAMPLETY: Determine whether the function g(x) is continuous at x =
0, where:

sin(x) .

g = fF) =% ifx+0

1 ifx=0

We need to check the three conditions of continuity at x = 0.
1. Check if the function is defined at x = 0:
The function is defined at x = 0, and:

g(0) =1
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2. Find the limit of the function as x approaches 0:
We need to find lin(l) g(x). When x # 0, the function is given by
X—

glx) = %(x) So, we need to find:

sin(x)

x—-0 X
This is a standard limit in calculus, and it is known that:

sin(x) _q

x—0 X
Compare the limit with the function value at x = 0: We have

lir%g(x) =1 and g(0) =1

X—

Since lir% g(x) = g(0), the function is continuous at x = 0.
X—

The function g(x) is continuous at x = 0 because the limit as x
approaches 0 equals the function value at 0. There is no discontinuity at
this point, and the function behaves smoothly.
SELF CHECK QUESTIONS
What is a function?
What is a limit?
What does it mean for a function to be continuous?
What is a complex-valued function?
What is the range of a function?

ok wbdE

2.15 SUMMARY::-

Functions: A function is a relation between two sets, typically denoted as
f:A = B, where each element z € A (the domain) is associated with a
unique element w € B (the codomain). If z is a complex number z = x +
iy and w =u+iv, then f(z) =u(x,y) +iv(x,y). The number w =
f(z) is called the value of the function at z. Functions can be real-valued
or complex-valued, depending on whether their output values are real or
complex numbers.

Limit: The limit of a function describes the behavior of the function as its
input approaches a particular value. For a function f(z) defined on a
domain D and a point z, € D (the closure of D), we say Zlir;zf(z) =

—Zo

wy, V €> 0 and there exists a § > 0 such that whenever 0 < |z — z,| <

8, we have |f(z) —w, | <€ For complex functions, this can be broken

down into limits of the real and imaginary parts: lim f(z) = w, if and
AR

only if lim u(x,y) = uy and lim u(x,y) = v,.
Z-Z Z=Zg
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Continuity: A function f is continuous at a point z, if the limit of f(z) as
z approaches z, equals the function value at z, : limf(z) =

z—2Zg

f(z,).Continuity can also be described in terms of € and 4:f is continuous
at z, if for every €> 0, there exists a § > 0 such that if |z — z,| < 6,
then|f(z) — f(z0)| <€.

Uniform Continuity: Uniform continuity strengthens the concept of
continuity by requiring that the § in the definition of continuity works
uniformly over the entire domain D. A function f is uniformly continuous
if for every €> 0, there exists a § > 0 such that such that for all z; z, €
D if |z, — z,| < &, then|f(z,) — f(z,)| <E.

2.16 GLOSSARY:-

e Function: A relation between a set of inputs (domain) and a set of
possible outputs (co domain), where each input is related to exactly
one output. It is typically written as f(x), where x is the input, and
f(x) is the output.

e Domain: The set of all possible input values (or arguments) for
which a function is defined. For example, the domain of f(x) =
1/x is all real numbers except x = 0.

e Piecewise Function: A function that is defined by different
expressions or rules over different parts of its domain. For
example:

x+1 ifx<0
f(x):{xz if x>0

e Limit: The value that a function approaches as the input
approaches a certain point. Limits help describe the behavior of
functions at points where they may not be explicitly defined. It is
written as )lfliré f(x).

e Left-Hand Limit: The value that a function approaches as the
input approaches a certain point from the left (i.e., from smaller
values). It is written as lim f(x).

x—a

e Right-Hand Limit: The value that a function approaches as the
input approaches a certain point from the right (i.e., from larger
values). It is written as lim+f(x).

x—a
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e Limit at Infinity: Describes the behavior of a function as the input
grows infinitely large (positive infinity) or infinitely small

e Continuity: A function is continuous at a point x = a if the
function is defined at a, the limit as x approaches a exists, and the
limit equals the function's value at a (i.e., lim f(x) = f(a).).

x—a

e Continuous Function: A function that is continuous at every point
in its domain. This means the graph of the function has no breaks,
jumps, or holes.

e Discontinuity: A point at which a function is not continuous.
There are several types of discontinuities:

» Removable Discontinuity: Occurs when the limit }cil?zf(x)

exists, but is not equal to the function's value f(a). The
discontinuity can be "removed" by redefining the function value at
X = a.

» Jump Discontinuity: Occurs when the left-hand limit and
right-hand limit at a point x = a are not equal, leading to a "jump"
in the graph.

» Infinite Discontinuity: Occurs when the function
approaches infinity or negative infinity as the input approaches a
certain point.

2.17 REFERENCES:-

e James Ward Brown and Ruel V. Churchill (2009),Complex
Variables and Applications.

e Ravi P. Agarwal, Kanishka Perera, and Sandra Pinelas (2011), An
Introduction to Complex Analysis.

e Goyal and Gupta (Twenty first edition 2010), Function of complex
Variable.
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e https://old.mu.ac.in/wp-content/uploads/2020/12/Paper-111-
Complex-Analysis.pdf

2.19 TERMINAL QUESTIONS:-

(TQ-1) Find the limit of the sequence z, = z™ for |z| < 1.

(TQ-2) Explain the definition of a function and provide an example.
(TQ-3) What is a limit in the context of a function, and how is it formally
defined? Provide an example.

(TQ-4) Define continuity for a function and explain the difference
between continuity and uniform continuity.

(TQ-5) Prove that if a function f is uniformly continuous on a set D, then
it is also continuous on D.

(TQ-6) Determine whether the function h(x) is continuous at x =

2, where:

h(x)={xt2 ifx<l1

x° ifx=>1

2.20 ANSWERS:-

SELF CHECK ANSWERS

1. A function is a relation that assigns each input exactly one output

2. A limit is the value that a function approaches as the input
approaches a certain point.

3. A function is continuous if it does not have any abrupt changes in
value and the limit as the input approaches any point equals the
function's value at that point.

4. A real-valued function is one where the outputs are real numbers,
even if the inputs are complex.

5. A complex-valued function is one where the outputs are complex
numbers, even if the inputs are real.

TERMINAL ANSWERS

(TQ-1)0

(TQ-6) The function is continuous at x = 2.
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UNIT 3:- Analytic Function (Cauchy Riemann
Equation)

CONTENTS:

3.1 Introduction

3.2 Objectives

3.3 Definition

3.4  Cauchy Riemann equation
3.5  Conjugate Function

3.6 Harmonic Function

3.7  Polar Form of Cauchy-Riemann Equations
3.8  Orthogonal System

3.9  Milne’s Thomson Method
3.10 Summary

3.11 Glossary

3.12 References

3.13  Suggested Reading

3.14  Terminal questions

3.15  Answers

3.1 INTRODUCTION:-

An analytic function is a complex-valued function that is differentiable at
every point in its domain and can be locally represented by a convergent
power series. A key condition for a function to be analytic is that it
satisfies the Cauchy-Riemann equations, which are a set of two partial
differential equations that link the partial derivatives of the function's real
and imaginary parts. Harmonic functions, which are closely related to
analytic functions, are real-valued functions that satisfy Laplace's
equation, meaning their second partial derivatives sum to zero. These
functions often represent the real or imaginary parts of an analytic
function.

3.2 OBJECTIVES:-

In this unit, we will explore the differentiability of complex-valued
functions through their power series expansions, where a function is
termed analytic around a point z, € C. An analytic function f(z) must
satisfy certain properties, notably the Cauchy-Riemann equations.
Additionally, we will examine the term-by-term differentiation of power
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series, assuming it is feasible. The unit will also cover the inverse function
theorem and introduce harmonic functions. Furthermore, we will discuss
the differentiability of well-known complex functions such as e?,
sin(z), cos(z).

3.3 DEFINITION:-

A single-valued function f(z) is said to be differential at a point z, if
there exists a neighborhood U around z, such that f(z) is differentiable at
every point z € U. Mathematically, this can be expressed as: For all

’ . fEth)-f(2) .
=] — eXISl.
f'(2) lim - exist

This implies that the limit

li f(Z) — f(20)
m-———-
h—-0 Z — ZO
exists and is finite, and this condition holds not just at z, but at every

point in the neighborhood U of z,.

Definition: The function f(z) is said to be analytic at a point z, if it is
differentiable at z, and at every point within some neighborhood of z,.

In a broader context, f(z) is analytic in a region R of the complex
plane if it is analytic at every point within R.

The terms “regular” and "holomorphic” are often used
interchangeably with "analytic" to describe functions that satisfy these
conditions of differentiability in the complex plane.

Singular point: A point z = z, is said to be a singular point of a function
f(2) if f'(z) does not exist.

3.4 CAUCHY RIEMANN EQUATIONS:-

The Cauchy-Riemann equations are a set of two partial differential
equations which, together with certain continuity conditions, are necessary
and sufficient for a complex function to be holomorphic. The Cauchy-
Riemann equations are given by:

Ju OJv OJdu av

ox 0dy dy = o0x
where f(z) = u(x,y) + iv(x,y) and z = x + iy.

3.5 CONJUGATE FUNCTION:-

If f(z) =u+ivis analytic and if u and v satisfy Laplace’s equation
V2V =0, then u and v are called conjugate harmonic functions or
conjugate function simply.
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3.6 HARMONIC FUNCTION:-

A function u(x, y) is said to be harmonic function if first and second order
partial derivatives of u are continuous and u satisfied Laplace’s
equationV2V = 0.

Theoreml: Necessary condition for f(z) to be analytic. If f(z) = u +
iv is analytic in a domain D, then u, v satisfy the equations
Ju Odv du  Ov

ox Oy Oy ox
Provided the four partial derivatives u,, u,, vy, v, exist.
Proof: A function w = f(z) = u + iv is analytic at a point z if it is
dlfferentlable =~ exists s0 that =~ has the same value along every path.

I Alongx —axis, 6z—6x
dw ow - dw dw

dz 625067 sxs06x | Ox - (D)
ii. Along y —axis, 6z = idy.
dw_l ow y Sw 0w )
dz 825062  sy0 isy lay ~(2)
ow _ .ow
From (1) and (2), Pl lay

au av Ju Ju

_l_

ax “ox dy ay

u Jdv du av
ﬂ —_—=— — = ——
This ox  ox’ady ox

Theses equations are called Cauchy Riemann equations.
Theorem2: Sufficient condition for f(z) to be analytic. The function
w = f(z) = u + iv is analytic in a domain D if
I u, v are differentiable in D and u, = v, u, = —v,
ii. The partial derivatives u,, vy, u,, v, all are continuous in D.
Proof: Letw = f(z) = u+ iv =u(x,y) + iv(x,y) = f(x,y), then
u v ou 6v .
525’5_ P Le, Uy =7V),U, = = (1)
For f(z) = u(x,y) + iv(x,y) to be analytic in a domain D, u and v must
be differentiable with continuous partial derivatives satisfying the Cauchy-
Riemann equations, and increments &z, du, 6v,Sw correspond to the
increments 6x, 6y of x and y.
So
Uy = 6u = u,6x +u,,. 6y + adx + poy
Similarly
= 6V = 1, 6x + v),. 6y + a;,6x + B, 6y
where a, 8, @y, B, all tends to zero as 6x — 0,6y = 0
Now
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sw Su+idv
g - Ox+idy (2)
Su + idv = éx(u, + iv,) + Sy(uy + ivy) + (a +ia)ox + (B +iB)oy
= ox(u, + ivy) + i6y(—iuy + vy) + a'sx + B'Sy
Where ' = a +iay,f' =L +if;
From (1)

Su + idv = (uy + iv, ) (6x + idy) + a'6x + B'Sy
Dividing by éx + iéy and then from(2)

Sw ny a'bx N B'6y
5z e Sx +i6y  8x +idy
w ) B a'bx ,863/ , , |0y
2 s+ im| = (S + B2 < 11 o] + 1811 [

<|d|+1|p'|as |6x| < |6x + i6y|

-2 <lal+lasl + 1Bl + 18] asa’ = @ +ia,

But when 52 - 0, the R.H.S— 0. Hence

Sw ow .
lim ——— r— =—=
85z—0 6z 5x =00 0x Ux + Wy

But u,, v, exist. So & d—z hence w is analytic in D.

Notel. The equation ‘;—"ZV = aa—: is of vital importance for further study.
ow ou av

NOtGZf(Z)_Z=E=£ Ir

If (2% = (u)® + (1)* = Uy Vy — Uy Uy

Note3.  du=S"dx +a—udy

d?u =d[d [ ( >d+a(aud)d]
0x x dy \dy y)&
92u 2y,
2 2 4
I > (dx)? + 223y dxdyl [ > (dy)? + 3y9x dxdyl
0%u 0%u
e 2 pliad 2
2y = (dx) +2 2x3y dxdy + 3y7 (dy)

Similarly

2 2 2

d°v d0°v
- 2 i 2
d?v = (dx) +2 9x3y dxdy + 357 (dy)

3.7 POLAR FORM OF CAUCHY-RIEMANN
EQUATIONS:-

Theorem3: If f(z) = u + iv is an analytic function and z = re®where

u,v,r,0 are all real, show that the Cauchy-Riemann Equation are
Ju 10v dv 10du

ar raf’or  rab
Or
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To prove that the necessary and sufficient condition for f(z) to be analytic
in polar coordinates.

Proof: Let f(z) = u + iv is an analytic function so that Cauchy-Riemann
Equation
Uy =1y (1)
Uy = —Vy .. (2)
are satisfied
to prove that , in view of above equations

Ju 10v ov 10u

or ro@’ar  rae
Let x = rsin6,y = rcos6.
Then r? =x%+ y? tanf = %, 0 = tan"1(y/x)

or «x ar y )
Pl cos@,@=;= sin
00 1 (—y) sin@
—=——.(=)=-
0x 14 (y_2> x r
x
00 1 (1) cos6
E— — -\ =
dy 1+ (y_2> x r
x
du duodr N dudf
dx Orodx 00 0x
Or
z—z = cos@.a—u — Sl:le .Z—Z - (3)
Jdv Jdu ar av 00
ay ar ay a0 ay
6v 9. _+ cos6 a_v 4
7y = sin — .. (4)
Now, by (1), (3) and (4), we get
Ju dv
ox 0dy
sinf du _ . dv | cosb v
cos@ i sm@.ar t—3 ..(5)
ou 6u or 6u 96 p Ju N cosf du
oy oray fagay ot a0
dv Odvor av a0 dv sinf dv
—=——+———=c0S0 —— ———
) Ox Orodx 696 or r 00
Since last two equations obtains
, ou |, cosf du __ a_v . ﬂa_v
sm@a— Tt = cos6 5 29 ...(6)

Now the equation (5) multiply by cosé and (6) by siné obtains
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du 10v
E ;% s (7)
From (6), we have
sin@ av cosf du P 6v+sm9 Jdv
90 7 90 ; cosl 'aar r 06
v u
> = T8 ..(8)
The above equations (7) and (8), which is the required results.
Theorem4: Derivative of w in polar form. To prove that
dw gOw i 0w
——=e" ——e 0 —
dz ar  r 00
Proof: the Cauchy-Riemann Equation are
Ju 1dv dv  10u
or rog’or  raoe
Let x = rsin6,y = rcos6.
Then r?2 =x%+ y? tanf = %, 0 = tan~1(y/x)
or x Qar_y_ g
ax—r—cos ,ay—r—sm
00 1 (—y) sin@
—=——— (=)=~
0x 1+ (y_2> x r
X
200 1 (1) cos6
J— — -\ =
dy 1+ (¥_2> x r
dw ow dw Or aw 0 dw sinf dw
dz ox orox o0 ax U T+ a8
aw . dv sin@ (ou .0v
=cost(Sr+is) -T2 (%) .
p ow sm@( dv N 6u>
- o8 or r - ar r ar
_ eaw ,,H(E)u_l_ 617)
= CO0S ar IStn 3 l(’)r
— (cos ..H)GW_ _ip W
= (CoS ;sm ar a— e ar
aw _ i IV
. = : > . (2)
Now from (1), we obtain
dw lov i 6u> sinf ow
—=c0S0 |- ——55|——==
dz (r a0 raodeo r 060
_.cosB (0u N ,617) sinf ow
-y (ae ‘90) " T+ o0
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i( p ,,Q)BW_ i 0w

r cos Isin 30 = ’ e EY:

dw i _. 0w

S dz _ r¢ a0
Which is required the results.

3.8 ORTHOGONAL SYSTEM:-

Two families of curves u(x,y) = ¢y, v(x,y) = ¢, are said to form an
Orthogonal System if they interest at right angles at each of their points
of interaction.
Theorem5: If f(z) = u + iv is an analytic function, in domain D, prove
that the curves u = const., v = const. from two orthogonal families.
Proof:_Let f(z) = u + iv is an analytic function so that Cauchy-Riemann
Equation

Uy =1y . (1)

Uy = —Vy . (2)
are satisfied
To prove that the curves u(x, y) = const.= ¢, v(x,y) = const.= c,
Suppose
m; = c¢; = u(slope of tangent to the curve)
m, = ¢, = v(slope of tangent to the curve)
Now if we show that m;m, = —1, the result will be proved.
Taking

u=C1
U=C2
du=0,dv=20
Mo+ Lay=0, Lax+ Py =0
axxayy_' axxayy_
_dy uy _dy vy
ml_dx_ uy'mz_dx_ vy

ux Ux uxvx uxvx 1
T ( uy) ( Uy) uyvy (=) (uy)

Theorem6: Real and imaginary parts of an analytic function satisfied
Laplace’s equation. That is to say, if f(z) = u + iv is an analytic function
of z = x + iy, then u, v satisfy Laplace equation.
Or. If f(z) =u+ivis an analytic function of z = x + iy, then u and
v both are harmonic functions.
Proof: Let f(z) = u + iv is an analytic function so that Cauchy-Riemann
Equation

Uy =) . (1)

Uy = —Vy - (2)
are satisfied
To prove that V2u = 0,V2v = 0
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Differentiating (1) and (2) w.r.t. x and y and adding, we obtain
0%u N 0°u _ d*v  9%v _ 0
0x2  dy?  odxdy OJydx

Or

azu+azu—0 Viu=0

ax2 T 3y = or Veu =
Differentiating (1) and (2) w.r.t. x and y and subtracting, we get

0%v v 9%v [9%*v 0%v 0%v
dxdy 0ydx - ay? <6x2> ~ 9x2 + dy?
0%v 0%v )
ﬁ -|'a—y2 =0 or V'v =20

3.9 MILNE’S THOMSON METHOD:-

The Milne-Thomson method is a technique used to derive the Cauchy-
Riemann equations in polar coordinates from their Cartesian form. It
involves expressing a complex function f(z) = u(x,y) + iv(x,y) in
terms of polar coordinates, where z = re?, and then applying the chain
rule to relate the partial derivatives in Cartesian coordinates to those in
polar coordinates. This method ensures that the conditions for analyticity
are preserved in the transformation. )

We have z = x + iy so that x =?,y=%

w=f(z)=u+iv=ulxy)+iv(x,y)
Or

(2) = (z+z_z—z>+_ (z+z‘z—z>
f@=ul—= ) 7%

Now let x = z,y = 0 so that z = Z, we have

f(z) =u(z,0) +iv(z,0)
dw Jdw Jdu 0dv

f (Z)jaja=a+la
_gu_.ov i i
= —i by Cauchy Riemann equation
Let we take
ou
I =0.(x,y) = 01(z,0)
ou
@ = 0,(x,y) = 0,(z,0)

Weobtain  f'(2) = 0,(z,0) — @,(z,0)
Now integrating,

f@) = f [0,(2,0) — 6, (z,0)]dz + C

Where C is constant.
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Similarly

F() = f [1(2,0) — ith; (2, 0)]dz + C'

__0v
=
SOLVED EXAMPLE
EXAMPLEL: Find the analytic function f(z) = u + iv of which the real
part u = e*(xcosy — ysiny).
Solution: Now let

Where lpl = Z_;‘;, lpz

ou

Pl e*(xcosy — ysiny) + e*cosy
ou . .

@ = e*(—xsiny — siny — ycosy)

d
(_u) =e*x+e*=e*(x+1)
0x/ y=g

ou

$1(x,0) = (ax>y=0 =e*(x+1)
$(x,0) = (g—;) =0

y=0

By Milne’s method,
f() = f [$:(2,0) — iy (2, 0)] +

= f[ez(z+ 1) —i.0]ldz+c = f(zez +e?)dz+c
=(z—-1)e?+e?+c=ze?+c
f(z) =ze*+c
EXAMPLE2: Find the analytic function f(z) =u+iv, where u =
e *[(x? — y?)cosy + 2xy siny].
SOLUTON: Let u = e ™*[(x? — y?)cosy + 2xy siny]
ou
¢,(x,y) = P —e™*[(x? — y?)cosy + 2xy siny]
+ e *[2xcosy + 2ysiny]
ou

d,(x,y) = o = e ¥[-2ycosy — (x? — y?)siny + 2x siny + 2xycosy]

Substituting x = z,y = 0 and so cosy = 1,siny = 0, we obtain
$(z2,0) = —e %(z% + 22),¢,(2,0) =0
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@ = [ -9 dz = [0 -10) = [ drz

=— f e ?2(z2+2z)dz=e"?(z*+4z+4) + ¢

EXAMPLES3: If f(z) =u+iv is analytic function and u—v =
e*(cosy — siny), find f(z) in term of z.

SOLUTION: Given fFD)=u+iv (D
u—v = e*(cosy — siny) - (2)

Again from (1)
if(z) =iu—v ..(3)

Adding (1) + (3), we have
A+d)f=w—-v)+i(ut+v)
Letwetakeu —v=U,u+v=V,(1+i)f =F(2)
We get F(z)=U+1iV
By (2), we obtain
U = e*(cosy — siny)

Take  ¢i(xy) =5 gy =7
Then
¢1(x,y) = e*(cosy — siny), ¢, (x,y) = e*(—siny — cosy)
This = ¢,(z,0) = e?(cos0 — sin0) = e?,¢,(z,0) = e*(—sin0 —
cos0) = —e?

By Milne’s method,
F(z)=c+ f[qbl(z, 0) —ig,(2,0)]dz =c + f e?(1+i)dz

A+Df=c+ @ +10)e*
f(z) =c +e”
. 82 | 8% _ 492
EXAMPLE4: To prove that ot =
SOLUTION: z=x+iy,z=x—1iy

dy2  9z9z7

_Z+Z_ _Z—Z__—l 3
R e T S A
This SZ 1% oy L0y

0z 2 0z’ 0z 2 oz
Let f = f(x,y). Then f = f(z,Z) also
6f_6fax+6fay_1(6f ,6f>
dz 0xdz O0dyodz 2\0x l(’)y
6f_6fax+6fay_1(6f+,6f>
9z ox0z  aydz 2\ox ' ‘ay
0*f 909f 1/0 d\s/0 .0
QY10 0y, 0y,
0z0z 0z0z 4 dx  dy

ax_l@
0*f 1(0? N 92
0z0z 4\0x%  0dy? f
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EXAMPLES: Show that the harmonic function satisfies the differential

equation:
0%u “o
0207
SOLUTION: Let we know that
0?2 02 0?2
0x? * dy? - 40262’ (D)

Let u is harmonic function= V?u =0 = % + ziyl; =0
Now from (1), we get
0’u  9%u
4 0z0z 020z 0

EXAMPLES: If f(z) is an analytic function of z, prove that

62 62 R 2 2 ! 2
<ﬁ + a_y2> IR f(2)I? =2If"(2)|
SOLUTION: f(z) =u+iv,Rf(2) =u

i 2 =9 a_u
ax't T “Mox
Differentiation Again
0%u? [ 0w\ 0%u
77 =2|(0) *uoe
Similarly _ _
0%u? [ 0> 0%u]
y? <@> ey
Now adding
0%u? 0%u? du\?  sou\’ 0%u
Ww—yz—zl(a) +(@) +“<ﬁ

But u satisfies Laplace’s equation, we get

N 0%u
dy?

0°%u? N 0%u? _5 <6u>2 N (E)u)z 2w (0
ax? = dy? ox dy u-(0)

)

= [u2 + vZ] Foru, = —v,

But
" )_dw_aw_au_l_,av
) fZ_dz_ax_ax Lox
Now at last gives
0%u? 0%u?
= ! 2
dx? + dy? 217 @)
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9 02 , 5
<ﬁ+—) R f@I? = 2If' @)

EXAMPLET7: Prove that the function f(z) = xy + iy is everywhere
continuous but not analytic.
SOLUTION: Let giventhat f(z) = xy + iy

ou dv ou Jv

ox Yoy 1'6y ok T
ov du Bv
ay Bx
This implies that the Cauchy-Riemann equations are not satisfied.
= f(z) is not analytic.
EXAMPLES: If ¢ and y are functions of x and y satisfying Laplace’s
equation show that s + it is analytic, where
_ 09 oy d¢p 0Y
Oy ax’ b= d0x + dy
SOLUTION: Let us suppose ¢(x,y) and y(x,y) satisfy Laplace
equation

From WhICh — ;t

02 02
oy
dx? = 0y?
02 02
0’ 0% _
dx? = 0y?
o6 0y , _0¢ , ¥
Lets = =3 ax't = +-8y

Now to prove that s + it is analytic function, we obtain to show that
ds 0dt 0Os at

ox ay'dy  ox

Js Ot 65 ot

ox @ ay ax
and sy, sy, ty, ty all are contlnuous
ds Ot (6(1) 61/)) ((’)d) N 61p>
0x 0y dx dy Ox ay dx dy
B 0%¢p 9%Y 9%¢p 0%y B

~ 0xdy  Ox? dydx B dy?
621/J 621/J _ 0
Ax? ay B

ds at

2T =0
ox ady

0s L 0t _ 0 (99 0w\, 0 (99 ¥

54—5_63/(63/ 6x)+ax(ax+ay)
92¢ 62¢_+62¢4_62¢ ~
dy? 0dydx 0x%  0xdy
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2 2
(6_¢+6_¢>=0

dx? = 0y?
Also
ds N Jat
dy ox

EXAMPLEY: Prove that the function u = x3 — 3xy? + 3x2 —3y% +1
satisfies Laplace’s equation and determine corresponding analytic
function.
SOLUTION: u = x3 — 3xy? +3x2 —3y2 + 1

ou

P.(x,y) = e 3x%2—3y% + 6x
Ju
b2 (x,y) = @ = —6xy — 6y

0%u

ﬁ =6x+6

62

——=—6x—06

From the above equations
0%u  0%u
a2ty =0

- u is satisfies Laplace’s equation. Substituting x = z,y = 0 in above
equations

$1(z,0) = 3z% + 62,¢,(2,0) = 0.
By Milne’s Thomson method

f() = f [$1(2,0) — ihy (2, 0)]dz

f[3ZZ+6Z—i.0]dZ=Zs+3ZZ+C

EXAMPLE10: If u = x3 — 3xy?, show that there exists function v(x, y)
such that w = u + iv is analytic in a finite region.
SOLUTION: Let given that u = x3 — 3xy?

ou 6 6u_3 2 _ 32
dy Vgx =% y
p _6vd +6vd _ (E)u)d +(6u>d
U_ax x dy y= dy x dx y
6xydx + (3x? —3y?)dy = Mdx + Ndy
6M_6 _ON
dy x_(')x

Mdx + Ndy is exact. So that
f dv = f6xydx + f —3y2dy =3x*’y—y3+¢
f(@)=u+iv=(x3-3xy?) +i(Bx%?y —y3 +¢)
=(x+iy)3+ic=2z3+1ic
So that f(z) is analytic in a finite domain.
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SELF CHECK QUESTIONS

What is an analytic function?
State the Cauchy-Riemann equations.
What is the significance of the Cauchy-Riemann equations?
What is the relationship between analyticity and harmonic
functions?
Explain the concept of analytic continuation.
What is the Milne-Thomson method used for?
How does the Milne-Thomson method work?
What is the advantage of using the Milne-Thomson method in
complex analysis?
9. The function f(z) = tanz is

a. continuous everywhere

b. analytic in finite complex plane

c. analytic everywhere except the points where cosz = 0

d. none
10. A function of x and y possessing continuous partial derivatives

of first and second order is called harmonic function if it is
satisfied

a. Euler equation

b. Laplace equation

c. Homogenous equation

d. Lagrange equation
11. An analytic function with constant modulus is:

a. Variable

b. May be Variable and constant

c. Constant

d. None
12. Which of the following functions is not analytic

a. sinz

b. cosz

Cc. ax?+bz+c=0

d =

z—-1

13. True/False statements
(). Cauchy Riemann equation is sufficient for a function to be
analytic.
(i)). The function w = |z|? is continuous everywhere but
nowhere differentiable except at the origin.
(iii). An analytic function with constant modulus is constant.
(iv). If f(z) = u + iv is an analytic function, then being given
one of u and v, the other can b determined.
(v). An analytic function cannot have a constant absolute value
without reducing to a constant.

el N =

NG
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3.10 SUMMARY::-

An analytic function, or holomorphic function, is a complex function that
is differentiable at every point in its domain, meaning it can be represented
by a convergent power series around any point within its domain. These
functions satisfy the Cauchy-Riemann equations, ensuring their real and
imaginary parts are harmonic. Key properties include infinite
differentiability and the ability to be expressed in a power series.
Important theorems associated with analytic functions are Liouville's
theorem, the maximum modulus principle, and Cauchy's integral
theorems. Applications of analytic functions span across conformal
mappings, complex integration, and potential theory in physics and
engineering.

3.11 GLOSSARY:-

e Analytic Function: A complex function that is differentiable at
every point in its domain. Also known as a holomorphic function.

e Cauchy-Riemann Equations: A set of partial differential
equations that must be satisfied for a function to be analytic. For
f(z) = u(x,y) + iv(x,y), the equations are:

Ju Jdv Jdu dv
ox 0x'dy  0x

e Harmonic Function: A function u(x,y) or v(x,y) that satisfies
Laplace's equation:

0%u  0%u 0%v  9%v
dx? + ay? 0, dx? + dy?

e Analytic Continuation: The process of extending the domain of
an analytic function beyond its original domain while maintaining
its analyticity.

e Complex Plane: A two-dimensional plane representing complex
numbers, with the horizontal axis as the real part and the vertical
axis as the imaginary part.

e Holomorphic: Another term for an analytic function, emphasizing
its differentiability properties.

e Potential Theory: A field of study using harmonic and analytic
functions to solve problems in physics and engineering related to
potentials, such as gravitational or electrostatic potentials.

e Complex Differentiability: A condition for a function f(z) to be
differentiable with respect to z in the complex plane. This requires
the existence of the limit:

y f(z+Az) — f(2)
m
Az—0 Az

0
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e Holomorphic: Another term for an analytic function, emphasizing
its differentiability and the satisfaction of the Cauchy-Riemann
equations.

e Necessary Condition: A condition that must be true for a function
to be analytic. The Cauchy-Riemann equations are necessary
conditions for complex differentiability.

e Sufficient Condition: A condition that, if true, guarantees a
function is analytic. If a function satisfies the Cauchy-Riemann
equations and its partial derivatives are continuous, it is analytic.

e Complex Plane: A two-dimensional plane used to represent
complex numbers, with the horizontal axis as the real part and the
vertical axis as the imaginary part.

e Partial Derivative: A derivative of a function with respect to one
variable, treating other variables as constants. In the context of the
Cauchy-Riemann equations, partial derivatives are taken with
respect to x and .

e Continuity: A property of a function where small changes in the
input result in small changes in the output. For the Cauchy-

Riemann equations to imply analyticity, the partial derivatives
u 9v 9u 9% st be continuous.
ox’'ox’ oy’ ax

e Complex Conjugate: For a complex number z = x + iy, its
complex conjugate is Z = x — iy. The Cauchy-Riemann equations
involve differentiating with respect to x and y, not z.

e Complex Potential: A complex function representing potential
flow in fluid dynamics, where the real part is the velocity potential
and the imaginary part is the stream function. The Cauchy-
Riemann equations ensure that the flow is irrotational and

incompressible.
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e Theodore W. Gamelin (2013, Springer), Complex Analysis.
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e https://old.mu.ac.in/wp-content/uploads/2020/12/Paper-111-
Complex-Analysis.pdf

e Robert E. Greene and Steven G. Krantz (4th Edition, 2020),
Function Theory of One Complex Variable.

3.14 TERMINAL QUESTIONS:-

(TQ-1) Show that u = (1/2)log(x? + y?) s harmonic and find its
harmonic conjugate.

(TQ-2) Prove that an analytic function with constant real part is constant.
(TQ-3) If f(2) is analytic function with constant modulus, then it is
constant.

(TQ-4) If f(2) = u + iv is an analytic function of z = x + iy, and ¥ is a
function of x and y possessing partial differential coefficients of the first
two orders, show that

AN G A 1 AN G AN TP
(5 +(5) =) + (G ir@l
L 0%Y 0% (%Y | %Y ' 2
1. 0x2 + ay? (8u2 + avz) |f (Z)l
(TQ-5) An incompressible fluid flowing xy-plane has velocity potential
p=x? -y +—

x% +y?

Find stream function i so that w = ¢ + iy is analytic.

(TQ-6) Prove that the function e*(cosy + isiny) is holomorphic and
find its derivative.

(TQ-7) Find an analytic function whose real part is e*cosy.

(TQ-8) Show that the function u = cosxcoshy is harmonic and find the
harmonic conjugate.
(TQ-9) show that the function f(z) = |xy|*/?is not regular at the origin,
although the Cauchy Riemann equations are satisfied at the point.
(TQ-10) the Explain the nature of the function w = f(z) = z'/3
i. Show that f(z) = Z is continuous at z = z, but not analytic at z =
Zo
ii. Prove that the function f(z) = cos(z) is continuous at everywhere
analytic.
(TQ-11) Prove that continuity is necessary but not sufficient condition
for the existence of a finite derivative.
(TQ-12) Find the analytic function w = u + iv if
i u=x3-3xy?
ii. u=e*cosy

3.15 ANSWERS:-

Department of Mathematics
Uttarakhand Open University Page 56


https://old.mu.ac.in/wp-content/uploads/2020/12/Paper-III-Complex-Analysis.pdf
https://old.mu.ac.in/wp-content/uploads/2020/12/Paper-III-Complex-Analysis.pdf

Advanced Complex Analysis MATG601

SELF CHECK ANSWERS

An analytic function, also known as a holomorphic function, is a
complex function that is differentiable at every point in its domain.
Furthermore, its derivative must also be continuous. This implies
that the function can be represented as a convergent power series

in some neighborhood around any point in its domain.
6_u __0v Ju __ a_v

=—,—=— i.e.,u, =v,,U, = —0
dx dx’ady ox rx Y=y X

3. The Cauchy-Riemann equations provide necessary and sufficient

9.
13.

conditions for a function to be analytic. They ensure that the
function is differentiable in the complex sense. If a function
satisfies these equations and has continuous first partial
derivatives, it is guaranteed to be analytic.
Harmonic functions are twice continuously differentiable functions
that satisfy Laplace's equation, implying that they are solutions to
the heat equation in steady state.
Analytic continuation is a technique to extend the domain of a
given analytic function beyond its initial domain. This is done by
defining the function on a larger domain such that the new function
agrees with the original function on their common domain. The
extended function remains analytic in the new domain.
The Milne-Thomson method is used to find the real and imaginary
parts of a complex function, given its complex form. It is
particularly useful in fluid dynamics and conformal mapping
problems, where it helps to convert complex potential functions
into their real and imaginary components.
The Milne-Thomson method works by expressing a complex
function f(z) = u(x,y) + iv(x,y) in terms of z and its conjugate
z . The method involves writing the complex function f(z) in
terms of z and z, and then using the relationships between the real
and imaginary parts to separate them.
The advantage of using the Milne-Thomson method is that it
provides a systematic way to separate the real and imaginary parts
of a complex function, which is essential in many applications,
such as solving physical problems in fluid dynamics and
electromagnetic. It simplifies the process of finding these parts
without directly differentiating the function.
C 10. b 11. ¢ 12.d

. F  @).TOi).T (v).T (v.T
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UNIT 4:- Power Series
CONTENTS:

4.1  Introduction

4.2  Objectives

4.3  Power Series

4.4  Absolute Convergence Of ). a, z™

4.5  Some Special Test for Convergence of Series
4.6  Radius of Convergence of Power Series
4.7  Sum Function of a Power Series

4.8  Theorems

4.9  Summary

4.10 Glossary

4.11 References

4.12 Suggested Reading

4.13  Terminal questions

4.14  Answers

4.1 INTRODUCTION:-

A power series is an infinite series of the form Y, a,(z — c)™are
complex coefficients, z is a complex variable, and c is the center of the
series. Power series are fundamental in complex analysis because they
represent functions as sums of infinitely many terms that depend on the
distance from the center c. The series converges within a certain radius,
called the radius of convergence, which can be determined using various
convergence tests. Within this radius, a power series can be used to
represent analytic functions, providing a powerful tool for understanding
their properties and behavior.

4.2 OBJECTIVES:-

After studying this unit, learners will be able to

e Understand and identify the structure and components of power
series, including their terms, coefficients, and center. They will be
able to determine the radius and interval of convergence for power

Department of Mathematics
Uttarakhand Open University Page 58



Advanced Complex Analysis MATG601

series and apply convergence tests to assess where a series
converges.

e Learners will also be able to represent analytic functions as power
series, use these series to approximate functions, and compute
derivatives and integrals of functions expressed in this form.

4.3 POWER SERIES:-

A power series is an infinite series of the form

[ee)

Z an(z—a)"

n=0
are complex coefficients, z is a complex variable, and ¢ is a constant
known as the center of the series. It represents a function as a sum of terms
involving powers of (z — c¢). The power series converges within a certain
radius of convergence, R, and diverges outside of this radius. Within this
radius, the power series can be used to express analytic functions and
analyze their properties.
OR

A series of the form

Yo AnZ" or o n(z — a)™
is called a power series, where a,,,a are a complex constant and z is a
complex variable. The second form . a,,(z — a)™ ccan be simplified to the
first form by substituting z = ¢ + a yielding

Zan(z—a)” =Zan("

The first form is simpler than the second form. Hence
Ymeo AnZ™  Or simply X, a,,z"™
in our discussion.

4.4 ABSOLUTE CONVERGENCE OF ) a,,z":-

The concept of absolute convergence is crucial when dealing with power
series. A series Yo, a,z™ is said to be absolutely convergent if the series
formed by taking the absolute value of each term,

D lanz"l = ) layllz"|

converges.

The power series Y, a,,z™ is said to be conditionally convergent if ), a,,z™
is convergent but }:|a,||z|™ is not convergent.
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4.5 SOME SPECIAL TEST FOR CONVERGENCE
OF SERIES:-

Convergence tests are essential tools in mathematical analysis to
determine whether a series converges (i.e., approaches a finite limit) or
diverges. Here are some special tests commonly used to check for the
convergence of series:

1. If Y u, is convergent, then lim u, = 0.
n—>oo

2. If lim = = finite non-zero quantity, then the two series . u,, and

n—oo Un

2. v, have identical nature.
3. Comparison Test: Y; u,, is absolutely convergent if
[unl < |l
4. Root Test: For a series u,,:
Compute L = Ai}yunl“"

e |If L < 1,the series converges absolutely.
e |If L > 1, the series diverges.
e If L=1, the test is inconclusive.

5. Ratio Test: For a series u,:

<1 or >1

Un+1

Un

Compute L = lim

n—->oo
e |If L < 1,the series converges absolutely.
e |IfL > 1lorL = oo, the series diverges.
e |IfL=1, the test is inconclusive.

o

p-Series Test: For a series of the form nip:

e The series convergesifp > 1

e The series diverges ifp <1
7. Dirichlet’s Test: The series Y, a,u, is convergent if
i S| =X, a;l < kvn, k being a finite number.
ii. limu,=0

n-co

iii. 2 (u, —u,4,) is convergent.
Integral Test: If f(x) is a continuous, positive, decreasing
function for x > 1 and a,, = f(n), then the series > a, converges
if and only if the improper integral floo f(x)dx converges.

9. Absolute Convergence Test: If the series Y |a, | converges, then
the series Y a,, converges absolutely.

o

10. p-series test: For a series of the form Znip
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e The series converges if p > 1.
e The series diverges if p < 1.

These tests are commonly used to determine the convergence or
divergence of series. Each test has its specific conditions and is useful in
different scenarios.

4.6 RADIUS OF CONVERGENCE OF POWER
SERIES:-

Let the power series ), a,z™ = ), u,(2),5ay, Y. u, is convergent if

lim |u, | < 1
n—->0oo
. 1 1
This= lim |a,z"|» < 1 = lim|a,|».|z| < 1
n—-o0o n—-o0o

1
. . P 1 .
Taking lim |a,|» = -, we obtain
n-oo R

||

F<1 or |z| <R.

Thus ); a,z™ is convergent or divergent according as
|z]| <R or |z| >R.

=~ For a given power series n, there exists a non-negative real number R,
known as the radius of convergence. This radius R determines the region
in the complex plane where the series converges. Specifically, the series
converges absolutely for all complex numbers z such that | z |[< R and
diverges for | z |> R.

Now if we draw a circle of radius R with centre at the origin, then define
in one paragraph

I. The power series Y a,z™ is convergent for every z within the
circle. (|z| < R)

ii. The power series Y, a,z™ is divergent for every z outside the
circle. (|z| > R)

The circle of radius R, centered at the origin, is called the circle of
convergence for the power series Y, a,,z™, and the radius R is referred to as
the radius of convergence. There are three possibilities for R:
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i. R=0
In case series in convergent only when z = 0.

ii. R is finite
In this case series is convergent at every point within this circle
and divergent at every point outside it.

iii. R is infinite

iv. In this case series is convergentV z.

4.7 SUM FUNCTION OF A POWER SERIES:-

The sum function of a power series is a function that represents the value
to which the series converges for each point within its radius of
convergence. Given a power series of the form:

the sum function f(z) is defined as:

[oe)

f@) =) an"

n=0
where z is a complex variable and a,, are the coefficients of the series.

4.8 THEOREMS:-

Theoreml: The power series ), a,z™ either
i.  Converges for every z
ii. Convergesonly forz =10
iii. Converges for some values of z
Proof:

i.  Let the power series ), Z—T
Comparing this with }; u,,(z), we find that

Upiq z1l nl z
u, m+D!I'z" (m+1)
u
lim|n+1=lim dzl=0<1
n-oo | U, nooon + 1

n
Hence the power series Zi—' is convergent for every z.
ii. Let the power series »z"n!=Yu, then Ilim |u,|=
n—-oo

lim n!.|z|"?

n—->oo

_{0,ifz=0
Tl if z#0
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WUy, i.e.,;n ! z™is convergent if z = 0 and divergent if
z # 0.
iii. The power series Y, z™ is convergent if |z| <1 and is not
convergent if |z| > 1.
Theorem2: If the power series ), a,z™ converges for a particular
value z, of z, then it converges absolutely for every z for which|z| <
|Zo|-
Proof: Let the power series ), a,z"is convergent for z = z; so that
Y. a,z™ is convergent. So
lim Y a,zy! =0 (1)
n—oo
To prove that ), a,,z™ is convergent V z for which |z| < |z,].
From (1), there exist a real positive constant M > 0, we obtain
la,zJ| < MV n

Now
n
a,z}| < M|—
lanzg| < M|
[z|™ .
But ), oIS convergent V z s.t.,
0
|z| .
—<1, i.e., |z| <]zl
|Zo|

~ By comparison test, X.|a,z{| is convergent V z s.t. |z| < |z,l.
Consequently }; a,zl is absolutely convergent Vv z s. t. |z| < |z,].
Theorem3: For every power series ), a,z", there exists a number R
such that 0 < R < oo with the following properties:
i.  The series converges absolutely for every z such that |z| < R.
ii.  The series diverges if |z| > R.
Proof: Given the power series).,—, a,z", we need to find the radius of
convergence R such that the series converges for | z |< R and diverges
for|z |>R.
i.  Convergence within the radius:
Let r < R and z be such that | z |= r. By the definition of the limit
superior, for any € > 0, there exists an integer N such that for all n >
N,

1

la, |*/™ < R HE

Thus, for | z |= r < R, we have:

1
la,z"| = |a,||z"| = |la,|r" < E+€" rh
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Since r < R, there exists e > 0 such that r (% + e) < 1. Therefore, the

terms|a,,z}| are bounded above by a geometric series with a ratio less
than 1, ensuring the series converges absolutely.

ii.  Divergence outside the radius:

Now, consider | z |> R. We want to show that the series Yo a,z™
diverges in this case. Assume| z |= r > R. By the definition of R, for
any € > 0, there exists infinitely many n such that:

1
|an|1/” < ﬁ—e
Choosing €= i we find
n

i (20 (3

Thus, for sufficiently large n,

n

n

1
la, 2" = lay|1z"] = |a,|r" > (ﬁ) o

Sincer > R, the ratio i > 1 and the terms |a,z™| grow without

bound, leading to the divergence of the series.
Theorem 4: To show that the power series Yo, na,z" 1, obtained by
differentiating power series}; a,,z", has the same radius of convergence as
the original series }; a,z".
Proof: Let the original power series be X, a,z™ , and let R be its radius
of convergence. According to the Cauchy-Hadamard theorem, the radius
of convergence R is given by:
— = lim|a,|'"
R n-oo
Consider the differentiated series:

f(2) = i anz"
n=0

Differentiating term by term, we get:

f'@) =) nayz"?

n=0
We aim to prove that the series Y. _,na,z" ! has the same radius of
convergence R as the original series.
The radius of convergence of the differentiated series is given by:
— = lim |nan|1/(n_1)
R’ n-—-oo
To find R’, consider: 7{iﬁrgolnanll/(“‘l). Using above properties, we can

simplify the expression:

lim |na,|Y® D = lim [n|Y/®D|q, |V/®-D
n-o n-oo
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Since, limn'/™ = 1, we get

n—-oo

limn¥/®-1 =1

n—oo

Thus, the radius of convergence R’ is:

R R
Therefore, R" = R, and the dlfferentlated series Yo—ona,z™ 1 has the
same radius of convergence as the original series Yoo a,z"

hmlanll/" =

SOLVED EXAMPLE

EXAMPLEL: Prove that the series 1 4 %2 z 4 &a¥Db®*D) )5 | pag
l.c 1.2.c.(c+1)

unit radius of convergent.

SOLUTION: The given series is

a.b a(a+1b(b+1) ,
Z

12" 12+
We can write the general term a,as:
a(a+1)..(a+n—-1bb+1)..(b+n—-1)

1.2..n.c(c+1).... (c+n—1)
a(a+1)..(a+n—-1D(@a+n)bb+1)..(b+n—-1)(b+n)

An+1 = 1.2.n(n+Dc(c+1).... (c+n—1D(c+n)
Simplifying, we get:
as r0mrh)  (1+5)(1+3)

a, (Mm+D(c+n) 1 c
" (1+7)(1+3)
Now, taking the limit as n — co:

1+

a, =

1 lim 1%#2] — (1+0)(1+0)|
R ool a, | now|X+0)0(A+0)|
R=1
EXAMPLE2: Find the radius of convergence of the series = + L3224
135 3
2582 1
SOLUTION: The coefficient of z™ of the given power series is given by
_135..2n-1)
m=3258.3n-1)

_135.2n-D@n+1)
1= 558 B3n—1D(GBn+2)

apt1  2n+1 2(1+21n)
a, _3n—1_3(1+ 2)

3n
1 . |ans1] 2(140) 2
— = lim == ==
R  nowl ay 3(1+0) 3
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R==
2

n
EXAMPLES3: Find the convergence of the series}, -, n? (212:) :
SOLUTION: Given the series:
i X z2 +1\"
n
1+
n=0

To apply the ratio test, we find:

2 n+1
2(z°+ 1
Qpy,  FD (1+i)
an, ) zz+1)n
() (157
(n+1?%|z2+1
m)?z |1+
(n+1>2 7241
"\ n 1+
Now, we take the limit as n — oo:
O Uper om+1\%z2+1
11m| =11m( ) -
n-oo | U, n—-oo n 1+

To express this condition in terms ofz, we calculate the modulus of the

denominator:
1+il=v12+12=+2
So the inequality becomes:
z2+1
V2
|22 + 1] <2
This condition determines the region in the complex plane where the
series converges. Specifically, the series converges for all z such that the
absolute value of z2 + 1 is less thanv/2.

EXAMPLE4: Examine the behavior of power series }r_, WL on the

ogn)?

<1

circle of convergence.
SOLUTION: The general term of the series is:
1

- n(logn)?

an

anys__ n(logn)?
a, (n+ Dllogn+1)]2
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1
= —
| 1+=
(1+%) Ogrllo(gn n)
_ 1
= —
1+1 1+=
S =
1
= 2
(1+%)[1+nl(}gn_2n2}ogn+m]
R=lm -1
R=1

The series converges inside the circle | z [< 1 and diverges outside | z |>
1. Now, we must examine the series' behavior on the circle of
convergence,| z |= 1.

Behavior on the Circle| z |= 1:

To analyze convergence on the circle| z|=1, also Y-

Zn
2 2
n(logn)
ZTl
o0

convergent, by Cauchy’s condensation test. Hence ;;_, w(logn)?

absolutely convergent v z on the circle of convergence.
EXAMPLES: For what value of z, does the series ). m convergence,

and find its sum.

SOLUTION: The given series is
1 1
Dt T 2y )

Then
. Upt1 . 1
lim = lim >
n-o [ U, n-oo |24 + 1
Since the series is convergent if
. Up4+1
lim |—= 1
n—-oo 11n

orif || < 1if1 <122 +1l.
z“+1

Therefore, the series convergent for |z2 + 1| > 1.
Let S,,(z) be the sum of n terms of given series.

S—Zn: LI S S
TGO Al @ rnr R

e
1 (z2+1)" _
= as S, =
z2+1

a(1-r™)
1-r
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5—1[1 ! |
L) N ¢

limS, = iz as 21 <1
z |z2+1]
EXAMPLESG: Find the domain of convergence of the power series
2i \"
Z(z+i+1) )

SOLUTION: The given series can be rewritten as:

=)

We h 2i \" 2i \"t1
€ have u, = (m) »Unt1 = (z+i+1)
Now
|Unsa| 21 2
lim | = lim - | = -
n-oo | U, noolz+i+ 11 |z+i+ 1]
The given series is convergent if 2 _<1.
|z+i+1|
lz+i+1|>2

Thus the inequality|z+ i+ 1] > 2 describes the set of all complex
numbers z such that the distance between z and —i — 1 is greater than 2.
This represents the exterior of a circle in the complex plane with center
—i — 1 and radius 2.
EXAMPLETY: For what values of z does the series Y(—=1)" (z™ + z"*1)
converge and find its sum.
SOLUTION: First, rewrite the series as follows:
U, = (—"(z" + z"*1)
Uppy = (_1)n+1(zn+1 + Zn+2)

= —(—1)"z(z" + z"*1) = —zu,
lim L = lim |—z| =|z|

The series is convergent if lim il < 1 or if|z] < 1.
n—oo Un

Hence the series is convergent inside the circle of radius one and centre at
z=0.
Suppose S,,(z) = sum of n terms of the series.
Then
S, =0 —z+2z%—-23+--tonterms)
+(z—2z%2+ 23+ ---tonterms)
=(1—-2z+2z%—-23+--tonterms)
+z(1—2z+42z?—23%+---tonterms)
=1+2)(1—2z+2z%—23+--tonterms)

[1—(—2)"] .
= (1+Z)1—+Z: 1—(—2)
Ai_r)’goSn = Ai_r)‘f)lo[l —(-2)"]=1, forlzl<1

Sum of series =1
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SELF CHECK QUESTIONS
1. What is the radius of convergence for the power series). .-,

n
nlz
2
nm '

[ee]

2. For which values of z does the series an(,Z—Z?
3. What kind of singularity does the function represented by
n=on!z™ have at infinity?

_1\n
4. What is the interval of convergence of the series Yo, %z” ?

4.9 SUMMARY:-

A power series is an infinite sum of the form }.;°_,a,z", where are
coefficients and z is a variable. The radius of convergence R, defines the
interval where the series converges absolutely: it converges for | z |[< R
and diverges for | z |> R, with boundary convergence needing separate

verification. The radius is determined by the formula

% = lim |a,|"/™ . Power series can be differentiated and integrated term by
n—->oo

term, retaining the same radius of convergence, and they are used to
represent analytic functions that are infinitely differentiable within their
interval of convergence.

Power series are fundamental in many areas of mathematics and
engineering, including calculus, differential equations, and complex
analysis. They provide a way to represent functions and can be used to
approximate functions over certain intervals.

4.10 GLOSSARY:-

e Power Series: An infinite series of the form }.;°_, a,z™, where an
are coefficients, z is a variable, and n is a non-negative integer.

e Coefficient: The a,, in a power series, representing the weight of
the n —th term z™.

e Variable: The z in a power series, often representing a complex or
real number.

e Term: An individual component of the power series,a,, z™.

e Radius of Convergence (R): A non-negative number that
determines the interval in which the power series converges
absolutely. Calculated as

1 .

e —=lim|a,|Y".
R n—-oo

e Convergence: The condition where the partial sums of a series
approach a finite limit as the number of terms increases.

e Absolute Convergence: When the series Y.|a,,z™| converges. This
implies the convergence of the original series.
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e Divergence: The condition where a series does not converge,
meaning the partial sums do not approach a finite limit.

e Analytic Function: A function that can be represented by a power
series within its radius of convergence. Such functions are
infinitely differentiable in this interval.

e Term-by-Term Differentiation: The process of differentiating a
power series term by term, resulting in a new series Y.%_, na,z""!
with the same radius of convergence as the original.

e Term-by-Term Integration: The process of integrating a power

an

series term by term, resulting in a new series Z;’fzomz"“plus a

constant, with the same radius of convergence as the original.

e Limit Superior (limsup): The limit of the supremum (upper
bound) of the tail end of a sequence. Used in calculating the radius
of convergence.

e Interval of Convergence: The range of values of z for which the
power series converges. It includes all z for which |z|<R and may
or may not include boundary points where |z|=R.

e Analytic Function: A function defined by a power series within
its radius of convergence is called an analytic function. Such
functions are infinitely differentiable within the interval of
convergence.
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4.13 TERMINAL QUESTIONS:-
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(TQ-1)Prove that the sum function f(z) of the power series ) a,z"
represents an analytic function inside the circle of convergence.

(TQ-2)If R, and R, are the radii of convergence of the power series
Y. a,z™ and }; b, z" respectively, then show that the radius of convergence
of the power series Y a,,b,,z™ is R, R,.

(TQ-3) Show that the domain of convergence of the series Y, (%)n is

given by |z + i| < /5.
(TQ-4) Find the domain of convergence of the following series:
(_1)n—1Z2n—1
Z (2n—-1)!

_ . . . ™~ (n+1)z"
(TQ-5)Find the radius of convergence of power series Y.o_; DT
(TQ-6)Discuss the behavior of power series Y&, (—1)" Z; on the circle
of convergence.

(TQ-7) Objectives types questions:

i. If the series ), a,z™ is convergent but the series };|a,z™| is not
convergent, then Y, a,,z™ is said to be
a. divergent
b. oscillatory
c. conditionally convergent
d. finite

ii.  The radius of the convergence of the series }.;—, n"z™ is:

oo o
wnN - O

iii. The radius of the convergence of the series Yo_, z™is

oo o
A WDN R

iv. The radius of the convergence of the series Y, 2"z™is

o0 o
ZON

v. The alternating series test guarantees convergence if:
a. The terms decrease and have a non-zero limit.
b. The terms decrease and have a limit of zero.
c. The terms increase and have a limit of zero.
d. The terms are positive and bounded.

(TQ-8) True/False type Questions
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a. A power series can converge conditionally at a point on its circle
of convergence. T

b. The radius of convergence of a power series can be zero. T

c. A power series can be used to represent a function that is not
differentiable. F

d. The power series .., z™ converges for all complex numbers z. F

e. If a power series converges at z = 3, it must also converge at z =
-3.F

TQ-9) If X, a, converges, then prove that f(z) = Yo_, a, z" tends
( n=0"“n g p n=0%“%n

to f(1) as z — 1 in such a manner that =71 Lemains bounded.

(TQ-10) Find the radii of convergence1 (_)le|the following power series:
a. 2;11 z" b. X 2n‘/ﬁz"
C.Z(l +%)n z? d'Zzn+1
P e
g Y@ n h B2

2n)!

(TQ-11)Investigate the behavior of Y, Zn—n on the circle of convergence.
4an

(TQ-12) Examine the behavior of the power series Z%0=01Z+_ on the

4in
circle of convergence.
(TQ-13) For what values of z does the series Y(—1)" (z" + z™*1)
converge and find its sum.

(TQ-14) Prove that the series 1 + 227 + 2C@*WPE*D /2 | . has unit
1.c 1.2.c.(c+1)

radius of convergent.
. n
(TQ-15) Show that the domain of convergence of series Y, (%) is

given by |z + i| < /5.

(TQ-16)If the radius of the convergence of power series Y_, a,z™ is a
positive real number R, then prove that the function f(z) defined by
f(2) = X5_pa,z™ isanalytic in |z| < R.

4.14 ANSWERS:-

SELF CHECK ANSWERS

wMn =
mow

ssential
4, |z| <1
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TERMINAL ANSWERS

(TQ-4) The series is absolutely convergent for every finite value of z.
(TQ-5R=1
(TQ-7) 1.c) 2.(a 3.(a 4.(a) 5.(b)

(TQ-8) aT bT cF dF eF

(TQ-10) aR =2 b.R=1 CR=1/e d.R =
e.R = oo fR=2 g.R=4 h.R =

(TQ-13) 1
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BLOCK II
CONFORMAL MAPPING
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UNIT 5:-Conformal Mapping

CONTENTS:

5.1 Introduction

5.2  Objectives

5.3  Conformal Mapping

5.4  Transformation of Conformal
5.5 Some General Transformations
5.6 Summary

5.7  Glossary

5.8 References

5.9  Suggested Reading

5.10 Terminal questions

5.11 Answers

5.1 INTRODUCTION:-

Conformal mapping is a fundamental concept in complex analysis
that focuses on functions which preserve angles between intersecting
curves. These mappings are characterized by being analytic functions with
non-zero derivatives in their domains, ensuring that small shapes are
mapped similarly, though their size may change. The key property of
conformal mappings is their ability to maintain the local geometry of
figures, specifically the angles and the orientation of intersections, making
them invaluable for simplifying and analyzing complex shapes and
patterns. The applications of conformal mapping extend across various
scientific and engineering fields. In fluid dynamics, for example,
conformal maps are used to transform complex flow patterns into simpler
ones, aiding in the analysis and solution of potential flow problems. In
electromagnetism, they help simplify the geometry of problems, making it
easier to solve Maxwell's equations in complex domains. Additionally,
conformal maps are crucial in cartography, where they preserve angles,
making them useful for navigation and map projections like the Mercator
projection, which represents the globe on a flat surface.

5.2 OBJECTIVES:-

After studying this unit, learners will be able to
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e To understand the fundamental concepts and transformation of
mapping.

e Toidentify and apply conformal transformation.

e To prove theoretical results.

These objectives make conformal mapping a versatile and powerful tool
across various disciplines, allowing for the transformation and analysis of
complex systems and shapes while preserving essential geometric
properties.

5.3 CONFORMAL MAPPING:-

A transformation or mapping defined by the equations u = u(x,y) and
v = v(x,y) establishes a correspondence between points in the xy —plane
and the uv —plane. If each point in the xy —plane uniquely maps to a
point in the uv —plane and vice versa, this transformation is termed a one-
to-one (bijective) transformation. The points corresponding in the two
planes are considered images of each other. Through such a
transformation, regions or curves in the xy —plane are mapped onto
corresponding regions or curves in the uv —plane, effectively representing
one plane's features in terms of another.

Jacobian transformation:

Let's consider a transformation from coordinates (x, y) to (u, v) defined
by the functions:
u =u(x,y)andv = v(x,y).
The Jacobian matrix J for this transformation is given by derivatives of the
functions:
10u  duy
_(xy) _|ox 3y
Ca(xy) [v v

0x @
The determinant of the Jacobian matrix, denoted as det(J) or | J |, is:
[du OJuyj
e @ oudv oJudv
det(J) = =———
et() dv dv o9xdy 0yox
dx 0dy
- iops: J% 82 du_ v
By Cauchy —Riemann Equations: =3y - o
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detw-a—”—“—(—a—”f—” ) (2

Ox 0x ox dx ox
ou 6v| 3 | | | E dw ow
i —| =If' @I for —=—
Thus
a(xY) 2
30y) = |f'(2)|#, if f(z) is analytic.

5.4 TRANSFORMATION OF CONFORMAL:-

In complex analysis, a transformation u = u(x,y),v = v(x,y) that maps
two curves C;and C,, intersecting at a point P(z,) in the z-plane, onto
curves C,'and C,’, intersecting at P’ (z,) in the w-plane, is classified based
on how it preserves angles. If the angle between C;and C, at z, is the same
as the angle between C,'and C,'atw,, the transformation is called isogonal.
An isogonal transformation maintains the magnitude of the angles but not
necessarily their orientation. If the transformation also preserves the sense
of rotation (i.e., the orientation), it is called conformal. This means that
conformal transformations maintain both the magnitude and the clockwise
or counterclockwise nature of the angles.

For example, the transformation w = Z, where Z is the complex conjugate
of z, is isogonal because it preserves the angles but reverses the
orientation (flipping clockwise to counterclockwise), distinguishing it
from conformal transformations which preserve both the angle magnitude
and orientation.

Y v
(Yo - Vo)
C,
Cy
Cy
(o ¥o) C;
| X w
Fig.1
. G G
|
= - Plane X w - Plane u

Fig.2
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5.5 SOME GENERAL TRANSFORMATIONS:-

Transformations involving complex numbers can perform various
geometric operations on figures in the complex plane. Here are
explanations of some common types of transformations:

1. Translation: The transformation of the form w = z + a, where a
is a complex constant, is known as a translation. This
transformation shifts all points in the z —plane uniformly in the
direction and magnitude specified by a.

EXAMPLE: Let a rectangular domain R be bounded by x =
0,y =0,x =2,y = 1. Determine the region R’of w-plane into
which R is mapped under the transformation w = z + (1 — 2i).
SOLUTION: Let the given transformation
w=z+ (1-2i)
u+iv=x+iy+(1-—2i

> u=x+1lv=y-2

By the map u = x + 1, the line x = 0,x = 2 are mapped respective
onthelines u=1,u = 3.

Againthe map v = y — 2,the lines y = 0,y = 1 are mapped on

v = —2, v = —1 respectively.

Since the required image R’ bounded by u = 1,u = 3,v =

—2, v = —1 inw-plane as shown in figure.

U v
| £ z-Plane . w-Plane
|
=1
] x=2
Oly=0 x O v=—1 i
u= 1 u=3
v=—22
Fig.3

2. Rotation: The transformation w = ez, where 6 is a real
constant, is known as a rotation. Here, 10 represents a complex
number on the unit circle (with modulus 1) corresponding to an
angle 6 in radians. This transformation rotates figures in
the z —plane by an angle 8 around the origin. If 8 > 0, the rotation
is anti-clockwise; if 8 < 0, the rotation is clockwise.

EXAMPLE: Consider the transformation w = ze™/* and
determine the region R’ in w —plane corresponding to triangular
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region R bounded by the linesx =0,y =0andx+y=1n z-
plane.

SOLUTION: Let w = ze™*givesu + iv = (x + iy) (1+i)

1 1 V2
> u=ﬁ(x—y),v=ﬁ(x+y) . (1D
Substituting x = 0 in above equation
1 1
= —-——Y, vV =——
2"
v=-u
Again substituting y = 0 in above equation
1 1
U=—XxX,v=—X
V22
v=uUu
Substituting x + y = 1in (1), we obtain
1
vV=—
V2
v
%  w-PLANE
1
-PLANE Ve
s, T ; N 5,/
NoE
}:f P - N N
) \/ sl 0 "
Fig.4

3. Stretching (Magnification): The transformation w = az, where a
is a real constant, is called stretching (or scaling). This
transformation stretches or contracts figures in the z-plane
depending on the value of a. If a > 1, figures are stretched (scaled
up) away from the origin, and if 0 < a < 1, figures are contracted
(scaled down) towards the origin. This transformation alters the
size but not the shape of the figures.

EXAMPLE: Consider the transformation w = 2z and determine
the region R' in w —plane corresponding to triangular region R
bounded by the lines x =0,y =0and x+y =1 in z-plane is
mapped under the map.

SOLUTION: Let w = 2z givesu + iv = 2x + i2y

= u=2x,v=2y

= x=0u=2x >u=0

= y=0v=2y 2v=0
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= x+y=1lLu=2x,v=2y s2ut+tv=2x+y)=21=
2
> ut+v=2

Hence the required image R boundedby u =0, v =0,u + v =
_2, v=—1asshownin figure.

y

VA
z-PLANE 1 w-PLANE

1N
Nu+v=2
x=0 x+y=1 u=0 {ll\l
- - | PR (TEA AR . ) ;“
O/' )/:O i 0 v=0

Fig.5
4. Inversion: The mapping w=§is known as inversion. This

transformation maps each point zzz in the complex plane to a new
point www such that the product of their magnitudes is 1
(ie., |z]lw]| =1) and the argument (angle) is preserved but
reversed in sign. The origin, however, is mapped to infinity, and
vice versa. Inversion changes the scale of figures based on their
distance from the origin, inverting them relative to the unit circle.
For example, points inside the unit circle are mapped outside and
vice versa.

EXAMPLE: Consider the map w = iand determine the region R’
in w-plane of infinite strip R-bounded byi <y< %
SOLUTION: Letw = > gives u + iv = 2>

x2+y?
x y u x uy
> U=——,v=-— > —=—--Sx=-——=
x2+y2 x2+y?2 v y v
2
4 y v
= vV=— > V= —73 = —
2112 24,2
x2+y yv;‘ +y2 y(u?+v?)
N _ v
Y= uz+p2
= y<- = — <- =2-v< u"+v° > u+
2 uz+p?2 2
w+1?>1
1 v 1
= y<- = - >- = —4v< ur+v? > ut+
4 uz+v?2 4
(v +2)?% > 22
So

%<y<i > W+ wW+2)2>2%2and v+ @w+1?%2>1
u>+@W+2)2=2%and u*+@w+1)3?%?=1
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YA z-PLANE YA w-PLANE
O .
o) P> X >
p ] D
L1
AH
/
/
{ B ———
[
i
\ 7
N
. : 5

Fig.6

Theoreml: To prove that at each point z of a domain where f(z) is
analytic and f’'(z) # 0,the mapping w = f(z) is conformal.
Proof: Let w = f(z) be an analytic function in a domain D on the
z —plane, and z, be a point in the interior of D. Consider two curves C;
and C, in the z —plane that intersect at z;) . These curves are mapped to
the w- plane under the function f, resulting in the curves C; and C,
intersecting at wy, = f(z,). Let z; and z, be points on C; and C,,
respectively, close to z,. These points are mapped to w; = f(z;) and
w, = f(z,)on C; and C,, respectively.
distance between z; and z,= distance between z, and z, = r. So we can
write
Zi —Zg = reiel,zz —Zy = retf2

The tangent at z, to the curves C; and C, make angles a4, a, with real axis
tothat 6, - a4,60, - a;asr = 0.
Also the tangent at w, to the curves C;’and C," make angles f3;, 5, with
real axis and let

wy —wo = p1e'?1,z, — 7 = pre’?
Where ¢, - By asp; > 0,¢, = pasp, » 0

(2)—f(z Wy —w el
f'(z9) = limw= lim ———2 = lim 1 7
z-2zq Z— Z z1-29 Z1 — Z z1-zy Tetv1
F'(z0) = lim 2L ei@1-61)
Z1-2Z9 T
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Fig.7
So our assumption f'(z,) # 0. we write f'(z,) = Re'
Rei = lim P2 ei(#1-60)

Z1°Zg T

Now equating modulus and argument
R = lim 22,2 = lim(p, — 6,) = By —
Z1—Zg T
fr=A1+m
Similarly
B2= A+a
So
Pr—B=a;—a,
This proof demonstrates that the angle between the images of the curves
C,'and C,’' at the point w, in the www-plane is both equal in magnitude
and identical in sign to the angle between the original curves C; and C, at
the point z, in the z — plane. Consequently, this shows that the
transformation w = f(z) preserves both the size and orientation of angles,
thus confirming that the transformation is conformal.
Theorem2: To the study of conformal property when f'(z) = 0 if f(2) is
a regular function of z.
Solution: Let us consider the transformation w = f(z) is conformal at
z =z, if f(2) is analytic at z = z, and f'(z) # 0. Let us examine the
case when f'(z) = 0. Suppose that f'(z) has a zero of order n at z, so
that
f'(@) = (z—z)"¢(2)
where ¢(z) is analytic and ¢(z,) ) # 0.
> f'z)=f"(z0) = f™(z) =0,f™V(z) =0 ..(1)
Expending by Taylor theorem
f(@) = Tipsg am(z — 2o)™ - (2)

where

_ f(m) (zo)
- m!

(3

m
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Now we apply (1) to (3)
a, =0 form=123..n
By (2) )
f@=az-2)+ ) anz-z)"
m=n+1
Since a, = % = f(zy)

(@) = f(20) = ani1(z — 2)™** + -
Where a,,.; # 0
= Wy — Wy = g (z — 29)"
Now we taking
wy —wy = piet®,z —zy =reif1,q,,, = ae
We obtain
pleid’l — 6”.1n+1ei[(n+1)611+/‘1]
= lim¢p; =lim[(n+1)0,+ ] =+ Da; +1
Similarly
limgp, =M+ 1a, +1
The curves C;'and C,’ intersect at wy with an angle that is (n + 1) times
the angle between the curves C; and C, intersecting at z,, then the
conformal property fails at z,.
Theorem3: If the mapping w = f(2) is conformal, then show that f(z) is
an analytic function of z.
Proof: Given the conformal transformation w = u(x,y) +iv(x,y) =
f(z)., where u and v are the real and imaginary parts of f(z), the line
elements ds in the z —plane and do in the w-plane respectively so that

ds? = dx? + dy?,do? = du? + dv?

du =L + 24
”_ax x dy Y
dv=2ax + 24
v_c')x * dy Y

Squaring and adding
do? = du® + dv?

(G G e+ () +G) )
N [6u u  0vov

S + ——|dxd
dx dy 0xdy Y
2
So the transformation is conformal and hence the ratio % is of direction-

independent and Compare with
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ds? = dx? + dy?

2 2 2 2
B9+ (9 +( _Fantamay
1 1 0
s uy? | (aw\? _ (w2 (dv)? (D
- &) a_u(;’_;{ " E_)O 5) :
dxdy 9xdy ()
From(2),
u v
ay oy
T=Ag, T=-21 .

Substituting these values in (1), we obtain
ov\? ou\®  ou\® (v’
@) 7 G) - ( ) +(5)
dy ay dy
LRI

= A2—1=0 =21=+1

Using in(3), we get

v M hen(l=1) ..(4)

ax dy’ odx 9y
ou 617 av u
— = —=— when(1=-1
ax 6y ax ady ( )

Hence the equations (4) are Cauchy Riemann equations.
SOLVED EXAMPLE

EXAMPLEL: Show that w = iz + i map half plane x > 0 onto half
planev > 1.

SOLUTION: Givesw =iz + i

utiv=ilx+iy)+i

u=-y _ _
= v=x+1}=~x—v 1
Using x > 0

= v—1>0=>v>1
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EXAMPLE2: Consider the map w = ze™/4y/2 and determine the region
R’ of w-plane into which the rectangular region R bounded by x = 0,y =
0,x = 2,y = 3 in z-plane is mapped under this map.

SOLUTION: Let w = ze™/*4/2 gives

1+
u+iv= (x+Ly)< 7z >\/§
= u=x—y,v=x+y - (D)
Substitutingx =0in(1), u = —-y,v =y sothat v = —u
Substitutingy =0in(1),u = x,v =x sothat v =u

Substituting y=3 in (1), u=x—-3,v=x+3 so that v—-3=u+
3 or v=u+6

Substituting x =2 in (1), u=2—-y,v=2+4+y or 2—u=v-2
or v=4—-u

The region R’ is a rectangle in the uv-plane bounded by the lines v = u,
v=—-uv=u+6and v =4 —u,as depicted in the following figures.

A Zz-PLANE YA w-PLANE

\\X

e
]

o
]

- X L
X=0] ! . N\ ¥

% N A7
[9) — .

Fig.8
This transformation performs a rotation of R through an angle of 45° and
magnification of length of magnitude/2.
EXAMPLES: A rectangle region R in z —plane is bounded by x = 0,y =
0,x = 2,y = 1, determine the region R’ of the w-plane into which R is
mapped under the transformation: w = ze™/*\/2.z + (1 — 2i)
SOLUTION:w = ze'™*\/2.z + (1 — 2i)
ut+iv=>~0+Dx+iy)+ (1 -20)

u=x—-y+1 - (1)

v=x+y—2 ..(2)
Substituting y = 0in (1) & (2), we get
= u=x+1lLv=x-2> u=wW+2)+1 22u=v+3
> §+ _L =1

Substituting y = 2 in (1) & (2), we obtain
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= u=x,v=x—-1= u=v+1
u v

= I+(—1)_ 1

Substituting x = 0in (1) & (2), we have

= u=-y+lLv=y-2= v=>010-u)—-2

= —+—=1
-1 (-1
Substituting x = 2 in (1) & (2), we have
= u=3—-yv=y= u=3-v
= 2+%=1
3 3

Fig.9

Where R is rectangle OABC.
R’ isrectangle PQRS. R’ Isimage of R.

SELF CHECK QUESTIONS

1. What is a conformal mapping?

2. What is preserved under a conformal mapping?

3. What must be non-zero for a function to be conformal at a point?
Does a conformal mapping preserve the magnitude of angles or
their orientation? What type of function must f(z) be for it to be

conformal?
4. How does a conformal mapping affect the local distance between
points?
5. What happens to the angles between curves under a conformal
mapping?
5.6 SUMMARY::-

Conformal mapping is a mathematical technique in complex analysis
where a function preserves local angles and the shapes of infinitesimally
small figures, though it may alter their size and position. For a function
f(z) to be conformal, it must be holomorphic (complex differentiable) with
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a non-zero derivative throughout its domain. Common examples include
linear transformations, Mdbius transformations, and exponential functions,
which map complex domains in ways that preserve angle relationships.
Conformal mappings are crucial in solving complex boundary value
problems and have applications in fields like fluid dynamics and
electromagnetic theory.

5.7 GLOSSARY :-

e Conformal Mapping: A function that locally preserves angles and
the shapes of infinitesimal figures between complex domains,
although it may alter their size and position.

e Holomorphic: A function that is complex differentiable at every
point in its domain.

e Derivative: In complex analysis, the derivative of a function f(z)
at a point z is given by f'(z). For a mapping to be conformal,
f ' (z) must be non-zero.

e Angle Preservation: The property of a conformal mapping where
the angle between two intersecting curves is preserved under the
transformation.

e Modbius Transformation: A specific type of conformal mapping

of the form f(z) = % where ad — bc # 0. It maps lines and

circles in the complex plane to other lines or circles.

e Unit Disk: The set of all complex numbers z such that | z |< 1. It
is often used as a domain for conformal mappings.

e Upper Half-Plane: The set of all complex numbers z such that
Im(z) > 0. It is commonly mapped to other domains, such as the
unit disk.

e Branch Point: A point where a function (such as the logarithm)
fails to be single-valued and requires a branch cut to define it
properly.

e Branch Cut: A curve or line in the complex plane where a
multivalued function (like the logarithm) is discontinuous. It is
used to make a function single-valued.

e Exponential Function: The function f(z) =e? , which is
conformal everywhere in the complex plane except at infinity.

e Logarithm Function: The complex function f(z) =log(z),
which maps complex numbers to a strip in the complex plane and
introduces a branch cut for proper definition.
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e Linear Transformation: A function of the form f(z) =az +b
where a and b are constants, and a # 0. This is a simple type of
conformal mapping involving translation and scaling.

e Fractional Linear Transformation: Also known as a Modbius
cz+d
az+b’

transformation, it is of the form f(z) = which transforms

circles and lines in the complex plane.

e Reflection: A type of conformal mapping that involves reflecting
points through a line or circle in the complex plane.

e Singularity: A point where a function ceases to be well-behaved,
such as where it is not holomorphic or where its derivative is zero.
Singularities affect conformality at those points.

e Domain: The set of all points in the complex plane where a
function is defined. The nature of the mapping often depends on
the domain being considered.

5.8 REFERENCES:-

e Barry Simon (2015),Complex Analysis: A Comprehensive Course
in Analysis, Part 2B

e Tristan Needham (2020 Edition), Visual Complex Analysis.

e Matthew A. P. Lambert (2019), A First Course in Complex
Analysis with Applications"” by

e James Ward Brown and Ruel V. Churchill (2016), Complex
Variables and Applications.

5.9 SUGGESTED READING:-

e Goyal and Gupta (Twenty first edition 2010), Function of complex
Variable.

e file:///IC:/Users/user/Desktop/1468564002EText(Ch-9,M-
1%20(1).pdf

e X. Zhangand J. Li (2017), Recent Advances in Conformal
Mapping Techniques.

e Y.Wangand S. Kumar (2019), Conformal Mapping and its
Applications in Fluid Dynamics.

5.10TERMINAL QUESTIONS:-
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(TQ-1) Prove that if w =x + igy,o < a < b the inside of the circle

x? + y? = a%corresponds to the inside of an ellipse in the w-plane, but
that the transformation is not conformal.
(TQ-2) Consider the transformation w = z + (1 — i) and determine the
region D' of w-plane corresponding to the rectangle D in z-plane bounded
byx=0,y=0x=1,y =2.
(TQ-3) What is the region of w-plane into which the rectangular region
in z-plane bounded by the lines x =0,y =0,x =1,y = 2 is mapped
underthemapw =z + (2 —i)?
(TQ-4) Find the image of rectangle x =0,y =0,x =1,y =2 in z-
plane underthe mapw = (1 + i)z + (2 — i)
(TQ-5) True/False type Questions
a. A conformal mapping always preserves distances between points
in the complex plane.
b. The function f(z)= (z+2)/(z—2) is a conformal mapping.
c. Conformal mappings are linear transformations of the complex
plane.
d. The complex logarithm function f(z)=log(z) is conformal
everywhere in the complex plane.
e. Conformal mappings can map the entire complex plane onto itself.
f. Conformal mappings preserve the orientation of angles between
intersecting curves.
g. The function f(z) = e% is a conformal mapping.
h. In the case of an isogonal mapping, the magnitude of angles is
preserved but not necessarily the sense of angles.
i. The mapping w = 7 is isogonal but not conformal.

(TQ-6) Show that the transformation w = = transforms circles in z-plane

to circles of w-plane. What type of circles i |n z-plane will be transformed
into straight lines of w-plane?
(TQ-7) Show that the region |z — a| < R ia mapped conformally on w <

. _ R(z—c)e'®
1 by the transformationw = ——-—=—— e

point which is transformed into the origin.

where « isreal and z = c is the

5.11 ANSWERS:-

SELF CHECK ANSWERS

1. A conformal mapping is a function that preserves angles locally
between curves. Mathematically, if f(z) is a conformal mapping,
it means that f is holomorphic (complex differentiable) and its
derivative f' (z) is non-zero. The property of preserving angles
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means that infinitesimally small shapes are preserved under the
transformation, though their sizes and positions might change.
Angles

Derivative

Mapping

Analytic

Scales

They are preserved

No ko

TERMINAL ANSWERS

(TQ-2) D'is rectangle bounded by u = 1,v=—-1,u=2and v =1. It
leads to translation of D.

(TQ-3) Rectangle in w-plane bounded by lines u =2,v=—-1,u =3
andv = 1.

(TQ-4) Re Image in w-plane is rectangle bounded by u+ v = 1,u —
v=3,u+v=3and u—v = 1. It performs rotation and magnification.

(TQ-5)

a.F b.T c.F d.F e.F
T 9T h.T i.T
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UNIT 6:-M0dbius transformations and other
Mapping
CONTENTS:

6.1 Introduction

6.2  Objectives

6.3  Madbius transformations (Bilinear Transformation)
6.4  Critical points

6.5 Invariant and fixed points

6.6  Cross Ratio

6.7 Parabolic
6.8 Theorems
6.9 Summary

6.10 Glossary

6.11 References

6.12 Suggested Reading
6.13  Terminal questions
6.14  Answers

6.1 INTRODUCTION:-

Mabius transformations are a fundamental class of conformal mappings in
complex analysis, characterized by the formula f(z) = % with complex

coefficients satisfying ad — bc # 0. These transformations are notable for
their ability to map circles and lines in the complex plane to other circles
and lines while preserving angles and the cross ratio, making them
essential in geometry and mathematical physics. In addition to Mdobius
transformations, complex analysis also encompasses a variety of other
mappings such as linear transformations, exponential functions, and more
general holomorphic functions. These mappings are crucial for modeling
and solving problems in various fields, including fluid dynamics,
electromagnetism, and conformal geometry, by maintaining essential
properties like angle preservation and local structure.

6.2 OBJECTIVES:-

After studying this unit, learners will be able to
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e To understand how Maobius transformations and other mappings
preserve angles and the structure of geometric figures, such as
lines and circles, which is crucial in conformal geometry and
various applications.

e To analyze how these transformations map different regions of the
complex plane to one another, providing insights into the
topological and analytic properties of these regions.

6.3 MOBIUS TRANSFORMATION (BILINEAR
TRANSFORMATION:-

A Mobius transformation, also known as a bilinear transformation, is a
function defined on the extended complex plane (including the point at
infinity) of the form:

cz+d
flz) =2 (1)
where a,b,c, and d are complex numbers such that ad — bc # 0. The
transformation (1) can be written as
cwz+wd—az—b=0,ad —bc#0
The transformation ad —bc # 0 is called the determinant of the
transformation. The transformation (1) is said to be the normalized if ad —
bc = 1.
Let w; and w, be the values of w corresponding to z, and z, in (1), then
_az;+b az +b
Wl_czz+d czy+d
(ad — bc)(z, — zy)
= =0ifad —bc=0
(czy +d)(cz, + d) i a ¢
& wy—w; =0 ifad — bc =0.
This shows that w is constant.

Wy, —

6.4 CRITICAL POINTS:-

Let f(z) be a non-constant analytic function defined on a domain D. A
point z, € D is called a critical point of the function f(z) if the derivative
of f at z,, denoted by f'(z,), is equal to zero, i.e., f'(z,) = 0.

This definition can be illustrated with the example function w = f(z) =
2z3 —1.The derivative of f(z) is f'(z) = 6z2% .Setting the derivative
equal to zero, 6z2 = 0, we find that z = 0 is the only critical point in this
case. Thus, z = 0 is a critical point of the transformation w = 2z3 — 1.

It is also noted that a constant function f(z)=c for some constant ¢ has no
critical points. This is because the derivative of a constant function is zero
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everywhere, and a critical point requires the function to be non-constant at
some point in the domain.

6.5 INVARIANT AND FIXED POINTS:-

Fixed points, or invariant points, of a transformation w = f(z) are points
z in the domain of f that satisfy the condition z = f(z). In other words, a
point z is a fixed point if it remains unchanged under the transformation f;
that is, the output of the transformation is the point itself. These points are
obtained by solving the equation =z = f(z) and are crucial for
understanding the behavior and properties of the transformation, including
identifying equilibrium states and analyzing the stability of the system
described by the function f.
az+b

The invariant points of the transformation w = p— (1) is
given by w = Z:Z orcz2—(a—d)z—b=00rz= w . (2)
where M = (a — d)? + 4bc. Accordingas M = 0 or M # 0.
Casel: Suppose ¢ = 0 and d # 0. Then from (1), we get

az+b a b

W= cz+d EZ + d
The fixed point is obtained by

a b b
Z—EZ-l-E OI’Z—E -..(3)
If a —d # 0, the equation (2) has one fixed point at infinity and another
fixed point that is finite, while if a — d = 0, the transformation has only
one fixed point, which is at infinity. Thus we have the following results:
i. Ifc+# 0and M # 0, two finite fixed points.
ii. Ifc+ 0and M = 0, one finite fixed point.
iii. If c # 0and a —d = 0, only one fixed point i.e., infinity.
In this case w = z +§

iv. Ifc # 0and a —d # 0, only one finite and other is infinity.

6.6 CROSS RATIO:-

The cross ratio of four distinct points z,, z,, z3, z, is @ complex number
defined as:
(20, 2, 70, 2,) = (24 — 21)(2; — 23)
vomse s (z; — 21) (24 — 23)

Despite the 24 permutations of four points z,, z,, z5, z, leading to different
arrangements of the cross ratio formula, there are actually only six distinct
cross ratios. This is because the cross ratio is invariant under permutations
of the four points and under Mdbius transformations, which means many
permutations result in the same value. The six distinct cross ratios are:
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(Z1; Zy, 723, Z4); (Z1; Zy) Zy, 23); (21; Z3,2Zy, Z4)
(Z1; Z3,Zy, Zz); (Z1; Zyy Z3, Z3); (Z1; Zyy Z3, Zz)

6.7 PARABOLIC:-

A linear fractional (bilinear) transformation with exactly one fixed point
Z, is known as a parabolic transformation and can be expressed as

: L4 h ifzy# o

W=z Z—Z
w=z+hifzy =00
A linear fractional (bilinear) transformation with two fixed points z; and
z, can be expressed as

w-z, _ k(z—2z1)

= if z,,z, # o
w—2z, (z-23) o2

If z, = oo, then it becomes w — z; = k(z — z,).

A transformation with two fixed points is known as hyperbolic if k > 0,
and elliptic if k = e* and loxodromic if k = ae'®, where @ # 1, a # 0;
a and a both are real numbers and a > 0.

6.8 THEOREMS:-

Theorem1: (Geometrical Inversion) Every bilinear transformation is the
resultant of bilinear transformations with simple geometric imports.

Proof: Let the bilinear transformation
_ az+b

T cz+d

(1)
Where

ad —bc#0,c#0
In equation (1), we obtain

b b d
_a 7+ (g) a ¢
w=-, p =—|1+ g
“z(7) |l 2+t
a bc—ad 1
w=—+—!.
c c s+ 2
Taking
_ +d 1 _bc—ad
Z, =2 C,ZZ—Zl,Z3— FERES
weget w = % + z which is similar to
2 =2+~

Now z;, z,, z5 are of the form
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1
W=Z+(X,W=E,W=ﬁz
Where
1. w = z + a represents translation.

1 . .
2. w = —represents inversion.
3. w = Bz represents dilation.

This proves that every bilinear transformation is the resultant of bilinear
transformations.

Theorem2: To show that the resultant (or product) of two bilinear
transformations is a bilinear transformation.

Solution: Let the bilinear transformation

az+b
w=— . (D)
and
_ aiw+bq
( - C1W+d1 (2)
where

a1d1 - b1C1 7‘: 0
Substituting the value of w in (2), we get
az+b
L (cz + d) + by
az+b
1 (cz + d) +d
_ z(aay + byc) + (byd + ab)

~ z(cia +dic) + (did + c1b)

( =

Now we can write
A= aaq + blc,B = bld + alb
C = Cla + dlc,D = dld + Clb

_Az+B
{_Cz+D

Here

AD — BC = (aa, + b;c)(d,d + ¢1b) — (cya + dyc)(cia + dyc)

= (a;dy — bici)(ad — bc) #0
Thus
Az + B
=T, 1D s.t.AD —BC #0

This is bilinear transformation and is called resultant (or product) of
transformation.
Theorem3: (Preservance of cross ratio) To prove that the cross ratio
remains invariant under a bilinear transformation.
Solution: Suppose w;,w,,w;,w, be the images of z,z,, 252,
respectively

az+b

w = (1)

cz+d
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Where
ad —bc#0,c#0
If we prove that

(W, —wy)(w, —ws) _ (24 — 21)(2; — 23)
(W, — wy)(wy — w3) B (22 — 21) (24 — 23)

From (1), we get
_az,+b azs+bc

Ws_czr+d_ cz; +d
_ (ad = bc)(z, — z,)

Ws = (cz, + d)(czs + d)

Wy —

Wy —

=
_ (ad — bc)(zy — z;) (ad — bc)(z; — z3)
(wy —w)(w, —ws) = (czy +d)(czy +d) (czy + d)(czz3 + d)
_ (ad — bc)*(z4 — 21) (2, — 23)
(wy —wy)(w; —ws) = (czy + d)(czy + d)(czy + d)(cz3 + d)
Similarly,

(ad — bC)Z(Zz —2,)(z4 — 23)

(czy +d)(czy + d)(cz3 + d)(czy + d)
Dividing last two equations, we obtain

(wy, —wy)(w, —ws) _ (24 — 21)(2; — 23)

Wy —w)wy —ws) (2, —2)(24 — 23)
which is proves that.
Theorem4: (Fixed points of a bilinear transformation) To prove that in
general there are two values of z (invariant points) for which w=z, but
there is only one if

Wy —wy))(wy —w3) =

(a—d)?+4bc=0
Show that if there are distinct invariant points p and g, the transformation
may be put in the form (normal form)

w—-p) k(z—p)

w-q) (z—q)
and that, if there is only one invariant point p, the transformation may be
put in the form(normal form)

1 1
= +K
w—p zZ—Dp
Proof: Let the bilinear transformation
_az +b 1
_ _ _ w _ cz+d - (1)
i.  The invariant points are
) az+b
w=z i.e., zZ =
cz+d
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This gives cz2 —(a—d)z—b =0 - (2)
Solving
_(a—d)t(a—d)?+4bc
Z= 2c
Taking
_(a—d)+/(a—d)? + 4bc
p= 2c
_(a—d)—/(a—d)? + 4bc
1= 2c
If (a —d)? + 4bc = 0, then
__a—d

Hence there is only one invariant point namely
p=% if (a — d)? + 4bc = 0.
ii. Letpand q are distinct invariant points of the transformation(1) So
from (2), we get
cp?—(a—d)p—b=0
cqg?—(a—d)gqg—b=0
From above equations
cp’—ap =b —pd
cq*—aq=b—qd
az+b
(w-p) _ (cz+d)_p
w-q (@) _
cz+d

_(az+b)—pcz—pd (a—pc)z+b—pd
"~ (cz+d)—cqz—qd (c—cq)+b—qd

_(a—pc)z+cp*—ap
"~ (c—cq) +cq®>—agq
_(a—-p)(z—p)
(c—cq)z—q)
Taking k = %22 \e obtain
(c—cq)
w—-p) k(z—p)

w-q) (z-q)
iii.  Suppose there be only one variant p so that

_a—d 5 _p 4
p= 2c ,Cp=—ap = p
Now,
1 _ 1 _ cz+d
W—p_(az+b)_ " (a—pc)z+b—pd
cz+d p
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Solving this equation
1 c 1
= +
w—p a—cp ZzZ-—Dp
Taking K = ——, we obtain
a—cp
1 _ 1
w—p z—p
Theorem5: If a and 8 are two given points and k is a constant, show that
the equation

+K

z— a| —
z—pf -
represent the circle.
Proof: The given equation is
Z—a —k (1)
gy
From (1), we obtain
Iz—alz _p2 o FTOE-D o,
|z — Bl (z-B)(z-p)

(zZ—az—az+a@) = k*(zz— pz— Bz + Bp)
(1-k?)zz — (a — Bk?)z — (& — Bk?)z = BBk? — ad
— Bk? — Bk? 2 _ |2 2
It is the form

zZ+ bZ+ zb + ¢ = 0,where c is real
The equation (2) express a circle if k # 1.
Consequently (1) express a circle if k # 1.

SOLVED EXAMPLE

EXAMPLE 1: Find the bilinear transformation which maps the points
7z, = 2,2z, =1i,z3 = —2 intothe pointsw, = 1,w, = i,w; = —1.
SOLUTION: The transformation is given by

(wy, —wy)(w, —ws) _ (24 — 21) (2, — z3)

Wy —wy)(wy —w3) B (22 — 21)(24 — z3)
Substituting values in above equation are
w-1D(@+1) (z—-2)(i+2)

A-DC1-w) Q2-0(-2-2)
Z—2\(4—1+4i\/1—1-2i
:<z+2>1< 4:13_)( 151 )
w — — Jl 7 —
w+1:< 5 )(z+2>
w—1+w+1 _(4—3i)(z—2)+5(z+2)
w-—1D-w+1) (“A-3DE-2)-5(z+2)
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w  3z3-D+2(1+3i) -(Bz+2)B-1)
-1 —izB-i)-6(3-0) (iz+6)(3—1)
3z 4 2i

iz—6
EXAMPLE 2: Find the bilinear transformation which transforms the unit
circle |z| = 1 into real axis in such a way that the points 1,i,—i are
mapped into 0,1, oo respectively. Into what regions the interior and exterior
of the circle are mapped.
SOLUTION: The given values are
z1 =1,z =i,2z3 = =i
wy =0,w, =1,w; =—00
Now the required transformation is:
Wy —wy)(wy —ws) _ (24 — 21) (2, — 23)
(wy —w))(w, —ws) (25 — 21)(z4 — 23)
w=—0(1-o) -G+ (1 - ) o /1—n
= — . but — = lim ( )
wW—-0)(1-0) +)E-1 (W—00)  n-w

_ @Z-D2  (z-1)2 _(z—l)(l—Wi)_Zn
S (z+DE-1) (+DA+D)  (z+D)A-i?)
(- -1
(_ )((Z+)i)
z—1)(1 -1
= 10 (1)
Now from (1) for z, we obtain _ _
Wz+wi=Z(1—i)—(1—i)=>z=—[W+(_L__1)]L
w—(1-1)
o ow—=(1+9) 5
2= = ~(2)

Sol|z| =1 = |iz| =1.
From (2), we get
w—(1+1)
|W —(1-9|
w—(1+D>=|lw-(1-0[*
u—-12+@w-1)2=w-1*+@w+1)?* ..(3)
—4v =0= v =0 = Real axis of w — plane
|z| =1 correspondsreal axis of w — plane
Now for interior of |z| = 1 , we obtain |z| < 1.
From (3), we have

=
=

(u—1%*+ (w-1)> -1
u-12+@w+1)?
u—-12+w-12<u-12%+@w+1)?
= —4v < 0 = v > 0 = upper half plane of w — plane.
Similarly |z| = 1 and |z| < 1 corresponds to lower half of w —plane.
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EXAMPLE 3: If z = 2w + w?, then show that |w| = 1 corresponds to a
cardioids of z —plane.
SOLUTION: The given equation

z=2w+ w? (D

lwl=1 or w=e? .. (2)
= z+1=w+1)?=(1+ ei"’)z = [ei¢/2(e~i#/2 + e""’/z)]2
= =el? (ZCos (%) )2 > z+1= (46052 (%)) e'¢

Taking z + 1 = re',i.e., pole at z = —1, we obtain

re = 4cos? (%) e'® > r = 4cos? (%),9 =¢

r = 4cos? (%) = 2(1 + cos6)
r = 2(1+ cosB)
EXAMPLE 4: Find the image of the circle |z — 2| = 2 under the Mobius

transformation w = ——,
Z+1

SOLUTION: w = —giveswz + w = z
zw—-1)=—-w
zZ=7"+ o (

Now |z —2|=2gives (z—2)(z—2) =22 ..(2)
From (1), we have

5= w 2_3W—2
d T1-w T 1l-w
- w 2_31/_11—2
R T

Substituting these values in (2), we get
Bw -2)(Bw —2)
1-w(1-w)
oww+4—-6(w+w)=4[1+ww— (w+w)]
S5ww —2(w+w)=0
5u?+v?)—-2Qu)=0

4
u2+v2—§u=0

So the circle of centre (—g, —f) = (g 0)
Radius = (g% + f2 — c)¥/? = g
EXAMPLE 5: Show that the transformation w = i;—fz transform the

circle |z| = 1 into a circle of radius unity in w —plane and find the centre
of the circle.
SOLUTION: the given transformation is
_ 5—4z
T
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2w + 5
4zw — 2w =5—-4z or z=
4w + 4
_ 2w+5 2w+5
|z| = zz =1 Corresponds to [m] [4(W+1)] =
Aww + 25+ 10w+ w) =16(ww+1+w+w) ..(1)
Butw=u+iv,w=u—iv,ww=u?+v3,w+w=2u ..(2)
Hence from (1), we get
2 2 _ — 0
u“+v 4

Now comparing with u? + v + 2gu + 2fv + ¢ = 0, we obtain centre =
(—g9,—f) = (—%,0) and radius [g% + f? — c]?i.e.,

1/2

1
= |- — =1
(+o+3)
EXAMPLE 6: Find the condition that the transformation w = Z:Z

transforms a straight line z — plane into the unit circle w — plane.
SOLUTION: The transforms a straight line of z — plane is

z- | =1 1
papl b . (1)
The unit circle in w-plane is |w| = 1 - (2)
So
b
B a (Z + E)
W= d
c (Z + ?)
Taking p = —S,q — g, we have
= Yz=p)
c(z—q)
Hence |w| = |4 [Z8] = 4| = 1, if |a| = |c]
c Z—C Cc
SELF CHECK QUESTIONS
1.  Define the cross ratio for four complex numbers.
2. Why is the cross ratio invariant under Mdbius transformations?
3. How many distinct cross ratios can be formed from four points?
4.  What is a fixed point in the context of a transformation?
5. Differentiate between elliptic, hyperbolic, and loxodromic
transformations in terms of their fixed points and behavior.
6. In what contexts or fields are Mébius transformations particularly

useful?
7. Give an example of how Md6bius transformations can be applied in
geometry or physics.
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6.9 SUMMARY:-

A Mobius transformation, also known as a linear fractional
transformation, is a complex function of the formw = (cz+d)/(az +
b), where a, b, c, and d are complex numbers with ad — bc # 0. These
transformations map the extended complex plane, including the point at
infinity, onto itself and are conformal, meaning they preserve angles.
Mobius transformations can transform circles and lines into other circles
or lines and are characterized by their fixed points, which can be one, two,
or sometimes none on the finite plane, depending on the nature of the
transformation. They are classified into parabolic, elliptic, hyperbolic, and
loxodromic types based on the configuration of their fixed points and the

trace of the transformation matrix |? §| The cross ratio, a key invariant

under Mobius transformations, plays a crucial role in understanding the
relative geometry of four points in the complex plane. These
transformations have significant applications in complex analysis,
geometry, and theoretical physics.

6.10 GLOSSARY:-

e Modbius transformation: A Mobius transformation, also known as
a bilinear transformation, is a function defined on the extended
complex plane (including the point at infinity) of the form:

cz+d
f(z) = p—— - (1)

where a, b, ¢, and d are complex numbers such that ad — bc # 0

e Conformal: A property of transformations that preserve angles
locally, meaning the shape of infinitesimally small figures is
preserved, though their size may not be.

e Fixed Point: A point z that remains unchanged under a
transformation, i.e., f(z) = z. In Mobius transformations, fixed

points are solutions to the equation (z) = %.

e Extended Complex Plane: Also known as the Riemann sphere, it
is the complex plane plus the point at infinity. MOobius
transformations naturally act on this extended plane.

e Cross Ratio: An invariant under Mobius transformation, defined
for four distinct points z;,z,,25,z, as (zq,2y, 23,24) =

(z4—21)(22-23) . . . -,
PR —— It uniquely determines the relative positions of the

four points.
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e Parabolic Transformation: A type of M0bius transformation
with exactly one fixed point, characterized by the condition
(a + b)? = 4(ad — bc) and typically represented as T'(z) = —
.where c is a constant.

e Elliptic Transformation: A Maobius transformation with two
fixed points and associated with rotations. It occurs when | a + d |
< 2.

e Hyperbolic Transformation: A Maobius transformation with two
fixed points, characterized by real eigenvalues and associated with
stretching along one direction. It occurs when | a + d |> 2.

e Loxodromic Transformation: A transformation with two fixed
points, involving a combination of rotation and dilation. It occurs
when | a + d |# 2 and the transformation is neither purely elliptic
nor hyperbolic.

e Invariance: A property where certain aspects of a geometric
configuration, such as the cross ratio in Mdbius transformations,
remain unchanged under specific transformations.

e Bilinear Transformation: Another name for Maobius
transformation, emphasizing its representation as a ratio of two
linear functions.

e Riemann Sphere: A model of the extended complex plane where
every point on the complex plane corresponds to a point on the
sphere, and the point at infinity is represented by the north pole of
the sphere.

e Angle Preservation: A key property of Mobius transformations,
which maintain the angles between intersecting curves after
transformation.

1-cz

e Transformation Matrix: The matrix |? 2|associated with a

Maobius transformation, encapsulating the coefficients that define
the transformation.

e Identity Transformation: The Mdbius transformation T'(z) = z,
which leaves every point unchanged. It serves as the identity
element in the group of Mdébius transformations.

These terms are fundamental to understanding Mobius transformations
and their applications in complex analysis and geometry.

6.11 REFERENCES:-

e Tristan Needham (2020 Edition), Visual Complex Analysis.
e Matthew A. P. Lambert (2019), A First Course in Complex
Analysis with Applications" by
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e James Ward Brown and Ruel V. Churchill (2016), Complex
Variables and Applications.

6.12 SUGGESTED READING:-

e Goyal and Gupta (Twenty first edition 2010), Function of complex
Variable.
e file://IC:/Users/user/Desktop/1468564049EText(Ch-9,M-

2%20(1).pdf
e file://IC:/Users/user/Desktop/1468564084EText(Ch-9,M-

3%20(1).pdf
e file://IC:/Users/user/Desktop/1468564124EText(Ch-9,M-

4%20(1).pdf
e Y.Wangand S. Kumar (2019), Conformal Mapping and its
Applications in Fluid Dynamics.

6.13 TERMINAL QUESTIONS:-

(TQ-1) To show that the set of all bilinear transformations forms a non-
abelian group under the product of transformations.

(TQ-2) To prove that the cross ratio (z,, z,, z3, z,) is real iff the four
points z,, z,, z3, z, lie on a circle or on a straight line.

(TQ-3) To prove that the every bilinear transformation with two finite
fixed points a, § can be put in the form:

w—-a Z—

1 ] =4 (Z - ,8)
(TQ-4) If a,p are the inverse points of a circle, then prove that the
equation of a circle can be written as |§| =kk+#1and k is real

constant.

(TQ-5) To prove that the every bilinear transformation maps circles or
straight lines into circles or straight lines.
Or

Find the condition that the transformation w = %transforms the unit

circle in w — plane into straight line of z — plane.

(TQ-6) To prove that the general linear transformation of a circle |z| < p
into acircle |w| < p'is
w=pp'e? D st lal < p.
@)
(TQ-7) To prove that the region |z — a| < R is mapped conformally on
|w| < 1 by the transformation
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R(z —c)e™
R2— (z—a)(c—a)
where « is real and z = c is the point which is transformed into the origin.
(TQ-8) If the transformation z = % show that half of w —plane given
by v > 0 corresponds to the circle |z| < 1 in z — plane.
(TQ-9) Discuss the application of the transformation w = ‘j:

areas in the z-plane which are respectively inside and outside the unit
circle with its centre at the origin.

(TQ-10) Show that the transformation w = iz_—fz transforms the circle

|z| = 1 into a circle of radius unity in w — plane and find the centre of
circle.

(TQ-11) Find the linear maps for z = 0, —i, —1 and corresponding
values of warew =i, 1,0.
(TQ-12) Find bilinear transformation which maps 0, i, —i of z-plane to
1,—1,0 of w-plane.
(TQ-13) True/False Type questions.
a. A Mobius transformation maps circles and lines in the complex
plane to circles and lines.
b. A Mdbius transformation can always be written in the form of a
linear fractional transformation.
c. Two Madbius transformations are considered equivalent if they
differ by a scaling factor.
d. The composition of two Mdbius transformations is itself a
MGobius transformation.
e. The coefficients a,b,c, and d in a Mdbius transformation are
allowed to be zero, as long as ad — bc # 0.

f. The Mdbius transformation w = % maps the real axis to itself.

(TQ-14) Objectives Type Questions.
1. Atransformation of type w = az + (8, where a and 8 are complex
constants is the resultant of
a. Magnification and translation
b. Magnification, rotation and translation
c. Rotation and translation
d. None

2. Critical points of w = 2*£
yz+6

5
a --
5
b. ——and «
14

—fandO
14

None

w =

,a6 — Py # 0 are
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3. Ifw = f(z) represents a conformal mapping of a domain D, then
f(z) is
a. continuous in D
b. analyticinD
c. notanalyticinD
d. none
4. The transformation w = iz + i maps the half plane x > 0 into
a. halfplaneu >0
b. halfplanev <1
c. the half plane v > 1
d. none
5. The set of all bilinear transformations under the product of
transformations form a:
a. Semi-group
b. Non-abelian group
c. Abelian group
d. None

(TQ-15) If (a — d)? + 4bc # 0, then for transformation w = %there
exist unequal numbers «, 8 such that
w—-—«a Z—
= £(z=5)
w—p z=p
where k is constant. Show also the radius of the circle in the w-plane
corresponding to the circle in the z-plane whose diameter is the line

joining the points z = a,z = S is |2°z;fe|, where 8 is the argument of k.
6.14 ANSWERS:-
SELF CHECK ANSWERS

(z4—21)(22-23)

(22—21)(24-23)

2. The cross ratio is invariant under Mdbius transformations because
such transformations preserve the projective properties of points,
meaning they maintain the relative geometry of the configuration.

3. Despite 24 permutations, only six distinct cross ratios can be formed
from four points, due to the symmetries and invariances in the
definition of the cross ratio.

4. A fixed point of a transformation is a point that remains unchanged
under the transformation, i.e., f(z) = z.

5. Elliptic: Has two fixed points with a rotation around them.
Hyperbolic: Has two fixed points with one attracting and the other
repelling, characterized by dilation or contraction along a line.
Loxodromic: Has two fixed points, and the transformation involves
a combination of rotation and dilation/contraction.

1. The cross ratio of four points (z,, z3; 23, 24) =
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6. Mobius transformations are used in complex analysis, geometric
function theory, hyperbolic geometry, computer graphics, and in the
study of conformal mappings.

7. In geometry, Mdobius transformations can map the upper half-plane
onto the unit disk, facilitating the study of hyperbolic geometry. In
physics, they are used in relativity theory to model transformations

in space-time.
TERMINAL ANSWERS
(TQ1)w = -2 (TQ-12) w = —£22D
(TQ-13) aT bT cF dT  eF T
(TQ-14) l.a 2.b 3b 4.c 5.C
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BLOCK Il
COMPLEX INTEGRATION
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UNIT 7:- Complex Line Integral
CONTENTS:
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7.2 Objectives

7.3 Connected Set, Open and Closed Domain (Region):-
7.4  Jordan Arc

7.5  Rectifiable and Regular Curves

7.6 Contour

7.7 Simply and Multi Connected Domains

7.8  Weierstrass M-Test

7.9  Complex Line Integral

7.10  Fundamental Theorem of Integral Calculus
7.11  Summary

7.12  Glossary

7.13  References

7.14  Suggested Reading

7.15  Terminal questions

7.16  Answers

7.1 INTRODUCTION:-

Complex integration involves integrating functions of a complex variable
along a path or contour in the complex plane. The integral of a complex
function f(z) along a contour y is computed using a parameterization of
y, transforming the problem into a standard real integral. Key results in
complex integration include Cauchy's Theorem, which states that the
integral of a holomorphic function over a closed contour is zero, and
Cauchy's Integral Formula, which relates function values to contour
integrals. The Residue Theorem further simplifies the evaluation of
integrals by relating them to residues at singularities within the contour.
These principles not only facilitate the evaluation of integrals but also
provide insights into the analytic properties of complex functions.

7.2 OBJECTIVES:-

In this unit we will study about the Compute line integrals of complex-
valued functions along curves in the complex plane, integration along
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piecewise smooth path, including using parameterizations and contour
integration techniques.

7.3 CONNECTED SET, OPEN AND CLOSED
DOMAIN (REGION):-

Connected Set: A set S in the Argand plane (complex plane) is said to be
connected if for any two points within the set, there exists a continuous
curve (or path) that lies entirely within S and connects these two points.

Open Domain: An open domain is a specific type of connected set that is
also open. A set D is an open domain if it is connected and, additionally,
every point in D has a neighborhood completely contained within D. In
other words, D is open and does not include its boundary points.

Closed Domain: If a set D is an open domain and you include all its
boundary points, the resulting set is called a closed domain. In other
words, a closed domain includes both the open domain and its boundary,
making it closed and still connected.

7.4 JORDAN ARC:-

The equation z = z(t) = x(t) + iy(t)

where x(t) and y(t) are real-valued continuous functions of the real
variable t, with t in the interval [a, b], defines a set of points in the
complex plane known as a continuous curve. This curve is called a simple
curve if t; # t, implies z(t;) # z(t,)meaning the curve does not intersect
itself. If the curve is such that t; < t, and z(t;) = z(t,) implies t;, =
aand t, = b, then it is a simple closed curve, which means the curve
starts and ends at the same point, forming a loop without self-intersections
except at the endpoints. Simple curves are often referred to as Jordan
curves. A common example of a Jordan curve is a polygon formed by
joining a finite number of line segments end to end.

An important property of a bounded infinite set in the complex plane is
that it must have at least one limit point within the complex plane. This
property is derived from the Bolzano-Weierstrass theorem, which states
that every bounded sequence in C has a convergent subsequence. This
implies that any bounded infinite set in the complex plane cannot be
composed entirely of isolated points; instead, it must contain points
arbitrarily close to each other, leading to the presence of limit points. This
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property is fundamental in understanding the structure and behavior of sets
in the complex plane.

Theorem 1. (Bolzano-Weierstrass Theorem)

IfasetS < Cis bounded and contains an infinite number of points, then it
must have at least one limit point.

Theorem 2. (Jordan Curve Theorem)

It states that a simple closed Jordan curve divides the Argand plane into
two open domains which have the curve as the common boundary. One of
these domains is bounded and is known as interior domain, while the other
is bounded and is called exterior domain.

7.5 RECTIFIABLE AND REGULAR CURVES:-

A rectifiable curve is a curve whose length can be measured and is finite.
In mathematical terms, a curve is rectifiable if its total length is finite.
Here’s a detailed breakdown of the concept:

Rectifiable Curve: A curve y in the complex plane (or in Euclidean
space) is called rectifiable if its length is finite. This means that if y is
parameterized by a continuous function y:[a,b]—C (or more generally in
R™), the length of the curve can be computed and is finite.

The length L of a rectifiable curve parameterized by y(t) from t=a to t=b is
given by:

b

L= f Iy (0)lde

Here,y '(t) denotes the derivative of y(t) with respect to t, and || denotes
the modulus (or absolute value) in the complex plane or Euclidean space.

Reqular Curve: A regular curve is a smooth curve where the tangent
vector is never zero. Formally, if a curve is parameterized by y(t) with
t in some interval[a, b], then y(t) is a regular curve if its derivative y '(t)
is never zero for t in [a, b]. This means that:

y'(t) # 0V tin|a,b]

This condition ensures that the curve does not have any sharp corners or
cusps and is smooth throughout.
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7.6 CONTOUR:-

Contour: A simple curve in the complex plane is called a contour if it is
piecewise smooth, meaning it can be broken down into a finite number of
smooth (regular) segments, where each segment is smooth and has a finite
length. A contour is a curve that can be traversed in a specific direction,
and it is always rectifiable, meaning its length is finite.

Closed Contour: A simple closed curve, often referred to as a closed
contour, is a contour that forms a closed loop. It returns to its starting
point, and like any contour, it is piecewise smooth with a finite number of
smooth segments. Since it is a closed loop, it also has a finite length. An
example of a closed contour is the curve is

z(t) = cost + isint = e, 0<t<2m

7.7 SIMPLY AND MULTI CONNECTED
DOMAINS:-

A domain is called simply connected if every closed curve within it can
be continuously contracted to a single point without leaving the domain,
implying that the domain has no holes or obstructions. Conversely, a
domain is multiply connected if it is not simply connected, meaning it
contains one or more holes, which prevents certain closed curves from
being shrunk to a point without crossing these holes.

7.8 WEIERSTRASS M-TEST:-

If lu,,(z)| < M, for each z in a domain D, where M,, is a sequence of
constants independent of z, and the series Y, M,, is uniformly convergent,
then the series ), u, (z) converges uniformly on D. This result follows
from the Weierstrass M-test, which states that if a series of functions is
bounded by a uniformly convergent series of constants, then the original
series converges uniformly.

7.9 COMPLEX LINE INTEGRAL:-

Let f(z) be a complex-valued function defined on a smooth curve y in the
complex plane, parameterized by z(t) where t varies over an interval
[a, b], the complex line integral of f(z) along y is defined as:

j+1

fyf(Z) dz = fabf(Z(t)) .z (t)dt = Zfl f(z(®).z'(t)dt
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Where z(t) = x(t) + iy(t) and z'(t) = % =x'(t) + iy’ (t).

t
The limit a=t¢t, <t; <t..<t,_,=0>b is called the complex line

integral of f over x.

Fig.1
Suppose f(z) is continuous at every point of a closed curve C having a
finite length, i.e., C is rectifiable curve.
Divide C into n parts by means of points

Z0,Z1,Z2 y ey Zn
Suppose a = z,,b = z,

We choose a point &, on each arc joining z,_, to z.
Now from the sum

Sp = z (&) (z — z_1)

When the sum S,, of the int_egrals of f(z) over subdivisions of the
rectifiable curve C converges to a fixed limit that is independent of the
mode of subdivision, this limit is denoted by

Lbf(z) dz = fcf(z)dz

which is called the complex line integral, or line integral of f(z) along the
curve C.

Connection between Real and Complex line integral: If f(z) = u(z) +
iv(z) then the complex line integral fx f(z) dz can be expressed as

ff(z)dz=fudx—vdy+ifudy+vdx
X X X

The connection between real and complex line integrals can be expressed
through the decomposition of the complex line integral into real and
imaginary components. If f(z) = u(z) + iv(z) where u and v are real-
valued functions representing the real and imaginary parts of
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f respectively, then the complex line integral fy f(z)dz along a curve
y can be expressed as:

ff(z)dz=f(udx—vdy)+if(udy+vdx)
1 1 1

Here:
. fy(udx—vdy) Represents the real part of the complex line
integral.
o fy(u dy + vdx) Represents the imaginary part of the complex line
integral.

7.10 FUNDAMENTAL THEOREM OF INTEGRAL
CALCULUS:-

If f(z) be a single valued function in a simple connected domain D. If
a, beD, then fabf(z)dz = F(b) — F(a), where F(z) is an infinite integral
of f(2).

Proof: By the definition of infinite integral, we get
b
F(z) =j f(t)dt
b a “ b Zg
F(b) — F(a) =f f(t)dt—f f(t)dt=f f(t)dt+f f(t)dt

b
= f f(t)dt
aOr

b
F(b) — F(a) =f f(2)dz

SOLVED EXAMPLE

EXAMPLEL: Evaluate fxidz, where x(t) = e, t € [0,27].
SOLUTION: By complex line integral

1 b
LEdZ= L f(x(t)).x’(t)dt
Here, f(z) = i, x(t) =et,a=0,b=2n

_ 1

f[(X(t))] Sit X’(t) = jelt

1 2T 1 ) 2T
f—dz=f —.ie" dtzf [ dt = i[t]d™ = 2mi
xZ o € 0
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EXAMPLE?2: Find the length of the curve x(t) = 4e%,t € [0,2m].
SOLUTION: The length of

x=L(x)=f |4ieit|dt=f 14]]i]|eit]dt

0 0

2T 27.[
=f 4dt=4f—=87r
0 odt

EXAMPLES3: Find the length of the curve x(t) = i(1 + i)t,t € [0,4].
SOLUTION: The given curve is

x(t) =i(1+ i)t

x'(t) =i(1+10)

2T 2T

~ Length
4
x=L(x)=f I(1+ ) dt
0

4
=j V12 +12dt

j VZdt = VZ [t]} = 42
EXAMPLE4: Find the value of integral

1+i
f (x—y+ix?)dz
0

a. along the straight line fromz=0toz=1+1.
b. Along the real axis from z=0to z =1 and then along a line
parallel to imaginary axisfromz =0toz =1+ i.
SOLUTION: Suppose z = x + iy

dz = dx + idy
Y.
k A
(z=1+1)
) » Bz=D " "
Fig.2
a. Let OA isstraight line joiningz =0toz =1+ 1.
So y=xo0n0A
dy dx
(x—y+lx2)d2—f (x —y + ix?)(dx + idx)
0A
i1+i i-1
1 x%dx = = .
=i( +l)f X =" 3
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b. The real axis fromz =0toz = 1 s the line OB,y = 00on OB
and so z = x,dz = dx.

1
(x—y+ix2)dz=f (x — 0+ ix?)dx
OB 0

—fl( +ix?)d —1+i

=), x+ixf)dx =543
Now BA is the line parallel to imaginary axis fromz =0toz =1 +1.
x =1onBAsothatdx = 0,dz = idy on BA.

1
(x—y+ix2)dz=f (x —y+i)dy
0

=[(1+i)—%]i=—1+%

BA

(x—y+ix?)dz
OBA
= (x—y+ix®)dz+ | (x—y+ix?)dz
OB BA

Loy i 1 50
=(3%3)*z-1)="2"%
EXAMPLES: Evaluate [ Zdz from z = 0 to z = 4 + 2i along the curve
C givenby z = t? + it.
SOLUTION: .
1=[""zdz (D)
along the curve C given curve by z = t% + it
dz = 2t + i)dt, z = (t* — it)
zdz = (t? — it)(2t + i)dt = (2t3 — it? + t)dt - (2)
z=0>t=0and z=4+2i >t?=4t=2=>t=2
From (1) and (2) ,we get ,
1

I—(Zt4 it3+ t2> =8 8i+2—10 8
—\gt T3t Tt ) TPy TeT 3!

SELF CHECK QUESTIONS

1. What is a complex line integral, and how is it defined for a complex
function f(z) along a curve C?

2. How can the complex line integral | o f(z)dz be expressed in terms of
real and imaginary components?

3. Under what conditions is the complex line integral independent of the
path taken between two points?

4. Explain the physical or geometric interpretation of the real and
imaginary parts of a complex line integral.
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7.11 SUMMARY::-

A complex line integral is an integral of a complex-valued function f(z)
along a path or contour C in the complex plane, defined as fcf(z)dz. It is

computed by parameterizing the contour C with z(t) and integrating
f(z(t)) - z'(t) with respect to t over the interval of the parameter. This
integral can be expressed in terms of real and imaginary parts, and it plays
a crucial role in complex analysis by connecting the evaluation of integrals
to the properties of analytic functions and their singularities. Key results
such as the Fundamental Theorem of Line Integrals and the Residue
Theorem are often used to simplify and compute these integrals.

7.12 GLOSSARY:-

e Complex Line Integral: An integral of a complex-valued function
along a contour in the complex plane, defined as fcf(z)dz, where
C is the path or curve and f(z) is a complex function.

e Contour (or Path): A continuous and differentiable curve in the
complex plane along which the complex line integral is computed.

e Parameterization: A representation of the contour C by a
continuous function z(t) where t varies over an interval[a, b]. The
integral is then evaluated using this parameterization.

e Complex Function: A function f(z) where z is a complex
variable and f(z) maps z to another complex number. It can be
expressed as f(z) = u(x,y) +iv(x,y), where u and v are real-
valued functions.

e Differentialdz: The differential element of the complex variable
z, representing an infinitesimal change along the contour. In
parameterized form,dz = z ' (t)dt.

e Fundamental Theorem of Line Integrals: A theorem stating that
if f(z) is analytic and F(z) is an antiderivative of f(z), then
Jo f(2)dz = F(z,) — F(z,), where C is a path from z, t0 z.

e Analytic (or Holomorphic) Function: A function f(z) that is
complex differentiable at every point in its domain, meaning it has
a derivative at every point in an open set.

e Simply Connected Domain: A domain in which any closed
contour can be continuously shrunk to a point without leaving the
domain. It ensures that the integral of an analytic function around
any closed curve is zero.

e Real and Imaginary Parts: For a complex function f(z) =
u(x,y) + iv(x,y), u(x,y) and v(x,y) are the real and imaginary
parts of f(z), respectively. The complex line integral can be split
into integrals involving these parts.
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7.15 TERMINAL QUESTIONS:-

(TQ-1) Evaluate fczzdz, where C is the straight line joining the origin O
to the point P(2,1) in the complex plane.

(TQ-2) Evaluate ¢.In zdz, where C is unit circle |z| = 1 taken is
countor clockwise sense.

(TQ-3) Evaluate 4, |z|*dz around the square with vertices at
(0,0),(1,0),(1,1),(0,1)

(TQ-4) Evaluate §. (z — a)"dz, where a is a given complex number, n

is any integer and C is a circle of radius R centered at a and oriented
anticlockwise.

(TQ-5) Find the integral of the function f(z) = i taken over a circle of
Radius R.
-0) Evaluate | .zdz (ab initio
TQ-6 I c
-() Evaluate | .dz (ab initio
TQ-7 I ¢ &
(TQ-8) Evaluate f01+lzdz alongthe linez=0toz=1+1i.
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(TQ-9) Evaluate the integral [.zZdz, where C is the straight line from
(1,0) to (1,1).
(TQ-10) Evaluate [, "' 2% d

(TQ 11)True/False Questlons
a. The circle z = cost +isint, 0<t <2m is a simple closed
Jordan curve.
b. If f(z) is conformally continuous in a domain D, then it is not
necessarily continuous in D,.
c. If a function f(z) is differentiable at z = z,, then it is necessarily
continuous there.
d. A contour is continuous chain of a finite number of regular arcs. T
e. If f(z) be continuous in a simply connected domain D and
fr f(z)dz = 0, where T is any rectifiable closed Jordan curve in D,
then f(z) is analytic in D.T
f. For the indefinite integral of a function f(z) to exist in a simply
connected domain D, it is not necessary that f(z) be analytic in D.
g. Let G be the simply connected domain, and let f(z) be a single
valued analytic function such that . f(z)dz = 0, where L is any
closed rectifiable curve continuous in G.
h. A function f(z) possesses a indefinite integral in a simply closed
connected domain G iff the function f(z) is analytic in G.
i. A function f(2) is called an integral function or entire function if it
is analytic in finite complex integral.
J. Zeros of an analytic function are isolated.

k. The integral fcﬁ dzover a closed contour C that does not enclose
a is zero.
(TQ-12)Prove that the function [ (1 + 1)] can be expended in series of
the type Y- anz™ + Ym=1 byz™™ in which the coefficients of both of z™
and z™™, are gfoz sin(2c cos ) sinnf do.
(TQ-13) Objectives type Questions:
1. A simple closed Jordan curve divides the argand plane into.....
open domain which have the curve as common boundary.
a. two
b. three
c. four
d. eight
2. The path of the definite integral f; f(z)dzis:
a. the line segment joining the points z =aand z = b
b. any curve joining the pointsz =aand z = b
c. any circle such that the points z =aand z = b
d

. any rectangle whose two vertices are the points z = a and z =
b.
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3. fC dz, where L is any rectifiable arc joining the points z = a and
z=bisequalto:

a. Z
b. z—a-»
c. a—b—-z
d b—a
4. fcldzl, where L is any rectifiable arc joining the points z = a and
z=bisequalto:
a. |b—al
b. b-a
c. arc length of L
d 0

5. If f(z) is analytic in simply connected domain D and C is any
closed continuous rectifiable curve in D, then fcf(z)dz is equal

to:

a. 0
b. 1
c. C
d D

6. Let f(z) be a continuous on a contour L of length | and let
If(2)| < MonlL,then |[.f(z) dz| = A where
a. A<Ml
b. A> Ml
c. A=Ml
d. None

7. If f(z) is analytic in simply connected domain Genclosed by a
rectifiable Jordan CurveL and Let f(z) be continuous on L. Then

a. 2mi f(z,)
b. 2mi f'(z,)
c. 2mf(zy)
d. None

7.16 ANSWERS:-

SELF CHECK ANSWERS

1. A complex line integral is an integral of a complex-valued function
f(z) along a curve C in the complex plane. It is defined as
Jof(2)dz = f: f(z()).z'(t)dt, where z(t) is a parameterization
of C and t varies over an interval [a, b].

2. If f(z) =u(x,y)+iv(x,y), where u and v are real-valued
functions, and the curve C is parameterized by z(t) = x(t) +
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iy(t), then the complex line integral can be expressed as

[ f(@)dz =[] fu@®),y(®) + iv(x(©), y(0))(x'(t) +
y'(t))dt.This separates into the real part | c(udx —vdy) and the
imaginary part i [.(udy + vdx).

. The complex line integral is independent of the path if f(z) is
analytic (holomorphic) in a simply connected domain that includes
the paths and the endpoints. This is a consequence of the Cauchy-
Goursat theorem, which states that the integral around any closed
contour in such a domain is zero.

. The real part of a complex line integral can be interpreted as the
work done by a vector field with components u and —v along the
path C, while the imaginary part corresponds to the work done by a
vector field with components v and u along the same path. This
duality arises from treating the complex function f(z) as
comprising two interrelated real-valued functions.

TERMINAL ANSWERS

(TQ-1); 2+ 110) (TQ-2) 2xi

(TQ-3)-1+i (TQ-4) 2ri

(TQ-5) 2mi (TQ-6) ===

(TQ-7)0 (TQ-8) i

(TQ-9) i +- (TQ-10) s (1 + i)®

(TQ-11) aT bF cT  dT eT fF
gT hT iT iT kT

(TQ-13) la 2b 3d 4.2 52  6.a
7.a
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UNIT 8:- Cauchy’s Theorem and Cauchy’s
Integral Formula

CONTENTS:

8.1 Introduction

8.2  Objectives

8.3  Green’s Theorem

8.4  Cauchy Theorem

8.5  Extension of Cauchy’s Theorem
8.6  An Upper Bound for Complex Integral
8.7  Cauchy Integral Formulas

8.8 Higher Order Derivatives

8.9  Poisson’s Integral Formula

8.10 Summary

8.11 Glossary

8.12 References

8.13  Suggested Reading

8.14  Terminal questions

8.15 Answers

8.1 INTRODUCTION:-

Cauchy's Theorem is a fundamental result in complex analysis, stating that
if a function f(z) is analytic (holomorphic) within and on a simple closed
curve C in a simply connected domain, then the contour integral of f(z)
over C is zero. This theorem highlights the profound property of analytic
functions, ensuring that the value of an integral around a closed path
depends solely on the function's behavior within the path, leading to
significant results like Cauchy's Integral Formula and the development of
residue theory.

Overall, Cauchy's Theorem is a powerful result that not only facilitates the
evaluation of complex integrals but also provides deep insights into the
nature of analytic functions.

8.2 OBJECTIVES:-
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The objectives of Cauchy's Theorem and Cauchy's Integral Formula in
complex analysis are to establish the fundamental property that the
contour integral of an analytic function over a closed curve in a simply
connected domain is zero, and to provide a method for determining the
function's value and its derivatives inside the contour using the values on
the contour. These results serve as foundational tools for further study,
enabling the development of series representations, the calculation of
residues, and the exploration of the relationship between the analytic and
geometric properties of functions and their domains.

8.3 GREEN’S THEOREM:-

Let C be a positively oriented, simple closed curve in the plane, and let
D be the region enclosed by C. Suppose P(x,y) and Q(x, y) are functions
with continuous partial derivatives on an open region containing D. Then
Green's Theorem states:

(Pdx + Qdy) = %Q_ a—P dxdy
J I G

Here: P(x,y) and Q(x,y) are the components of a vector field F =

(P, Q).

Theorem: If f(z) is analytic with f’(z)continuous within and on a simple
closed contour C, then

ff(z)dz =0 ..(D
c

Proof: Let C:[a,b] = G is a smooth curve.

Now we assume f(z) =u(x,y)+iv(x,y) and C = x(t) + iy(t),a <
t <b. Then

ff(Z)dZ = f(u(x, y) + iv(x,y))(dx + idy)dz
c ¢ .
= f (udx — vdy) + if (udy + vdx) . (2)

Given that f(z) = u(x,y) + iv(x,y) is an analytic function with f'(z)
continuous, the first order partial derivative and v are continuous.

Now from (2), we get
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Lf(z)dz = ﬂ;)(—vx — uy) dxdy + i fL(ux — vy) dxdy

Where D is the region enclosed by C. By Cauchy Riemann Equations i.e.,
Uy = Vy, Uy, = —Ty, We get

Lf(z)dz = ﬂD(uy —u,) dxdy + iffD(ux —u,) dxdy

fcf(Z)dZ = ffD(O) dxdy + iffD(O) dxdy

fcf(z)dz =0

8.4 CAUCHY’S THEOREM:-

If the function f(z) is analytic and single valued inside and a simple
closed contour C, then

fcf(z)dz =0

Proof:

Lemma: Given e > 0, it is possible to divide the region inside a simple
closed contour C into a finite number of smaller regions, either complete
squares C,or partial squares D,,, such that within each mesh there exists a
point z,, where the following conditions are satisfied:

w—f’(zo) <eVz inmesh ..(1)
Z—Z

Proof the Lemma:

Gourset’s Lemma: Suppose the lemma is not true. It means that the
lemma fails at least one mesh. Subdivide this mesh by means of line
joining the middle points of the opposite sides. If there is still at least one
part which does not satisfy the condition (1). Again subdivide that part in
the same way. This process comes to an end after a finite number of steps,
when the condition (1) is satisfied for every subdivision, or the process
may go on indefinitely. In the second case, we obtain the sequence of
squares (each contained the proceeding ones) which has z, as it limit point
at which the condition (1) is not satisfied. Of course, z, is an interior point
of C. Since the condition (1) is not satisfied at z, and so
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f(@2) = f(z)

— f'(zo)| < ewhere |z —z4| <6
Z_ZO

& being a small number of depending upon ¢.

Given that f(z) is not differentiable at z,, and z, is an interior point of C,
you can conclude that f(z) is not analytic at z,. This contradicts the initial
assumption that f(z) is analytic at every interior point of C. Therefore, the
lemma must be true. From the lemma, we get

f(2) — f(z)

Z— 7, —f'(z)) =n<e

Andn - w0 asz - z,
So

f@)=GE—-2zn@) + f(zo) + (z—2zo) '@ .. (2)

\

-~ A
: e s e O
| T NG
I s bt \
i I i
i 1
] 1
: > &
1N 4. Y !
v < — o |
] 1 1
TSR P TSR I [t S L |
o) s

Fig.1

Proof of this theorem. Divide the interior of C into complete squares
Ci,Cy e e wee .., €y and partial squares Dy, D, ... ... ... ..., D,,, Where D;part
of its boundary along the boundary of has C.

Consider the integral

ifcf(Z)dZ-l_ifo(Z)dZ

where the path of every integral being in anti-clockwise direction.

In the complete sum, integration along each straight side of each square
(whether complete or partial) is taken twice in opposite directions, causing
all such integrals to cancel out; thus, only the integrals along the curved
boundaries of the partial squares remain, as these are described only once.
The integrals which are left behind sum equal to
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fcf(Z)dz
Lf(z)dz = quf(z)dz +Z Drf(z)dz ..(3)

From(2), we get

[ reraz= [ 1o + =2+ =) o)l s
C C.

r

= [f(zo) — z, f’(Zo)]f dz+ f'(zy) | zdz+ | (z—zy)ndz
Cr

Cr Cr

Now using

dz=0=jzdz
cr C

T

We express as

f(z)dz=0= | (z—zy)ndz

Cr Cr

Now from (3), we have

fcf(Z)dZ = Z-];r(z — zo)ndz + 2 fDr(z — zo)ndz

r=1

n m
<[ le-zlllaz + " [ 1=zl Inl lazl
r=1 Cr r=1 Dy

n m
<Z£ |z — z,| |dz| +sz |z — 20| |dz| ... (4)
— Je Dy

1 r=1

(z — zp)ndz

Dy

f (z - z,)ndz
Cr

as |n| < e.

Let [,,, A, denote the length of the side and the area of the complete square
C,, respectively. Similarly, let [’, and A’,denote the length of the side and
the area of the partial square D,,, respectively.Then from the equation (4),
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<zglr‘/§f |dz|+2£l’r\/§f |dz|
r=1 Cr r=1 Dr

[Since |z — z,| < 1,V2 = diagonal of square C, ]

fcf(z)dz

m

n
— Z eLNZ AL + Z el NZ . (41, +5,)

r=1 r=1

IFor f |dz| = perimeter of square C,,l
c

n m
ZA$+ZA’T
r=1 r=1

m
= 4e\2.A + e\/fz l', s,
r=1

= 4¢\/2

m
+ eﬁz U, s,
r=1

where A = total area of square of side [ with which the region was
originally covered. Also let [ be total length of boundary of C. then

ff(z)dz < 4eV2.A + eﬁler
¢ r=1

= 4eV2. A + 4ellV2

< e[4eV2. A + 4ellV2]

fcf(z)dz

Since € — 0, we obtain

fcf(z)dz =0.

8.5 EXTENSION OF CAUCHY’S THEOREM:-

Corollaryl: If f(z) is analytic in a simply connected domain D, then the
integral of f(z) along any rectifiable curve joining two points z, and
z,within D is independent of the path taken between z; and z,.

Proof: If A(z;) and B(z,) are two points in a simply connected domain D,
and they are joined by two curves C; and C, the integral of an analytic
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function f(z) along these curves is independent of the specific path
taken,then by Cauchy’s theorem

Fig.2

j f(z)dz=10

f(z)dz + f(z)dz=10

ALB BMA

f(z)dz — f(z)dz=0

ALB AMB

f(z)dz—| f(z)dz=0
C1

C;
f(2)dz=| f(2)dz
o C,

Corollary2: If f(z) is analytic in the annular region D bounded by C and
C;, then the integral of f(z) around C and C; is related by:

ff(z)dz = | f(2)dz
c ¢

Proof: If we join a point A on the contour C to a point E on the contour
C, then by Cauchy’s theorem, we get

f f(z)dz=10
ABCDAEFGEA

Or

f f(@dz+ | f(2)dz+ f(2dz+ | f(z2)dz=0
ABCDA AE EA

EFGE

But [, f(2)dz=-[_ f(z)dzand [, f(2)dz+ [, f(z)dz=0

Department of Mathematics
Uttarakhand Open University Page 128




Advanced Complex Analysis MATG601

Fig.3
So
f f(z)dz + f(z)dz =0
ABCDA EFGE
ff(z)dz+ f(z)dz=10
Cc EFGE
ff(z)dz— f(z)dz=10
Cc EGFE
Hence
ff(z)dz = f f(z)dz
C Cy
If the contour C contains non-intersecting Cy, C; ... .... C,,, then

ff(z)dz =| f@dz+ | f(2)dz+ - | f(z)dz
c Cn

Cy C;

8.6 AN UPPER BOUND FOR COMPLEX
INTEGRAL:-

If a function f(z) is continuous on a contour C of length [ and if M be the
upper bound of |f(z)| on C, then |fcf(z)dz| < ML

Proof: Given that divide the contour C into n parts by means of points
20, Z1y Zy een oer z,. We choose a point &,. on each arc joining z,_, to z,.
From the sum
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Sn = z f(fr) (Zr - Zr—l)

Also (z, — z,._,) » 0asn — oo,
Now we define fcf(z)dz = lim S,
n—oo

n

> FE) =2

r=1
n
< Z M |(Zr - Zr—l)l
r=1

Let n — oo and noting (1), we obtain

|Sn | =

< Zv(w (2, — zv-1)|

n
ff(z)dz < lim MZ|(ZT—ZT_1)| ()
¢ e r=1
But
n
lim M ) |(z = 2y,

r=1

= lim[|z; — zo| + |z — z;| + - + |z, — Zp44]]
n—->o0o

= lim [chord z,z, + chord z,z, + -+ + chord z,z,_4]

n—-oo

= lim [arc z,zy + arc z,z; + - + arc 2,2, _1]

n—->oo
= arc length of contour C =1

Using (2), we get

< Ml

fcf(z)dz

8.7 CAUCHY INTEGRAL FORMULA:-

If f(2) is analytic within and on a closed contour C, and if a is any point

within C, then
() :Lf f(2) i
Cc

2mi)-z—a
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Proof: Let f(z) is analytic within and on a closed contour C and a is
interior point of C.

To prove that

2mi )z —

1 (@)
f(a)——fc adz

Fig.4

Let the circle y about the centre z = a of small radius r s.t, |z—a| =1
does not intersect the curve C. Hence by the corollary to Cauchy’s
theorem, we have

r—a Z_adz ..(1)

f(2) f(2)
d =
=),

Mdzz.];wdz-l_f%dz . (2)

cZ—a z—a Y

Since f(z) is analytic within the contour C, it is also continuous at any
point z = a. This means that for any given € > 0, there exists ad§ > 0
such that |f(z) — f(a)| <& ..(3) whenever ||z—a| <§....(4). We
can choose a radius r less than § so that for all points z on a circle y
centered at a with radius r, the condition | z—a |< § is satisfied,
ensuring | f(z) — f(a) I< € for all zon y. For any point zon y, z can be
expressed as z — a = re'®, where 8 ranges from 0 to 2.

f(2) Uy = j‘Z”f(a)reieidH

zZ—a ret

= 2mif (a)

14

In view of (2), we have

f [@ dz — 2m’f(a)| =
c a

ff(z)—f(a)d ‘
—az
zZ— y Z—a
If (2) — f(a)]
< | — - -
‘];/

£ €
ldz| < —fldzl =-.2nr
|z — al T T

14
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< 2me

f 1@ 1y anif@)

zZ—a

Since £ —» 0, we obtain

j 1@ oy omif@) =0
CZ —a
1 (1@

, dz
2miJ.z—a

fla) =

Remarks:
l. [a—-bl<e=>a—-b=0
2. fyldzl = 2m.radius
3. From equation(1) and (2), we get

N CNIENT O
fy dz = f(a) = Z—ML adz ..(5)

2ni ), z—a zZ —

Corollaryl: (Gauss Mean Value Theorem) If f(z) is analytic in a
Domain D and if the circular domain |z — z,| < p is contained in D, then
the value of f(z) at z, is given by the average of its values of the
boundary of the circle |z — z,| = p.Mathematically, this is expressed as

1 (% .
Fla) =5z | Flaa+ pe®) do

Proof: From the equation (1) and (5), we get

1 1
= [ D g L[ 1)

. == dz
2mi ). Z — Zg 2mi

%
z—zol =p=>2z—2, =pe'? = dz=pie®ds

1 [ f(2) 1 J‘Z’Tf(z0 + pe¥)piedo
. dz = 5— 7
2Ti ), Z — Zg 2mi J, pe'

f(zo) =

1 (& .
Fla) =52 | Flaa+ pe®ydo

Theoreml: (Extension of Cauchy’s Integral formula to multiply
connected regions): If f(z) is analytic in a ring shaped region bounded
by two closed curves C; and C, and a is a point in the region between C;
and C,.
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f(Z) f(Z)
f(a)—sz _2_7n z—a

where C, is outer curve,

Proof: The circle y centered at z = a with radius r is chosen such that it

lies entirely within the annular region bounded by the closed curves C;
f(2) ;

and C,, ensuring that the functlon
C;, C, and y.

|s analytic in the region enclosed by

Fig.5
By corollary Cauchy’s theorem
z z z
f@ f()dz+ff()dz
,Z—a Z—a yZ—a

Where the integral along each curve is taken in anti-clockwise direction.
Using Cauchy’s integral formula,

. ;(—Zl f /(@) dZ + 2mi f(a)
f(Z) @ ,
f(a)—sz - 2mi CZ—a

Theorem2: (Cauchy’s Integral formula for the derivative of an
analytic function): If f(z) is analytic within and on a closed contour C
and a is any lying in it, then

oy 1 f(2)
f'(a) = 2ni ), @~ o) dz

Or

Using Cauchy’s integral formula to find first derivative of an analytic
function f(2) at z = z,.
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Proof: Let a + h be a point in the neighborhood of a point a, then by
Cauchy’s integral formula,

@ = g [ £
fla+h) = ZnJ z —]Zizi Y
Now
Y -
- 2711i . (zf—(zi)h l(l Tz f a)_l N 1] dz
anf (zf—(zi)h [z f a (z f a)z * (z f a)3 * l dz
me (5(—221) zia @ —ha)z e fza)B * "'ldz
Taking h - 0, we obtain
i o [ gl ovo- e
r@=— [ L@ _g4

2mi )¢, (z — a)?

8.8 HIGHER ORDER DERIVATIVES:-

If f(z) is a function of analysis within and on a closed contour C and a is
any point within C then derivatives of all orders are analytic and are given
by
n! Z
@ =m [ L2y,

2mi ), (z—a)n*?

Proof: From the previous theorem 2, we obtain

1
fP) =f(a) = 27Tifc (Zf_(zz)z dz
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This proves that the result is true for n = 1. Let us consider the result is
true for n = m so that

Fm@ = f@ =5 f Lo

Let a + h be the point in neighborhood of a, then

fi™(a+ h) —f™(a)

1
2711[ f(2) [(z h)m‘“1 (z —a)m+1] dz
_ m! f(2) 1 D
~ 2mih c(z—a)ym+1 [(1 Cz— a) B 1] dz
_ ml f(2) Am+1) (m+1D)m+2); h \*
"~ 2mih C(Z—a)mﬂl zZ—a + 2! (z—a) +'“le
Taking h - 0
fM@+h) - M@ m fz) [mtD
’l’Ll—l;% h ~ 2mih) (z—a)m*t1 | Z _+a--- dz
e ADM [ @)
for(a) = 21i c(z—a)ym+? dz
f(m+1)( ) (m + 1)' f(Z) dz

2mi ) (z — a)™*?

This proves that we have already seen that the result is true forn = 1 and
shown that it being true for n = m implies it is true forn =m+1, it
follows that the result is true for all positive integers n.

Since fM(a), f@(a), f®(a) ............. all exist
Consequently f W (a), fP(a) ... ...... all are analytic within C.

8.9 POISSON’S INTEGRAL FORMULA:-

If f(2) is analysis within and on a circle C defined by |z| = R and if a is
any point within C, then

1 (R? —aa)f(z) iy

fla) = 2mi ). (z — a)(R? — za)
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Hence deduce the Poisson’s formula

l —12)f (Re*?)d¢
f(re®) = f (R? — 2chos(9 ¢) +71?2) @

where a = re'® is any point inside the circle |z| =

Proof: Let us suppose f(z) is analysis within and on a circle C defined by
|z| = Rand a = re'® isany point A inside € so that 0 < r < R

A (R%/7)

A(a

Fig.6

2
Let A'(a") of A(a) w.r.t. the circle C is given by a’ = RE which outside
the circle C, by Cauchy’s integral formula

f@ = [ L2 4

2l Z—a

(D

Since f(z) is analysis within and upon the circle C and s0— f(z )

and on a circle C, by Cauchy’s theorem

f@ .

Z—a

|s within

=0 - (2)

From (1) and (2), we obtain

_ 1 (@ _f@],
f(a)_O_ZnifCZ—a z—a

_ 1 [ a-a¥®
B me(

Z—a)(z—a)
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dz

e
2mi ), (z—a) (z _ RTj)

1 (a@ — R*)f (2)

~ 2mi ). (z—a)(az—R?)

3 ad — R?)f(2)
fla) = Zm,f (z —a)(az — R?) dz - (3)

This proves first result.

dz

Let |z] = R is expressible as z = Re'®.
Also a = re'® sothat a = re~®
Now R? —aa = R? — re®.re® = R? —r? . (4)
(z—a)(R? —za) = (Rei¢ — re"a)(R2 — Rei‘l’re‘ie)
= Rei®(R — rel®-9)(R — re~i0-)
= Re'?[R? + 12 — rR(e!0~%) — ¢~i(0-9))]
= Re'®[R? + 12 — 2rRcos(8 — ¢)]  ...(5)
dz = d(Re'®) = Rie®d¢ ...(6)

Putting the value of (4), (5) and (6) in (3), we get

—2)f(2)(Re'?)id¢
anf (R? — 2chos(0 ¢) + r2)Rei®

i - rZ)f(Reitﬁ)d(p
(re 6) = f (R? — 2chos(9 @) +12)

f(a) =

dz

SOLVED EXAMPLE

EXAMPLEL1: Evaluatef where C is |z| = 3.

)4'
SOLUTION: Suppose

ol )
f(a) = -L(Z_a)mdz

2mi J .

Puta=-1,n=3
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dz

pen=lf J@

2mi ), (z—a)*

Taking f(z) = e?4,then f(z) = 2"e?*

8
f3(=1) =2%"2%= v

e2 2711] (z—a)4

3e2 fc(z—a)4 dz

EXAMPLE2: Using Cauchy’s integral Formula, Calculate the following
integrals.

- VA . . . .
i fc—(g_zz)(m) dz, where C is the circle |z| =2 described in

positive sense.

ii. fcz(z+ )dz where C is the circle |z + 3i| = 1

i, fc%d where C is the circle |z| = 2

iv. fCZ(z n)dz where Cistheellipse |z — 2|+ |z+ 2| =6
V. Evaluatef Where Cis |z| = 3.

SOLUTION: By Cauchy’s integral Formula,

1 [ f@
f@—ﬁfcz

where z = a is a point inside contour C and f(z) is analytic within and
upon C.

d :»j;%d2= 2mif (a) ...(1)

Fig.7

Suppose

[ = z d
_L(9—22)(z+i) z
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Now we
VA
= Lama
Then
_ f(2) O L L4
I = Cde—ZT[lf( l)—9+1—5

Hence f(z) is analytic within and upon C s.t. |z] = 2 and
z = —i lies inside C.
ii. Let

1
’ﬁm‘”
Take f(2) =§

O
R

|z +3il=1

Fig.8

1
I'= fcz(z — (—mi)) dz

= 2nif (—mi)

1
2mi()= -2
—Tl

Hence z = —im lies inside C and f(z) is analytic within C.

iii. Let
cosh(mz)dz
f ST
c 2(z2+1)
Take f(z) = cosh(nz) = cosh(inz) and C is |z| = 2.

Then
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Fig.9

_ f(@)
I—Lmdz

1=U§+Z]ii+zi+i]f(z)dz - (2)
1

A B C
2z—0z+0) z 1 z=i z+i
~ 1

T (z=D(z+0)

gL 1.
S z(z40) 2 H7=

PO S S
T z2(z—-1) 2 $7 =

A =1latz=0

when z = 0, i, —i are the points inside C.
From the equation (1) + (2), we obtain
I = 2mi[Af(0) + Bf (i) + Cf(—i)]

1 1
= 2t |f(0) =5 () = 3£ (=)
1 1
= 2mi [cos(O) - Ecos(izn) - Ef(—izrr)]
= 2mi [1 +%—%] = 2mi

iv. Let

az

Jprordz
C z(z—mi) !

Cistheellipse |z—2|+|z+2]=6
[(c=2)% +y?]1/2 = 6 — [(x + 2)* + y?]¥/2
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A

2.2i

A
B
A’/’_\A‘
”3!‘/3_7)(
B’

-22i

Fig.10
Squaring both sides,
X2+ y2 44 —dx =36+ (12 +y2 + 4+ 4x) — 12[(x + 2)? + y2]1/2
12[(x 4+ 2)* 4+ y?]*/? = 36 + 8x
3(x?+y?+4+40)Y? =9+ 2x
Again squaring

9(x% + y? + 4 + 4x)V/? = 81 + 36x + 4x?

5x2 +9y2 =45
X2 y?
Z 4+ =1
R

2 2
Comparing Z—z + 2’—2 =1,wehave a? =9,b2 =5 = a = 3,b = 2.2appox

So

e . . Sl
promrd analytic within and upon C.

I = 0, by Cuchy’s theorem
V.  Suppose

f dz [ f(2)dz
cz—2 J.z-2
Then a = 2,f(z) = 1. C is circle |z| = 3 whose centre is at z =0 and
radius R = 3.
Since a = 2 lies inside C.
Now from (1) and (2) ,we get
I = 27if (a) = 2mif (2) = 2wi(1) = 2mi
For f(z)=1 = f(2)=1.

EXAMPLES: Evaluate by Cauchy’s integral formula

dz
fcz(z —im)
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where C is |z + 3i| = 1.
SOLUTION: Let

Lz(zci-zin) - %Uc%_ _L(Z:Z-—Zm)l

The distance from z = 0 to the center of the circle —3iis| 0 + 3i |= 3.
Since 3 > 1,z = 0 is not inside the circle.

Also

The distance from z = i to the center of the circle —3iis | i + 3i |=|
t+3|il=m+3. Sincewr~3.14>1n~ 314> 1,z =im is also not
inside the circle.

Since neither of the poles is inside the contour C, the function is

1
z(z—im)
analytic inside and on C.

Therefore, the integral of this function over the closed contour C is zero by
Cauchy's Theorem:
[,Z = 2mif (0) = 2mi and [ —"— = 2mif (—mi) = 2mi

C (z+im)

j’ dz _ 2mi— 27l
cZ(z + im) B i

EXAMPLE4: Find the value of fédz where C is circle = e®?,0 <6 <

21 .
SOLUTION: The circle z = e represents a unit circle in the complex
plane, parameterized by 6 ranging from 0 to 2. The parameterization is:
o 7(0) =et?
o dz=%4d0=ie%qp
a6

The integral becomes:

1 mq .
f—dZ:f W.ielede
cZ o €

Simplifying the expression inside the integral:

21
=f ido
0

Since i is a constant, the integral simplifies to:
21
= f ido =i[0]3™ = i(2m — 0) = 2mi
0

Therefore, the value of the integral fcidz, where C is the circle z = e%
for0 < 6 < 2m.
tan(z/

EXAMPLES: Evaluate [ "2 dz
—A0
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where C is the boundary of square whose sides lie along the lines x =
+2,y = +2 and it is described in positive sense, where |x,| < 2.

SOLUTION: By Cauchy’s integral formula

1 f(2)
f(a)—z—m.fcz dz

and
e [ f@
fM(@ = 2mi ) (z — a)™*? dz
This =
f f@ dz = 2mif (a)
cZ—a
and
f(2) )
f(z—a)”*1 f (@)

where z = a lies inside C and f(2) is analy‘uc within and upon C.

SELF CHECK QUESTIONS

1. How does Cauchy's Theorem relate to the concept of an analytic
function?

2. What is the significance of the domain being "simply connected"
in Cauchy's Theorem?

3. Can Cauchy's Theorem be applied if the function is not analytic on
the contour?

4. What are the conditions for applying Cauchy's Theorem?

5. How does Cauchy's Theorem lead to Cauchy's Integral Formula?

8.10 SUMMARY::-

In this unit we have studied the Cauchy's Theorem and Cauchy's Integral
Formula are foundational results in complex analysis. Cauchy's Theorem
states that if a function f(z) is analytic in a simply connected domain D
and on a simple closed contour C within D, then the integral of f(z)
around C is zero, emphasizing the independence of path in analytic
regions. Building on this, Cauchy's Integral Formula provides a specific
value for the function at any point z, inside C by expressing it as f(z,) =

fc [ dz showing that the value of an analytic function inside a

2mi
contour can be determined entirely by its values on the contour. Together,
these results highlight the deep connections between the values of an
analytic function within a region and on its boundary, enabling further
theorems and applications in complex analysis.
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8.11 GLOSSARY:-

e Analytic Function (Holomorphic Function): A function f(z)
that is complex differentiable at every point in its domain.

e Simply Connected Domain: A region in the complex plane
without holes, where any closed curve can be continuously
contracted to a point within the region.

e Contour (Path): A directed curve in the complex plane often used
in the context of integrating functions along its length.

e Simple Closed Contour: A contour that does not intersect itself
and encloses a well-defined region.

e Cauchy's Theorem: A fundamental theorem stating that if a
function is analytic within and on a simple closed contour in a
simply connected domain, then the integral of the function over
that contour is zero.

e Cauchy's Integral Formula: A powerful result in complex
analysis that expresses the value of an analytic function inside a
contour in terms of an integral over the contour. It is given

byf(z,) = ifc 1) 47 where Z, is a point inside the contour C.

2mi V0 z—-z

e Residue: The coefficient of (z —z,)~!in the Laurent series
expansion of a function around a point z,, significant in evaluating
integrals around singularities.

e Laurent Series: A representation of a complex function that
generalizes the Taylor series, allowing terms with negative powers
of(z — z,).

e Pole: A type of singularity where a function behaves like

1
(z=2o)™

near z = z,, causing the function to go to infinity.

e Singularity: A point at which a function is not analytic, which can
be a pole, essential singularity, or removable singularity.

e Integral Path Independence: A property in simply connected
domains where the integral of an analytic function depends only on
the endpoints, not the path taken.

e Integral along a Contour: The sum (integral) of the values of a
function along a contour in the complex plane, taking into account
the direction of traversal.

e Winding Number: The number of times a contour wraps around a
point, relevant in calculating residues and applying the argument
principle.

e Argument Principle: A theorem relating the number of zeros and
poles of a meromorphic function inside a contour to the integral of
the function's logarithmic derivative around the contour.
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8.14 TERMINAL QUESTIONS:-

(TQ-1) Prove Cauchy's Theorem for a simple closed contour in a simply
connected domain.

(TQ-2)Derive and prove Cauchy's Integral Formula for an analytic
function.

(TQ-3)Derive Cauchy's Integral Formula for higher-order derivatives.

(TQ-4)Prove the generalized version of Cauchy's Theorem for multiple
contours within a simply connected domain.

(TQ-5) Prove the generalized Cauchy Integral Formula for a multi-
connected domain with multiple singularities.

(TQ-6)State Cauchy’s theorem.
(TQ-7) If f(2) is analytic with f’(z)continuous within and on a simple
closed contour C, then prove that

fcf(z)dz =0

(TQ-8) If f(z) is analytic in a simply connected domain D, then prove
that the integral of f(z) along any rectifiable curve joining two points
z, and z,within D is independent of the path taken between z, and z,.
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(TQ-9) If a function f(z) is continuous on a contour C of length [ and if
M be the upper bound of |f(z)| on C, then prove that

|/, f(2)dz| < ML

(TQ-10) If f£(z) is analytic within and on a closed contour C, and if a is
any point within C, then prove that

fla) = L [1D

, dz
2miJ.z—a

(TQ-11)Using Cauchy’s integral formula to find first derivative of an
analytic function f(z) at z = z,.

(TQ-12)Prove that £’ (a) = — [, %) \where C is contour containing

zZ = Q.

2mi 7C (z—a)?'

8.15 ANSWERS:-

1.

4.

SELF CHECK ANSWERS

Cauchy's Theorem highlights that if a function is analytic within a
simply connected domain, the line integral of the function along
any closed contour within that domain is zero. This property shows
the independence of the integral from the specific path taken,
illustrating that the integral depends only on the endpoints, which
are the same for a closed contour, thus resulting in zero.
The domain being simply connected ensures that there are no holes
or isolated singularities within the domain. This is important
because if the domain were not simply connected, a function might
have singularities that could affect the value of the integral. In a
simply connected domain, any two paths between the same points
can be continuously deformed into each other without leaving the
domain, ensuring that the integral around a closed loop is zero if
the function is analytic.
No, Cauchy's Theorem cannot be directly applied if the function
has singularities on the contour C. The theorem requires the
function to be analytic on and inside the contour C. If there are
singularities on the contour, the integral might not even be defined
in 1. the usual sense, and different techniques or theorems like the
residue.
Answer: The key conditions for applying Cauchy's Theorem are:
a. The function f(z) must be analytic (holomorphic) in a domain

D.
b. The domain D must be simply connected.
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c. The contour € must be a simple closed contour (a loop without
self-intersections) within D.

5. Cauchy's Integral Formula is a consequence of Cauchy's Theorem.
It provides a way to evaluate the value of an analytic function
inside a contour using an integral over the contour itself.
Specifically, for f(z) analytic in a domain D containing a closed
contour C and z, inside C, Cauchy's Integral Formula states:

1 [ f@

- dz
2mi ). Z — Zg

f(zo) =

This formula is derived using Cauchy's Theorem, where the
function ;_(—Z) is analytic inside C except at z = z,, where it has a

simple pole.
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UNIT 9:- Cauchy’s Inequalities and other
Theorem

CONTENTS:

9.1 Introduction

9.2  Objectives

9.3  Morera’s Theorem
9.4  Cauchy’s inequality
9.5 Lioville’s theorem

9.6 Taylor’s Theorem

9.7 Laurent’s Theorem

9.8  Uniqueness of Laurent Expansion
9.9  Summary

9.10 Glossary

9.11 References

9.12 Suggested Reading

9.13 Terminal questions

9.14  Answers

9.1 INTRODUCTION:-

In this previous unit, we have studied about Cauchy's Theorems and
Inequalities, are foundational concepts in complex analysis, providing key
insights into the behavior of analytic functions. Cauchy's Theorem states
that the integral of an analytic function over a closed contour is zero,
highlighting the independence of the path in such integrals. Cauchy's
Integral Formula further extends this by expressing the value of a function
at a point inside the contour in terms of an integral around the contour,
also allowing the calculation of derivatives.

In this Unit we will study about Cauchy's Inequalities give upper bounds
for the derivatives of an analytic function based on the maximum value of
the function on a surrounding contour. These results collectively help in
understanding the properties of analytic functions, such as growth,
smoothness, and the nature of singularities, and have broad applications in
mathematics and physics.Morera's Theorem, Liouville's Theorem, Taylor's
Theorem, and Laurent's Series are pivotal results in complex analysis that
extend our understanding of analytic and meromorphic functions. Morera's
Theorem provides a converse to Cauchy's Theorem, stating that if a
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function is continuous on a domain and its integral over every closed
contour within that domain is zero, then the function is analytic.
Liouville's Theorem asserts that any bounded entire function (analytic on
the entire complex plane) must be constant, a fundamental result with
implications in complex function theory and number theory. Taylor's
Theorem in complex analysis expresses an analytic function as an infinite
power series centered at a point, detailing the function's behavior in a
neighborhood of that point. Laurent's Series generalizes this concept,
representing functions with singularities in terms of both positive and
negative powers, providing a powerful tool for analyzing functions with
isolated singularities. Together, these theorems and series offer deep
insights into the structure and properties of complex functions.

9.2 OBJECTIVES:-

The objectives of Cauchy's Inequalities, Morera's Theorem, Liouville's
Theorem, Taylor's Theorem, and Laurent's Series are to provide
foundational tools and insights in complex analysis: Cauchy's Inequalities
aim to bound the derivatives of analytic functions within a region,
highlighting their growth constraints; Morera's Theorem serves to confirm
the analyticity of functions based on contour integrals, acting as a
converse to Cauchy's Theorem; Liouville's Theorem establishes that any
bounded entire function must be constant, offering critical insights into the
behavior of complex functions; Taylor's Theorem provides a method to
represent analytic functions as power series, facilitating local analysis and
approximation; and Laurent's Series extends this representation to
functions with isolated singularities, allowing detailed study of their
behavior near such points.

9.3 MORERA’S THEOREM:-

If f(z) is a continuous function in a domain D and if for every closed
Contour C in the domain D,

fcf(z)d2= 0

Then f(2) is analytic within D.
Proof: Let z, be the fixed point in D and z a variable point inside the
domain D. the value of the integral fZZOf(t)dt is independent of the curve

joining z, to z and depends only z.

Now we write
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F(z) = f f(t)dt

Let z + h be a point in the neighborhood of z. Consider the difference
quotient:

Z+h Z
F(z+h)—p(z)=f f(t)dt—f F(o)dt

- ] Z+hf(t)dt+ f Zof(t)dt= f Z+hf(t)dt

By the continuity of £, for | h | small enough, f(¢t) is close to f(z) for

t between z and z + h. Specifically, for any € > 0, there exists § > 0 such

that if | h|< &, then | f(t) — f(z) I< e for all t between z and z +

h. Therefore

F(z+h)—F(2)
h

- f(@

z+h
- rwa- s

z+h
=l r©- @

This can be bounded by:
<o [ - rotia < o m
=Tl f f(2) 7
Since
[If(t) = f(2)| < € for |t — z| < & because of continuity of f(2)]
F(z+ h)—F(2)
A -2

—f(z)=0 or F'(z) =F(2).

Since F(z) is the antiderivative of f(z) and F(z) is analytic (as it is
defined by an integral of a continuous function), f(z), being the derivative
of an analytic function, is also analytic.

There F'(2) i.e., f(z) is analytic in D.

Thus, we have shown that if f(z) is continuous in D and the integral of
f(z) over every closed contour in D is zero, then f(z) is analytic in D.
This completes the proof of Morera's Theorem.

< e whiche -» 0

Thus lim £2&W=F@)
h—0

Remark: If f(z) is analytic in a simply connected region D of the
complex plane, show that there exists a function F'(x) analytic in D,
and such that F'(z) = f(z) for zin D.

9.4 CAUCHY'S INEQUALITY:-

If f(2) is analytic within and on a circle C, given by |z —a| = R and if
|f(2)| < M for every z on C, then the magnitude of the n —th derivative
of f at a is bounded by
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Vi
Proof: Let |z—a| =R = z—a = Re'? = dz = iRe'?df = |dz| = Rd6
According to Cauchy's Integral Formula, the n —th derivative of f at a can
be expressed as:
f(2)

fH@) = 27Tlf (z—a)r*?

z)|ldz Mn! R
@)l < o [ L0 M [ ras
mi )|z — a|™* 2R
Mn!
= SR 21R
Mn!
Vi
Remark: If we take a,, = i (a) , then |an| < —

Integral Function: A function f(z) is called an integral function or entire
function if it is analytic in every finite region.

9.5 LIOVILLE’S THEOREM:-

State and prove Liouvlille’s theorem.

or
If f(z) is an entire function is bounded for all values of z, then it is
constant.

or
If a function f(z) is analytic for a finite value of z, and is bounded, then
f(z) is constant.

or
If £ is regular in hole z —plane and if |f(z)| < kVz, then f(z) must be
constant.
Proof: Let a and b be two arbitrary distinct points in the complex plane.
Consider a large circle C centered at the origin with radius R such that C
encloses both a and b. The equation of C is |z| =R so that z =
Re' |dz| = Rd6.
F(z) isbounded Vz = |f(2)| < MVz where M > 0.
By Cauchy’s integral formula for f(a) and f (b)

f(a)—— f()d f(b)_— @ ,

2mi ).z — 2mi ).z — b
Simplify the integrand:

F@= f0) = 3 | (o= 5) @ s
_(emhy (L@
_( 27 )f (z—a)(z—b)
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The modulus of the integral can be bounded as follows:

la— bl f F )
- b)| < d
IFl@) = FOI < == | T =TaDazr=150) %!
The length of the contour C is 2nR:
< M|a — b|.2nR
< Zx(R—1aD(R = 16D
Simplifying, we get:
Ml|a — b|.R
@) - f) < —He=bLR Yy R w

(R —laD(R —[b])
This implies that f(a) — f(b) =0 or f(a) = f(b), Since a and b
were arbitrary points in the complex plane, this means that f(z) is
constant everywhere in C.

fldzl = circumfrence of the circle C = 2nR
c

Thus, we have proved that if an entire function f(z) is bounded for all z,
then f(z) must be constant. This completes the proof of Liouville's
Theorem.

Example: If |[f({)| has maximum (r)on |[§ —a| =r < p, then if a, =

! n('a), show that |a,| < @ and from it deduce Liouville’s theorem.

Solution: To prove |a,| < Tﬂn (Refer the remark of Cauchy inequality)

Let f(2) is analytic and bounded Vz.
To prove that f(z) = const.

Mn!
If*(a)| < R
Where |z — a| = R, by (i) part
Takingn =1, |f'(a)| < %. R is given to be large. Hence making R —

o, |f"(a)| < 0.But|f'(a)| = 0.
This = f’(a) = 0. Also a is arbitrary.

Hence f'(z) = 0Vz or % = 0, integrating, f(z) = const.

9.6 TAYLOR’S THEOREM:-

If a function f(z) is analytic within a circle C with its centre z = a and
radius R, then at every point z inside C,

F=Y @

o

or f2)=) anz=a),

n=0

n!
=
where gn =12 n('a)

Proof: Let f(t) be analytic within a circle C whose equation is|t — a| =
R. Let z be any point within Cs.t. |z—a| =r <R.
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By Cauchy integral formula,

o) = 2_l ©
Notice thatt — z = (t —a) — (z — a). So
1 f(®)

Zm (t—a)—(z—a)
(t) Z — a)] dt

~ 2mi (t—a) t—
1 f(®) Z—a (Z—a\? Z—a\"
— 1
@) 27Tifc(t—a) +t—a+(t—a) * +(t—a)
z —a\"t1 z—a -1
+(t—a) (1f(_)t—a ]dt
Using the formula, f™(a) = — fC Gy e have
f' (a) f ”(a) f"(@)
f@=f@+(z-a) +(z - a)? toet (Z -t
+ Un+1 (1)
(z—a) 1t f(t)dt
Where UTl+1 27i fC (t=2)(t—a)"*+1
a|1+" If(®)lat]|
|Un+sl = ot
c(t—al—=|z—allt—al
M r n+1 1
<—(=) .——.
=7 (R) R—7) "R
where M = max. |f(t)| on C.
Or
n+1 1
|Un+1|SM.(E) .1_—(r_)—>0a5n—>oo.
R
For
) r n+1 T
ﬂﬁ%(ﬁ) =0as§< 1.

llm Un+1 = 0
n—-oo

F0) = lim|r@+ G-+ 1@ + G- 0 P
R
n!

Or
fa=Y -l 2N ac-ar L@

n=0
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Where a, =1 n('a)

This is the Taylolr series expansion of f(z) around the point z = a.

Note:

The above theorem can also be related as:

Let £ (z) be analytic at all points within a circle C, with its centre at z, and
radius R. Let z any point inside C,. Then prove that

F@=fan+ Y ey

Deduction:
i. Since z is a point within the circle |t — a| = R such that |z — a
r < R so that we cantake z = a + h,h = z — a. Substituting in
(2), we obtain

[o2] hn
fla+h) =) =)

hZ
fla+h) = fla)+hf'(a) + 57 f" (@) + -

This is alternative form to Taylor’s Series.
ii. Ifwe write a = 0 in (2), then we obtain

) =) an@" f) =) an(z -
n=0 n=0

This is known as Maclaurin’s Series.

iii. The series converges for |z — a| < R, where RRR is the radius of
convergence, defined as the distance from a to the nearest
singularity of the function f(z). The convergence of the series on
the circle|z — a| = R, may or may not occur.

9.7 LAURENT’S THEOREM:-

Suppose a function f(z) is analytic in the closed ring bounded by two
concentric circles C and C’ of centre a and radii Rand R’ (R > R’). If z is
any point of annulus, then

1) = i an(z— )" + i ba(z =)™

where
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1 f(@® p o= 1 f(®)
2mi ) (t — a)n+t’ " 2mi),, (8 — @)l
Proof: Let f(t) be analytic in the closed ring bounded by two concentric
circles C and C’ of the centre a and radii R and R’ (R > R’). Then if z is
any point within the ring space, then
R' <|z—a|l=r<R.
Here we shall make the following facts:
. 1—_(1—b) Y=14+b+b2+ - +b"+
i, [1-=2 za

1
z—a] = —1_[;_2] —

n n ’
iii. lim (5) =0 = lim (&) as— < 1,R— <1
n—-oo \R n-oo \7 R r

iv. fcldtl = 2m. Radius of a circleC=circumference.
By extension to Cauchy’s integral formula

a, =

bn+1

1L rf@® 1 f@®
f(z)_Zni Ct—z_27ri crt—z
1 f f(©) 1 f®
S 2mi). (t—a)—(z—a) 27ri c(z—a)—(t—a)
1 f® z—a‘1 f® t—ay™?
f(z)_Z_m'Ct—a[1 t—a © 2mi C,z—al_z—a] dt

f(t) Z—a)+(z—a)2+m+(z—a)"

Zm ct—a t—a t—a
Z —a\"*1 z—a™
(t—a) [ _t—a] |4t ;
t t—a t—a t—a\"
O (=)o (2 o0 ()
Zm C,t—a Z—a z—a z—a
n+1 t—a —17
4= [1— |
zZ—a z—al |
Taking
_ 1f f(@) 1 f@&
an— ) bn_ . - __an
2mi ), (t — a)n+? 2mi ), (t —a)~"+1

f(2) =lag+ (z—-a)a; + (z— a)?a; + -+ (z— a)"a, + Upyq]

+[b1 P R +Vn+1] (1)
z—a (z—a)? (z—a)"

where

1 f(® (Z - a)"+1 gt

U,., =
T2 (t—-2)\t—a
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1 ft) (t—a\*!
Ve = fc ( a) dt

2ni ). (z—t)\z—a
Let M = max. |f(t)| onC, M' = max.|f(t)| onC’
U] < 1 f| " |[Z_aln+1 |dt|
weal <o ) VO Gesa = e =ap
M(T‘)n+1 2nR

< (—
~ 2m \R (R—71)
or
r n+1 1
|Un+1ISM(§) ————-0 asn- o

r
1- (%)
Hence lim U,,; =0
n—-co
|dt]

1 t_an+1
el =21 [ 1ol [2]
|n+1| Zﬂ,Lllf()l 7—a (lZ_al_lt_al)
M’ (R’)"“ 2R’

<
—2n\r (r—R"

r

R[ n+1 1

<M |— —(r) -0 asn—> o

-1
RI

Hence lim V,,,,; = 0.
n—->oo

Making n — oo in (1) and noting the above facts,

o)

©o bn
— — "
f(2) z a, (z—a)™ + Gt (2)

n=0 n=0
Deduction: Take C, a circle whose equation is

R'<|t—al =Ry, <R.
Then

an

(t)
1j'coftdt b_lfc fodt

= ) - . = a
2mi ). (t —a)ntl " 2mi  (t—a) n

From (2), we get

f(2) = i an (z—a)" + i(z —a)"a,

n=0
oo

= z a, (z—a)™ + (z—-—a)"a, = Z (z—-a)a,
n=0 n=-1 n=-—oo

Or

eo o\ . _ 1 f(t)at
f(2) = X532 w(z — a)"a, with a,, = 2mi Y Co (t-a)nt?
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9.8 UNIQUENESS OF LAURENT EXPENSION:-

Suppose the we have obtained in any manner or as the definition of f(z),
the formula

f(2) = Z (z—@)"A, R < |z—al <R

n=-—oco

Is the series necessarily identical with the Laurent’s series?

Proof: The given series

£(2) = Z (z—a)"A,, R <|z—al <R ..(1)

n=-—oo

To prove that is identical with Laurent’s expansion. Laurent series is an
expansion of a complex function that includes terms with both positive
and negative powers of (z — a). It has the general form:

1 f(®dt
2mi Co (t—a)n+1

f(z) = ;2 o(z—a)"a, ..(2)witha, =

Now A,, = a,,, the equationto Cy is |t —a| = r,i.e.,t —a =re'?, R’ <
r <R.

. . f(t)dt
=5, Z 2 = @)t - ™ s

—00

1
a, = — Z A, | (t—a)ym™ " dt

2T[lm=—oo Co

z f ym-n-1 L(m n-— 1)elreled9
~ 2mi
m=—oo
2r
A prm— nf i(m—n)9d9

T on Z m

m=—oo

If m=#=n, fozn eim-n) 49
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ei(m—n)@ 2w
— l =0as eme'=1

lim —n)

If m=n, foznei(m‘”)ede = fOZFeon =2n

1
=—A,.r" .21 = A,

a ;
" 2mi

SOLVED EXAMPLE

EXAMPLEL: Obtain the Taylor’s and Laurent’s Series which represents

the function — ==~ in the series.
(z+2)(z+3)
(i) |z| <2
(i) 2<lz1<3
(i) |zl >3
SOLUTION: Let the given series is
() = z2 -1 _ 1 52+ 7
A T T )
3 8
fO=1t 3 7+3
() When |z|] < 2, then <1
3 z\"1 8 A
f(Z)=1+§(1+§) —5(1+§)

13- +<f>2—<§>3+--2-] |
B P e
=1+ Z(— )n———Z(— ne

8
=1+ Z(_l)n [2n+1 - 3n+1]2n
0

(iv)  When2<|z| <3, then% < 1,% <1

+

1 8 A

f(2) = 1+§<1 +2§> _§(1+§)
@ -G ]
S RGRORORS

+
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=1+ Z( 1)"———Z<— ne
_1+z( 1)n[3n2+nl :nzﬂ]

This is Laurent’s series in the annuals2 < |z| < 3.
(v)  When |z| > 3, then |i <1,2<2<1

=14+ 3 8
flz z+2 z+3

F@=1+2(1+3)" -2(1+7)"

—1+ZZ( 1)"2——— o

=14 Y )n[3 2n —3n.g]
- Zn+1 ' '

0
EXAMPLE2: Find the Taylor’s series expansion of the function f(z) =
Z

SOLUTION: The given series is

z 2\
Fz) = 4+9=5<1+3>

For(1+x)t=1—x+4+x?>—-x3+x*+- Z( 1)"(x)n]

7 — Z4n Z4n+1

f2) = 52(—1)’1 = Z(—n" ..
n=0
4n+1

1) = Z( D" Sz (D

This is Taylor expansion of f (2).
Partll: Let

[0e]

f@=) u@ .o

n=0
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From (1) and (2), we get

ian+1

0 (2) = (D" T3

4n+5 32n+2 4

Un41(2) Z z |z%]?
u,(2) T [32n+4 " 34n+1 32| T 32
Series is convergent if |%| <1
n
If
|Z2 2

<1lorl|z| <3%*or |z| <3

32
Radius of convergence= /3.
EXAMPLES: Find the Laurent series of the function f(z) =

valid in the region. 1 < |Z| < 2.
SOLUTION: The given series is

1
(z2-4)(z+1)

1
&= e+ D
1
&= e+ e+D
1 1 1

f@=Go% 1w+ 3=

1 -1 ] -1] 1\t
f=35(1-3) +3(1+3) —3(1+;)

1o I, ozt 1o (D7
f(Z)=ﬁnZ;)(§) +§;(—1) (E) —gnzo P

EXAMPLE4: Expand sinz in a Taylor’s series about z = "
SOLUTION: Let the series
n

f(z) = Z an (Z—%) (D

n=0
where a, = fn—(F) - (2)
f(z) = sinz

nm

f"(z) = sin (Z + 7)

T T nm
nif(_\ — 7 _ -
f (4)—51n(4+ 2)
Now substituting value in (1), we get

& mom (2=
f(z)=Zsin(—+—)—

4 2 n!
n=0

EXAMPLES: (a) Expand f(z) = i as a Taylor’s series about z = 1.
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sinz .

(b) Determine Laurent’s expansion of the function f(z) = W
LT
4

the annulus 0 < |z — %| < 1.
SOLUTION: (a) f(z) = -

=20
N _( 1)"n!
() = {1

If a, = (_1) = = (D"
For Taylor S expansmn about z =1,

f() = Z an(z = 1" = Z( DMz - 1"

n=0

(b) Let the given series is

sinz
(-3

For Taylor’s expansion about z = E we write

f(2) =

f(2) = Z z— — Z
n=0 n=1
where
. 1 f(z)dz
" 2mi m\"+1
¢ (2-7)
And

b, = a_p).Cis |Z—%| =1

T . .
z2-7= el dz =ie?do
sin(= + e
f(z) = M by (1)

Substituting this value in (3), we have

1 [ sin (% + cosf + isin@) ie'do
an =

21T c ei39_ (eie)n+1

1 T .
= —f sin (— + cosf + isin@) ie"(m+3)qg
2 ), 4

1
= %f{sinq,’). cosh(sin®) + icos¢. sinh(sinf)H{cosmb — isinm6}do
c
Where
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T
m=n+3,¢=z+cose

21
a, = —f [sing. cosh(sin@) cos(m0)
2m ),

+ icos¢.sinh(sin0)sin(mo)]do
where ¢ = % +cosO,m=n+3,b, = acp
EXAMPLESG: If 0 < |z — 1| < 2, then express

VA
&= De=3

in a series of positive and negative powers of (z — 1).

SOLUTION: Supposeu = z — 1, then

[ul

O<|u|<230that <1
z A B
f(Z)_(z—l)(z—3)_z—1+z—3
A—[ Z] _ 1 _ EB— Z] _ 3 _E
lz-3_, 1-3" 27 T lz—1l,.; 3-1 2
1 3 3 1
f(2) =~

2G-1 2z-3) 2w-2) 2u

EXAMPLET: Prove that log z = (z = 1) =2 + - |z = 1] < 1.
SOLUTION: Let f(z) = logz. By Taylor’s Theorem

f(z) = Z(z —a)" (@) ('a)
n=0

2
=f(a)+(z—a)f’(a)+( 2 (@) + -
Takinga =1, we get f(1) =logl =0
F@) =21 = _Z1_2
f=0,f1)=1f"(1)=

_ 2
f(Z)=f(1)+(z—1)f’(1)+( ) fr@+ -
_ 2
=0+(z—1)+(z 2 +
2!
EXAMPLES: Expand f(z) = m in Laurent series valid for:

a. |z| >3
b. 0<|z+1]|<2.
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SOLUTION: f(z) = ———— =~ (;_ ;)

(z+1)(z+3) 2\z+1 z+3
lz|

>1$||<1=>n< <1

1 3\l 1 3n
= — — -_— _ - n _——
f(Z) 22[(1-'—2 <1+Z) l Z( 1) zn  zn
n=
— Z?Lozo(_l)nﬂ zn1+1 — Z?Lozo(_l)nﬂ Zln-
b. When 0 < |z + 1| < 2, substitute z + 1 = ¢, then

1@=3f-ra} M<i=f <<
1{1 1, 1 \
=§[€‘z(t+—z) l

m()]

2
SELF CHECK OUESTIONS

a. whenlz|>3=>=

1

1. How can Cauchy's inequalities be used to bound the n-th derivative
of an analytic function within a given radius?

State Morera's theorem.

3. Explain how Morera's theorem is used to show that a function is
analytic.

Question: State Liouville's theorem.

Question: How does Liouville's theorem relate to the fundamental
theorem of algebra?

6. How is the radius of convergence of a Taylor series determined?

N

o s

9.9 SUMMARY:-

In this unit we have studied the Cauchy's inequalities provide upper
bounds for the derivatives of an analytic function within a given radius.
Specifically, if a function f(z) is analytic within a disk | z I< R and the
absolute value of the function is bounded by M on the boundary | z |= R
then the absolute value of the n —th derivative of f at the center is

bounded by 72—71‘14. These inequalities are crucial for estimating the size of

derivatives and understanding the growth behavior of analytic functions.
Morera's theorem states that if a continuous function f on a domain D has
an integral equal to zero around every closed contour within D, then f is
analytic in D. This theorem is significant because it provides a criterion
for analyticity based on the behavior of line integrals, allowing one to
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prove that a function is analytic by verifying that the integral of the
function around all closed paths in the domain is zero. Morera's theorem is
often used to demonstrate the analyticity of functions when direct
verification of the Cauchy-Riemann equations is difficult. Liouville's
theorem asserts that any entire function (analytic over the entire complex
plane) that is bounded must be constant, which has implications like
proving the fundamental theorem of algebra. Taylor's theorem states that if
a function f is analytic at a point a, it can be expanded in a Taylor

series f(z) = ,‘;‘;Ofr;ffl)An(z—a)”, with the radius of convergence
determined by the distance to the nearest singularity. Laurent's theorem
generalizes this to functions analytic in an annulus, expressing them as a
Laurent series f(z) = Yp-oAn(z — @)™, including both positive and
negative powers, useful for representing functions with singularities.
These theorems are fundamental in understanding the behavior and

properties of analytic functions in complex analysis.

9.10 GLOSSARY:-

e Cauchy's Inequality (General Form): For a function f analytic
inside and on a simple closed contour C in the complex plane, if M
is the maximum value of |f(z)| on C, then for any z inside C, we

have
Mn!

. M@=

e where R is the radius of the largest circle centered at z that is
contained within C.

e Cauchy's Integral Formula: If f is analytic inside and on a simple
closed contour C, then for any point a inside C,

o fl@==["Dd

2mi 'C z—a

e Cauchy's Theorem: If f is analytic on and inside a simple closed
contour C, then

. fcf(z)dz =0.

e Cauchy’'s Integral Theorem: An extension of Cauchy's Theorem
stating that if f is analytic on a simply connected domain, then the
integral of faround any closed contour within this domain is zero.

e Cauchy's Formula for Derivatives: For a function f analytic
inside and on a simple closed contour C, the n-th derivative of f at
a point z0 inside C is given by

_ n f(2)dz

* ffa)= 2i fC (z—a)nt1
e Morera's Theorem: A theorem in complex analysis that provides
a criterion for a function to be analytic based on its integral over

contours. It states:
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» If f is continuous on a region D and if the integral of f
over every closed contour within D is zero, then f is
analytic on D.

e Closed Contour: A path in the complex plane that starts and ends
at the same point. It does not intersect itself and can be simple
(non-intersecting) or more complex.

e Contour Integral: The integral of a complex-valued function
along a contour in the complex plane. If f is integrated along a
path y, it is written as fy f(z)dz.

e Region D: A subset of the complex plane where a function f is
defined. For Morera's Theorem, D must be an open region
(meaning every point in D has a neighborhood contained in D).

e Zero Integral Condition: In the context of Morera's Theorem,
this condition means that the integral of f around every closed
contour within the region D must be zero for f to be analytic in D.

e Zero Integral Condition: In the context of Morera's Theorem,
this condition means that the integral of f around every closed
contour within the region D must be zero for f to be analytic in D.

e Holomorphic Function: Another term for an analytic function,
emphasizing that it is complex differentiable. In many contexts, the
terms "analytic" and "holomorphic" are used interchangeably.

e Taylor's Theorem: If a function f(z) is analytic within a circle
C with its centre z = a and radius R, then at every point z inside C,

o

f(2) = Zf“ (a)% or f(z)= Z a,(z—a)",
n=0 n=0

n
where qn =12 n('a)

e Convergence of the Taylor Series: A Taylor series converges to
the function f if, as n approaches infinity, the remainder term
R,,(x) approaches zero. If the Taylor series converges to f for all
x in a neighborhood of a, f is said to be analytic at a.

e Analytic Function: A function is analytic at a point if its Taylor
series converges to the function in some neighborhood around that
point. This means the function can be represented exactly by its
Taylor series in that region.

e Radius of Convergence: The radius R of the largest disk centered
at a within which the Taylor series converges to f. Outside this
radius, the series may diverge.

e Higher-Order Derivatives: Derivatives of f of order greater than
one, which are used in constructing higher-degree Taylor
polynomials. For instance, f?(a) is the second derivative
evaluated at a.
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e Polynomial Approximation: The process of approximating a
function by a polynomial of degree n derived from the Taylor
series expansion, where the polynomial matches the function and
its derivatives up to order n at a specific point.
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9.13 TERMINAL QUESTIONS:-

(TQ-1) State and prove Liouvlille’s theorem.

(TQ-2) If f(2) is a continuous function in a domain D and if for every
closed Contour C in the domain D, then prove that

fcf(z)d2= 0

where f(z) is analytic within D.
(TQ-3) If f(2) is analytic within and on a circle C, given by |z — a| = R
and if |f(z)| < M for every z on C, then prove that the magnitude of the

n —th derivative of f at a is bounded by
Mn!

(@)l < R
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(TQ-4) If f(2) is an entire function is bounded for all values of z, then it
IS constant.

or
If a function f(z) is analytic for a finite value of z, and is bounded, then
f(2) is constant.

or
If £ is regular in hole z —plane and if |f(z)| < kVz, then f(z) must be
constant.
(TQ-5) If a function f(z) is analytic within a circle C with its centre z =
a and radius R, then prove that at every point z |n5|de C,

(z)—Zf”()( 22 o f(Z)—Zan(Z—a)"

n=0

where a® = —f (@)

n!
(TQ-6) If a function f(z) is analytic for all values of z and as |z| — oo,
|f ()| = Alz|¥, then prove that f(z) is polynomial of degree < k.
(TQ-7)Find the Laurent series of the function f(z) =

0.

(TQ-8) If f(z2) =YX a,z™(|z| <R) and M(r) is the upper bound of
|f(z)| on the circle |z| = r, (r < R), then prove that |a,|r™ < M(r)vn.
(TQ-9) If the function f(z) is analytic and single valued in |z — a| <R
prove that when 0 < r < R.

f'(a) = ifznP(H) e~9de where P(8) is real part of f(a + re’?). Also

prove thatf @ - fznP(H)e‘“’dH
(TQ-10) Provethatlogz— (z—-1) - (i)t 1) + - lz—-1] < 1.

about z =

2(1

9.14 ANSWERS:-

SELF CHECK ANSWERS

1. Cauchy's inequalities provide an upper bound for the n —th
derivative of an analytic function at the origin in terms of the
maximum value M of the function on the circle of radius R.

2. If f(z) is a continuous function in a domain D and if for every
closed Contour C in the domain D,

Lf(z)dz= 0

3. Morera's theorem can be used to prove that a function is analytic
by showing that the integral of the function around any closed

Department of Mathematics
Uttarakhand Open University Page 167



Advanced Complex Analysis MATG601

contour in the domain is zero, indicating the existence of an ant
derivative and hence analyticity.

4. If f is entire (analytic on the entire complex plane) and bounded,
then f is constant.

5. Liouville's theorem can be used to prove the fundamental theorem
of algebra by showing that a non-constant polynomial cannot be
bounded, implying it must have a root.

6. The radius of convergence R is determined by the distance to the
nearest singularity of the function from the expansion point a.
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UNIT 10:- Maximum and Minimum Modulus
Principle and Schwarz Lemma

CONTENTS:

10.1  Introduction

10.2  Objectives

10.3  Maximum Modulus Principle
10.4  Minimum Modulus Principle
10.5 Schwarz Lemma

10.6  Open mapping theorem
10.7 Summary

10.8  Glossary

10.9  References

10.10  Suggested Reading

10.11 Terminal questions

10.12  Answers

10.1 INTRODUCTION:-

The Maximum and Minimum Modulus Principles and the Schwarz
Lemma are fundamental results in complex analysis. The Maximum
Modulus Principle states that if a function is holomorphic on a domain, the
maximum of the modulus of the function on a closed bounded subset of
that domain occurs on the boundary. Conversely, the Minimum Modulus
Principle asserts that if a function is non-constant and holomorphic, the
minimum modulus cannot occur in the interior unless the function is
constant. The Schwarz Lemma provides a powerful result for holomorphic
functions that map the unit disk to itself: if a function fixes the origin, then
the magnitude of the function is at most as large as the magnitude of the
input, and the magnitude of the derivative at the origin is at most one, with
equality only if the function is a rotation. These principles are essential
tools in the study of holomorphic functions and their behavior.

10.2 OBJECTIVES:-

The objectives of the Maximum and Minimum Modulus Principles and the
Schwarz Lemma in complex analysis are to understand and characterize
the behavior of holomorphic functions. The Maximum Modulus Principle
aims to identify where the maximum modulus of a holomorphic function
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occurs, emphasizing that it cannot happen in the interior of the domain
unless the function is constant. The Minimum Modulus Principle similarly
helps in determining where the minimum modulus occurs, ensuring that a
non-constant holomorphic function cannot achieve its minimum modulus
in the interior. The Schwarz Lemma, on the other hand, provides
constraints on holomorphic functions mapping the unit disk to itself,
particularly those fixing the origin. It sets bounds on the function's
magnitude and the magnitude of its derivative at the origin, offering
insight into the function's growth and behavior. Collectively, these results
help in analyzing the constraints and characteristics of holomorphic
functions in various domains.

10.3 MAXIMUM MODULUS PRINCIPLE:-

Suppose f(z) is analytic within and a simple closed Contour C and f(2) is
not constnt. Then |f(z)| reaches its maximum value on C (and not inside
(), that is to say, if M is maximum value of |f(z)| on and within |f(z)| <
M for every z inside C.

Proof: We prove this theorem by the method of contradiction. Analyticity
of f(z) declares that f(z) is continuous within and on C. Consequently we
assume f(z) is analytic within and on C and is not constant. Suppose that
[f(z)| attains its maximum value M at some point a inside C. Therefore,

max.|f(2)| = |f(a)| =M - (1)
and
|f(2)| < MVz withinC - (2)

Since f(z) is not constant, by the continuity of f(z), there must exist a
point b inside C such that | f(b) I< M.

Lete >0best. |[f(b)|=M—c¢

By the continuity of |f(z)| is continuous at z = b and so |[|f(2)| —
If(D)|]] < &/2 whererever |z —b| < & .

since |[If )] — IF ()11 = ()] = 1f D)
F@I =IO < IF @I - IF B < e/2
@I = IF B <3
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€
F@I < 1F )+
This implies that within the circle y centered at b with radius 9,

—M—eti=pm-%
T ETyEMTy

&
If@I <M =2Vs.t.lz=bl <§
we draw a circle y withcentre at b and radius 6. Then (3) shows that
&
If(2)| <M - EVZ inside y

Consider a circle I''centred at a with radius  =| b — a |. By Cauchy's
Integral Formula, for f analytic on and inside I"'.

fla) = 11 f@)

, dz
2mi JprZ — a

onrl',z—a=re.

21
f(a) = %L fla+ret?)

r

iei@
ret a9

If we measure @ in anti-clock-wise direction and if
< QPR = a,then

a 2
f(a)=%[f +f 1f(a+7et)dd
0 a

F@) < —Ji1f(a+re®)|do + %f;qf(a +re®)|do

1 (¢ € 1 r“ ,
< %L (M — E) do + EL (M)dO from above equation

—(M s) a +M(27T—a)_M as
B 2/ 2m 2 21

Then M=|f(a)|<M—§

M<M-— % A contraction.
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which is a contradiction because g > 0. Thus, M cannot be the maximum
value inside C.

Therefore, the maximum value of | f(z) | must occur on the boundary C.
This completes the proof of the Maximum Modulus Principle.

10.4 MINIMUM MODULUS PRINCIPLE:-

Suppose f(z) is analytic within and on a closed contour C and let f(z) +
0 inside C.

Suppose further that f(z) is not constant. Then |f(z) | attains its minimum
value at a point on the boundary of C, that is to say, if m is minimum
value of |f(z) | inside and on C, then

|f(2) | >mVzinside C

Proof: Let f(z) be analytic within and on the closed contour C, and let
1
1)
also analytic withinC.By the Maximum Modulus Principle, since 1/f(z) is

f(z) # 0insideC. Since f(z) is analytic and non-zero, the function is
analytic within C and continuous on C, the function |$| attains its

maximum value on the boundary of C. Let this maximum value be M.

Consequently, since |$| reaches its maximum value C, it follows that |

f(z) | attains its minimum value %.Thus, if m is the minimum value of
If(z)| inside and on C, then | f(z) 1= m on the boundary of C.

Since % attains its maximum value on the boundary of C, | f(z) | must

attain its minimum value on the boundary of C. Therefore, | f(2) | is
greater than m for every z inside C, which implies | f(z) |> m for all z
inside C.

This completes the proof of the Minimum Modulus Principle.

10.5 SCHWARZ LEMMA:-

Suppose
i. F(z) analytic in a domain defined by |z| < 1
i. [f(2)l<1
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iii. [£(0)] =0

Then |f(2)| < |z|, |f'(z)] <1 equality holds if f(z) is a linear
transformation
w = f(2) = ze'®
where « is real constant.
Hence prove that |f'(0)] < 1
Proof: Let ¢ be the circle defined by |z| = such that r <1. By
assumption (i), f(z) is analytic within and upon the circle c, then by

Taylor theorem,
f(z) = Z a,z"
n=0
For any point z within ¢

f(Z)=a0+a12+a222+--- (1)
Using the assumption (iii), i.e.,|f(0)| =0, we get a, = 0. Now (1)
reduces to

Given f(0) = 0, we have ag = 0. Thus,
f(2) =a,z+ a,z* + -
Taking @ = F(z), we obtain

F(z)=a,forz=0, i.e., F(0O)=a
Let z = a be any point on ¢ so that a = re'®, where « is real.

Now F(z) is analytic within and upon ¢ and so by Maximum modulus
theorem, |F(z)| attains its maximum value on c, say at z = a and not
within c. Then

|F(a)| = max|F(2)|

|F(2)| < max|F(2)|

_ f@ 1 1 g
= max value of — <m—;,by (ii)

1
|F(2)| <;asr—>1

IF(z)| <1

f@)

V4

<1
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If (2] < |z
Substituting z = 0 in above equation
|F(0)] < 1. But F(0) = a;
Hence
la,| <1
= f'(z2)=a1z+az?2+- =>f(0)=a,
= f'(0)] =lal <1=[f(0) <1,
This completes the proof.
In general, since a is arbitrary, we have
|f(2)| < |z| forall z for which |z| < 1.

If | f(z) |=|z| at some point z with | z |< 1, then | F(z) | attains its
maximum value on the interior of the domain. By the Maximum Modulus
Principle, F(z) must be constant. Therefore, there exists a constant a« € R
such that

f(2) .
—=e

Z

F(z) =

Thus, f(z) < |z| and |f'(0) I< 1, with equality holding if and only if
f(z) = ze'*for some real constant «. This completes the proof of the
Schwarz Lemma.

10.6 OPEN MAPPING THEOREM:-

The Open Mapping Theorem is a fundamental result in complex analysis
that asserts that a non-constant analytic (holomorphic) function maps open
sets to open sets.

Theorem: If f is a non-constant analytic function on an openset U c C,
then f(U) is an open set in C.

Proof: Let fbe a non-constant analytic function on an open set UcC.
Assume f does not map U to an open set. We will reach contradiction.
Suppose f(U) is not open. This means there exists a point w0 € f(U)
such that there is no neighborhood around w, entirely contained within

fU).
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Since w, € f(U), there exists z, € U such that f(z,) = w,.Because f is
analytic and non-constant, f can be expressed locally around z, by its
Taylor series expansion:

! (Z B ZO)Z 11
f(2) = f(z0) + (z — 2)f"(20) + Tf (zo) + -
The Maximum Modulus Principle states that if f is non-constant and
analytic in an open set, then the maximum of | f(z) | cannot occur in the

interior of the set unless f is constant.

If £ were to fail to map U to an open set, f would be unable to achieve
local maximum or minimum values on the boundary of small
neighborhoods around z,, contradicting the principle.

Because f is non-constant, the image of any sufficiently small open
neighborhood around z, will contain an open disk centered at w,. This
implies that wycannot be an isolated point in f(U) and that every point in
f(U) has a neighborhood entirely contained within f(U).

Thus, f(U) must be open, proving the theorem.

SOLVED EXAMPLE

EXAMPLEL: Let f(z) = z% + 3z + 2. Show that the maximum value of
| f(z) linthedisk | z |< 1 is attained on the boundary | z |= 1.

SOLUTION: The given equation is
f(z)=2z?+3z+2
and the domain | z |< 1.

The function f(z) is a polynomial and hence analytic everywhere,
including within and on the disk | z |< 1.

| f(z)lon |z|=1
Let z = e'?, where 8 range 0 to 2.
F(ei®) = e + 3¢i0 4 2
The modulus of this expression is:

|f (e®)| = |e?® + 3¢ + 2
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Since f(z) is analytic within and on | z < 1, the Maximum Modulus
Principle states that the maximum value of | f(2) | is attained on the
boundary | z |= 1.

To compare, we evaluate specific points on the boundary:
lfFWI=11)?+31+2]=]6|=6
lfEDI=1D2+3.(-D+2[=11-3+2]=1[0]=0
We can see that the modulus of f(z) is highest at z = 1 on the boundary.

By the Maximum Modulus Principle, the maximum value of | f(z) | in
the disk | z |< 1 is indeed attained on the boundary | z |= 1, and the
maximum value is 6.

EXAMPLE2: Let f(z) be an analytic function on the unit disk | z I< 1,
with f(0)=0and | f(2) I< 1/2 for all | z [< 1. Prove that | f(2) I<
1/21zland | £'(0) I<1/2.

SOLUTION: Let the f(z) be an analytic function on the unit disk | z |<
Lf(0)=0,1 f(z) IS;VIzI<1.

Now we apply the Schwarz Lemma, which states that if g(z) is analytic
onlz|<1,g(0)=0,and | g(z)I<1forall|z|<1,then]|g(z)I<|z]|
and | g'(0) I< 1.

Define g(z) = f(2)/1/2 = 2f(z). Then g(z) satisfies the conditions of
the Schwarz Lemma: g is analytic on | z < 1, g(0) = 2f(0) = 0,lg(2) |
<lforalllzl|<1.

By the Schwarz Lemma: | g(z) I<| z land | g'(0) IS 1

Since g(z) = 2f(2)

@ISl = 1 @)1=l

and for the derivative:

19’1 = 12fO)] <1 = [f(0)] s%
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EXAMPLES: Let f be analytic and bounded by 1 in the unit disc and
1

f (E) = 0 Estimate |f G)|

SOLUTION: Given: f (3) = 0,then |f(z)| <1 for |z| < 1.
We want to estimate | f G)|

Using the Schwarz-Pick Lemma:

|f(Z1) _f(Zz)l < |z1 — z,]
11— F(z)f(z)| ~ 11— 2224

For any z,, z,eD

FG/H-fA/21 __ 13/4-1/4
|1-FA/27G/0| ™ [1-F(A/2)f(3/4)]

Since f(1/2) = 0, this simplifies to:

-]

[1-r@)r ()

IfFB/H| <

Calculate the numerator:

|3 1 _|1|_1
4 2| 141 4

Calculate the denominator:

1-@E)=1-3=kl-3
4)\2)1 8l [8] 8

Thus:

8_2_04
4’5 5

rE)=E-3

Therefore, the estimate for | f(3/4) | is:

ool U]

lf B/ <04

This shows that under the given conditions, | f(3/4) | can be estimated to
be less than or equal to 0.4.
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EXAMPLEA4: Let f(z) = z? +1 be a holomorphic (analytic) function on
the closed disk | z |[< 1. Determine the maximum value of | f(z) | on the
disk | z I< 1.

SOLUTION: The Maximum Modulus Principle states that if f(z) is a
non-constant holomorphic function on a domain D, then the maximum of |
f(2) | occurs on the boundary of D.

Given f(z) = z? +1, we need to evaluate | f(z)| on the boundary | z |=
1:

On the boundary, | z |= 1, s0 z = e for 8 € [0,27).
f(z)=z>+1=¢e% +1
The modulus is
If (@) = |e*? +1]
Using the identity | a + b I<| a | +| b |, we get:
|2 + 1| < |e?®|+ 1] =1+1=2

The maximum occurs when e?¥ = —1, which gives

lf@)l=1-1+1]=2

The maximum value of | f(z) [onthe disk | z |[< 1 |is 2, and it occurs on
the boundary | z |= 1 when z = —1.

EXAMPLES: Let f(z) = z%2 — 2z + 2 be a holomorphic function on the
closed disk | z |< 2. Determine the minimum value of | f(z) | on the disk
|z |I< 2.

SOLUTION: The Minimum Modulus Principle states that if f(z) is a
non-constant holomorphic function on a domain D, the minimum value of
| f(z) |in the interior of D occurs at a point where f(z) = 0 or on the
boundary.

Now to solve
f(2)=2z*-2z4+2=0

= Z=2i”24_8=2ii
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Theroots 1 + i and 1 — i are inside the disk | z I< 2|z|.
On the boundary,| z |= 2:
lf ()| =122 — 2z + 2|
We need to evaluate | £(z) | for | z |= 2. Consider z = 2¢%, and find:
If(2)| = |4e%6 — 4% + 2|

The exact calculation is complex, but we only need to know that | f(z) |
on the boundary is larger than the minimum at the root points.

Atz=1+if(1+i)=0,50]|f(1+i)Il=0.
Similarly,atz=1—4i,f(1—i)=0,s0| f(1—1i) |= 0.

The minimum value of | f(z) | is 0, which occurs at the pointsz =1 + i
andz=1-—1.

EXAMPLESG: Let f(z) be an analytic function on the unit disk | z < 1
such that f(0) =0and | f(z) I<| z | for all | z |[< 1. Show that f(z) =
cz for some constant | ¢ |< 1.

SOLUTION: Schwarz's Lemma states that if f is analytic on the unit disk
|z1<1,f(0)=0,and | f(z) I< 1forall|z|<1,then:

Lif(@) Il z|forall| z |< 1.

2. If equality holds for some z # 0, then f(z) = cz for some constant
cwith| c|< 1.

Given | f(z) I<I| z |, we already satisfy the condition.

Now consider f(z) under these conditions. If | f(z) |=| z | for some
nonzero z, Schwarz's Lemma implies f(z) = cz.

Since f(0)=0and | f(2) I<| z |, it follows by Schwarz's Lemma that
f(z) = cz for some c with | ¢ |< 1.

Therefore, f(z) =cz where |c|<1, satisfying all conditions of
Schwarz's Lemma.
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SELF CHECK QUESTIONS
1. What is the Maximum Modulus Principle, and how does it relate to

the boundary of a domain?

2. Can the Maximum Modulus Principle be applied to non-analytic
functions? Why or why not?

3. How would you prove the Maximum Modulus Principle using
contradiction?

4. Give an example of a function where the Maximum Modulus
Principle is applied. What are the implications for the maximum
value of the modulus?

5. Why does the Maximum Modulus Principle imply that a non-
constant analytic function cannot achieve its maximum modulus in
the interior of a domain?

6. How does the Minimum Modulus Principle follow from the
Maximum Modulus Principle?

7. State the Schwarz Lemma and explain its significance in complex
analysis.

8. Under what conditions does the Schwarz Lemma hold?

9. How can the Schwarz Lemma be generalized, and what are the
implications of such generalizations?

10.7 SUMMARY :-

The Maximum Modulus Principle and Minimum Modulus Principle are
fundamental results in complex analysis that state if f(z) is a non-constant
analytic function on a domain D and continuous on the closure of D, then
the maximum (or minimum) modulus of f(z) occurs on the boundary of
D rather than in its interior. The Schwarz Lemma further refines this idea,
stating that if a function f(z) is analytic in the unit disk | z I< 1, satisfies
f(0)=0,and | f(z) I< 1 for all zin the disk, then | f(z) I<| z | and |
f'(0) I< 1, with equality holding if and only if f(z2) is of the form f(2) =
ze'® for some real constant a. These principles are crucial in
understanding the behavior and constraints of analytic functions within
specified domains.

10.8 GLOSSARY::-

e Maximum Modulus Principle: States that if f(z) is a non-
constant analytic function on a domain D and continuous on the
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closure of D, then the maximum value of |f(z)| occurs on the
boundary of D, not in its interior.

e Analytic Function: A function that is complex differentiable at
every point in its domain.

e Domain: An open connected set in the complex plane.

e Modulus: The absolute value of a complex number z = x + iy,

denoted as | z | and defined as /x2 + y2.

e Minimum Modulus Principle: States that if f(z) is a non-
constant analytic function on a domain D and continuous on the
closure of D, and f(z) # 0 inside D, then the minimum value of |
f(2) | occurs on the boundary of D.

e Continuous Function: A function f is continuous at z, if
Jim f (@) = f(z0).

e Schwarz Lemma: States that if f(z) is analytic in the unit disk |
z|<1, f(0)=0,and | f(z) I< 1 for all z in the disk, then |
f(2)I<lzland | f'(0) I< 1, with equality if and only if f(2) =
ze'® for some real constant a.

e Unit Disk: The set of all points in the complex plane whose
distance from the origin is less than 1, denoted as {z € C: | z |< 1}.

e Equality Condition: In the context of the Schwarz Lemma,
equality | f(2)I=lz| or | f/(0) =1 holds if and only if
f(2) = ze'*, where « is a real constant.

e Linear Transformation: A function of the form f(z) = az + b,
where a and b are constants.

e Argument Principle: A theorem in complex analysis that relates
the number of zeros and poles of a meromorphic function inside a
closed contour to the change in the argument of the function along
the contour.

e Meromorphic Function: A function that is analytic except at a set
of isolated points, which are poles of the function.

e Holomorphic Function: Another term for an analytic function, a
function that is complex differentiable at every point in its domain.

e Contour: A piecewise smooth curve in the complex plane along
which an integral is evaluated.

e Simple Closed Contour: A contour that does not intersect itself
and forms a closed loop.
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Understanding these terms and concepts provides a deeper insight into the
behavior and properties of analytic functions as described by the
Maximum and Minimum Modulus Principles and the Schwarz Lemma.
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10.10 SUGGESTED READING:-

e Goyal and Gupta (Twenty first edition 2010), Function of complex
Variable.
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10.11 TERMINAL QUESTIONS:-

(TQ-1) State and prove the principle of maximum modulus.

(TQ-2) Find the maximum modulus of z? — z in the disc |z| < 1.
(TQ-3) Show that the maximum modulus of eZ is always assumed on the
boundary of the compact domain.

(TQ-4) Suppose f, g both are analytic in a compact domain D. Show that
|f(2)| + |g(2)] take it’s maximum on the boundary.

(TQ-5) Let f be a non-constant analytic function on the closed unit disc
D ={ze C:|z|< 1}. Prove that | f(z) | attains its maximum value on
the boundary dD = {z € C:| z |= 1} and not in the interior D = {z € C: |
z |< 1}. Use this to show that if f is analytic in D, bounded by 1, and
f(0)=0,then| f(z) ISl z| forallz € D.

(TQ-6) Show that among all functions, which are analytic and bounded

by 1, in the unit disc, Max |f’ (§)| is assumed, when f G) =0.
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(TQ-7) If f is a non-constant analytic function on an open set U c C,
then prove that f(U) isan opensetin C.
(TQ-8) Suppose further that f(z) is not constant. Then |f(z) | attains its
minimum value at a point on the boundary of C, that is to say, if m is
minimum value of |f(z) | inside and on C, then

|f(z) | >mVzinside C

10.12 ANSWERS:-

SELF CHECK ANSWERS

1. The Maximum Modulus Principle states that if a function f is
analytic and non-constant in a domain D, then the maximum value
of | f(z) | on the closure of D occurs on the boundary of D. This
means that the modulus of f(z) cannot attain its maximum value
inside the domain unless the function is constant.

2. No, the Maximum Modulus Principle cannot be applied to non-
analytic functions because the principle relies on the properties of
analytic (holomorphic) functions, specifically their continuity and
differentiability. Non-analytic functions do not necessarily have
these properties, and thus the principle does not hold for them.

3. To prove the Maximum Modulus Principle by contradiction,
assume that | f(z) | attains its maximum value M at some point a
inside the domain D. Consider a small circle centered at a. By
analyticity, f(z) is continuous and there exists a point b within the
circle such that | f(b) I< M. This contradicts the assumption that
M is the maximum value. Therefore, | f(z) | must attain its
maximum value on the boundary of D.

4. Consider the function f(z) =z on the unit disk | z < 1. The
modulus | f(2) |=| z |. The maximum value of | z | in the unit
disk is 1, which occurs on the boundary | z |= 1. The implication
is that the modulus | z | does not reach 1 within the disk but only
on the boundary.

5. If a non-constant analytic function f(z) could achieve its
maximum modulus in the interior of the domain, this would
contradict the principle that f(z) attains its maximum on the
boundary. This is because an analytic function is open and cannot
have a local maximum in the interior unless it is constant.

6. Answer: The Minimum Modulus Principle can be derived from the
Maximum Modulus Principle by considering the function g(z) =
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1/f(z), where f(z) is analytic and non-zero. Applying the
Maximum Modulus Principle to g(z), we find that | g(z) | attains
its maximum on the boundary, implying that | f(z) | attains its
minimum on the boundary.

7. The Schwarz Lemma states that if f is an analytic function on the
unit disk | z I< 1 with f(0) =0 and | f(z) I< 1, then | f(z) I<I
z | for all z in the disk, and | f '(0) I< 1. If | f(2) I=| z | for some
z+0, then f(z) =e®,z for some real 6. This lemma is
significant because it provides bounds for the function and its
derivative at the origin, showing that an analytic function cannot
grow too fast within the unit disk.

8. The Schwarz Lemma holds for an analytic function f on the unit
disk | z |< 1 that satisfies f(0) = 0and | f(z) I< 1 for all z in the
disk.

9. The Schwarz Lemma can be generalized to the Schwarz-Pick
theorem, which deals with functions mapping the unit disk to itself
and not necessarily fixing the origin. The generalization provides
bounds on the function and its derivative in terms of the hyperbolic
metric. The implications are broader control over the behavior of
analytic functions mapping the unit disk into itself.
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BLOCK IV
SINGULARITIES AND RESIDUE
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UNIT 11:- Singularities
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11.15 Terminal questions
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11.1 INTRODUCTION:-

In complex analysis, singularities are points at which a complex function
ceases to be analytic. There are different types of singularities, classified
primarily into three categories: removable singularities, poles, and
essential singularities. A removable singularity is a point where the
function can be redefined to make it analytic. Poles are points where the
function goes to infinity in a specific manner, characterized by the

function behaving like i near the singularity z,. Essential singularities
—40

are points where the function exhibits chaotic behavior, as described by
the Weierstrass—Casorati theorem and Picard's theorem. Understanding
these singularities is crucial for analyzing the behavior of complex
functions, especially in the context of Laurent series and residue calculus,
which are fundamental tools in complex analysis for evaluating integrals
and solving differential equations.

11.2 OBJECTIVES:-
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Singularities in complex analysis are critical for understanding the
behavior and structure of complex functions. They represent points where
a function ceases to be well-behaved, such as where it becomes infinite or
undefined. Analyzing singularities helps in classifying functions into
categories like poles, essential singularities, or branch points, and
understanding their local behavior and global implications. This analysis is
vital for solving complex integrals, developing conformal mappings, and
exploring the analytic continuation of functions, thereby enhancing the
comprehension of complex functions' intricate properties and their
applications in various scientific fields.

11.3 ZERO OF AN ANALYTIC FUNCTION:-

A zero of an analytic function is a point z, in the complex plane where the
function f(z) evaluates to zero, i.e.,f(z,) = 0. If f(2) is analytic at z,,
then z, is called a zero of the function.

Zeros are important in the study of complex functions because they
provide critical information about the function's behavior and its structure.
For instance, the order or multiplicity of a zero, defined as the highest
power of (z — z,) that divides f(z), indicates how the function behaves
near that zero. Analyzing zeros helps in understanding the function's
growth, mapping properties, and in solving complex differential equations.
They also play a significant role in the residue theorem and in the
factorization of analytic functions.

An analytic function f(z) in a domain D can be expanded as a Taylor
series around a point a € D:

f"(a)
f(z) = Z a,z-a)" ..(1), a,= y . (2)
n=0 )
If the coefficients ay, a;,a, = -+ a,,_, are all zero. But a,, # 0, then

f(z) has a zero of order m at z = a. so that

fl@=7"(@=f"(=-=fmY@)=0m)+0

In this case we say that f(z) has a zero of order m at z = a.
From (1) takes the form

[ee)

f(2) = z a,(z—a)" = Z Apam(z — @)t

n=0 o n=0
=(z—-a)" z Apm(z — a)"
n=0
Taking
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[00]

Y anim(z - )" = $(2) - (3)
D) = (- ")

(o]
U Z An+m(Z = a)"] = ap,
n=1 5

=a

From (3),

#(a) = [Z anem (7 = a)ﬂ]
n=0

But a,, # 0 so that ¢(a) # 0.

Thus

An analytic function f(z) is said to have a zero of order m if f(z) is
expressible as

zZ=a

f(@) =(z-a)"¢(2)
where ¢(z) is analytic and ¢p(a) # 0. f(z) is said to have a simple zero at
z =aif z = a is a zero of order one.

11.4 SINGULAR POINTS:-

A singularity of a complex function f(z) is a point z,where f(z) ceases to
be analytic. For example if f(z) = then z = 2 is a singularity of

1
(z-2)’
f(2). Singular points are categorized into different types based on their
characteristics:

1. Isolated Singularity: A point z = a is an isolated singularity of a

complex function f(z2) if:

I. f(z)isnot analytic at z = a.

ii. There exist a neighborhood around z = a (excluding a itself) where

f(z) is analytic.

In other words, z = a is an isolated singularity if f(z) fails to be analytic
only at z=a, but f(z) is analytic in some punctured neighborhood
around z = a.
Conversely, if every deleted neighborhood of z = a contains other
singularities of f(z), then z = a is called a non-isolated singularity. This
means z = a is part of a set of singularities that accumulate around it.

2. Definition: For a function f(z) with an isolated singularity at z = a,
there exists a deleted neighborhood 0 <| z — a I< r where f(2) is
analytic. In this neighborhood, f(z) can be expanded using a Laurent
series:

o)

f@) =) anz=a)+ ) bz—a)"
n=0 n=1
The series Yo—; b, (z — a)™™ is called the principal part of the Laurent
series. Three cases arise based on the nature of the Singularity.
I. Removable Singularity: If the principal part of a function f(z) at
an isolated singularity z = a contains no terms (i.e.,b,, = 0 for all
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n), then z = a is called a removable singularity. In this case, the
function f(z) can be expressed as:

f) =) an(z—ar
n=0
and f(z) can be analytically extended to z = a.
Or
A singularity z = a of a function f(z) is called a removable singularity
if f(z) can be analytically extended to z = a. Formally:
A singularity z = a is a removable singularity of f(z) if: lim f(z) exists
z—a
finitely.
This means that even though f(z) is not analytic at z = a, it can be
defined or redefined at z = a such that f(z) becomes analytic at z = a.

EXAMPLEL: Consider f(z) = S‘mzﬂ The point z =0 is a removable

sin(z)

singularity. Although — is not defined at z = 0, it can be extended to

an analytic function by defining f(0) = 1.The extended function f(z) =

%(Z) forz = 0 and £(0) = 1 is analytic everywhere.

Il. Pole: A singularity z = a of a function f(z) is called a pole of

order m if the principal part of the Laurent series expansion around
z = a contains a finite number of terms, specifically up to (z —
a)~™. More precisely:

If b, = 0 for all n s.t. n > m, where m is positive integer, then z = a pole

of order m of f(2).

Thus if z = a is a pole of order m of the function f(z), then f(z) have the
expansion of the form

o)

FD= -+ b

n=0
Or
A function f(z) is said to have pole of order n if it is expressible as
_ 92

where ¢(z) is analytic and ¢(z) # 0.
Simple Pole: A pole of order 1 is called a simple pole.
Residue of a function f(z) at a simple pole z=a is defined as
ii_r)r(ll(z —a) f(z) = Res(z = a)
Or

L. 9@
Res(z=a) = Ll_l;[t‘l“/),(z)

¢ (2)
where =
f(Z) IPI(Z)
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EXAMPLEZ2: For f(z) = 1)2,

1, f(z) grows without bound as z approaches 1.

I1l.  Essential singularity: A singularity z = a of a function f(z) is
called an essential singularity if the Laurent series expansion
around z = a has an infinite number of terms in the principal part.
Specifically:If b, # 0 for independently many values of n so that

the series
Z b, (z— a)™
n=1

contains an infinite number of terms, then z = a is an essential singularity
of f(2).

In other words, near an essential singularity, the function f(z) exhibits
highly irregular and chaotic behavior.

EXAMPLES3: For f(z) =el/(z—1), the point z=1 is an essential
singularity. As z approaches 1, f(z) exhibits highly irregular behavior,
such as taking on virtually every complex value near z = 1.

Theoreml: If f(z) has a pole at z = a, then |f(2)| = o, z - a.

Proof: Suppose f(z) has a pole of order m at z = a. By definition, the
Laurent series expansion of f(z) around z = a is given by:

f@ =) amlz ="+ ) bz =)
n=1

n=0
This can be rewritten as:

o)

b b b
=Zan(z—a)”+ T

z—a (z—a)? (z—a)m

z = lisapole of order 2. Near z =

n=0
(o]

1
= Z an(z—a)" + m[bl(Z —a) ™+ b (z—a)" 2+ -
n=0
+ b, |
As z — a, the expression within the square brackets on the right-hand side
approaches b,, because the terms b;(z —a)™ 1, b,(z—a)™ 2, .. all
vanish and the only non-vanishing term is b,,,. Therefore

) z;an(z—am(zf—"m

As z — a, the term

( — domlnates the expression since the other terms
involving a,,(z — a)™ and the lower-order principal part terms become
negligible in comparison. Thus, the magnitude of f(z) is primarily

determined by

a)m
Hence, as z — a

Department of Mathematics
Uttarakhand Open University Page 190



Advanced Complex Analysis MATG601

| > oo

Fl = [

Therefore, | f(z) |- o as z = a, proving that f(z) tends to infinity near
the pole z = a.

Theorem2: If an analytic function f(z) has a pole of order m at z - a,
then % has a zero of order m at z — a and conversely.
Proof: Suppose an analytic function f(z) has a zero of orderm atz — a
this that

¢(2)

f(2) = m
where ¢(a) # 0 and ¢ (z) is analytic.
We need to prove that % has a zero of order m at z = a.
1 (z—a)™
@) ¢
Where 1 = and 1/)((1) * 0.

(D

=(z—-a)™Y(2)

This |mpI|es that - has a zero of order m at z=a so thatm

(z—a)"g(2), where g(z) is analytic and g(a) # 0.
Therefore
1 _ h(2)

z—a)mg(z) (@Z—-am

f(2) =
where ? = h(2).

This shows that f(z) can be written as —— LS

(z—a)™
h(a) # 0 f(z) has a pole of order m at z = a.
Thus, if f(z) has a pole of order m at z = a, then 1/f(z) has a zero of
order m at z = a, and conversely.

where h(z) is an analytic

11.5 ZEROS ARE ISOLATED:-

Theorem3: (Zeros Are lIsolated) Zeros of an analytic function is
isolated.

Proof: Suppose f(z) is an analytic function in a domain D, and suppose
f(z) has a zero at z = a. We aim to show that this zero is isolated,
meaning there exists a neighborhood around z = a where f(z) has no
other zeros except z = a.

Since f(z) is analytic at z = a, it can be expressed as a Taylor series
around z = a:

oo

f@) =) alz—ay

n=0

where a,, =L rf'a)
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If f(z) hasazeroofordermatz =a,thenay =a, =a, == a1 =
0and a,, # 0.
Therefore, the Taylor series can be written as:

f@)=G=-a" ) bz -
n=0

where by = a,, # 0.
Define

9@ =) ="
n=0
Notice that g(z) is analytic and g(a) = b, # O.

By the continuity of g(z), there exists a neighborhood around z = a such
that g(z) # 0 in this neighborhood. Therefore, in this neighborhood, the
function f(z) can be written as:

f@)=(z-a)"g(z)
Since g(z) # 0 in this neighborhood, f(z) = 0 ifand only if (z — a)™ =
0 which implies z = a.
Thus, there is a neighborhood around z = a where f(z) has no zeros other
than z = a. This proves that the zero at z = a is isolated.

11.6 POLES ARE ISOLATED:-

Theorem4: Poles of an analytic function are isolated.

Proof: Suppose f(z) is an analytic function in a domain D and has a pole
at z = a. We need to show that this pole is isolated, meaning there exists a
neighborhood around z = a where f(z) has no other poles except z = a.

By definition, if z = a is a pole of f(z) of order m, then near z = q, the
function f(z) can be expressed as:
h(z)

f(Z) = m
where h(z) is analytic and h(a) # 0.
Let's consider the function g(z) = (z — a)™f(z). This function g(z) is
constructed to remove the pole at z = a:

h(z)

9(@z)=(z—-a)™ =m

Since h(z) is analytic and non-zero at z = a, g(z) is analytic at z = a.

By the continuity of h(z) , there exists a neighborhood U around z = a
such that h(z) # 0 in U. Because g(z) = h(z), g(z) is analytic and non-
zero in this neighborhood U.

Given that g(z) is analytic and non-zero in U, we have:
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9(z)
(z—a)m

f2) =

Therefore, the pole at z = a is isolated because there is a neighborhood
around z = a where f(z) has no other poles except z = a.
Hence, we have shown that poles of an analytic function are isolated.

11.7 THE POINT AT INFINITY:-

The point at infinity is treated differently from the finite points in the
complex plane. The extended complex plane (or Riemann sphere) includes
the point at infinity, denoted as co. This extended plane allows for a more
comprehensive understanding of the behavior of complex functions,
especially in terms of their singularities.

Key Concepts:

Extended Complex Plane: The extended complex plane is the
complex plane C together with the point at infinity, co. It is often
visualized as the Riemann sphere, where the complex plane is
projected onto a sphere such that the point at infinity is the north
pole of the sphere.

Neighborhood of Infinity: A neighborhood of oo consists of all
points z in C such that | z |> R for some large R > 0. Essentially,
as | z | grows without bound, z approaches co.

Behavior at Infinity: To study the behavior of a function f(z) at
oo, we often consider the transformed function g(w) = f(w;) and
examine its behavior as w — 0. The point z = o in the original
function corresponds to w = 0 in the transformed function.

Poles and Essential Singularities at Infinity:

Pole at Infinity: A function f(z) has a pole of order m at oo if
f(w;) has a zero of order m at w = 0. Mathematically, f(z)
behaves like z™ as z — oo.

Essential Singularity at Infinity: A function f(z) has an essential
singularity at oo if f(w,) has an essential singularity at w = 0.
Removable Singularity at Infinity: A function f(z) has a
removable singularity at oo if f(w;) is analytic at w = 0. This
means f(z) approaches a finite limit as z — oo.

Examples:

Pole at Infinity: The function f(z) = z; has a simple pole at z =
oo because f(w;) = w, which has a zero of order 1 at w = 0.
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e Essential Singularity at Infinity: The function f(z) = e” has an
essential singularity at z = oo because f (%) =e'Y has an
essential singularity at w = 0.

e Removable Singularity at Infinity: The function f(z) = ﬁ has

a removable singularity at z = co because f( ) -1 v

1

- T — y

w 1+— 1+w
w

which is analytic at w = 0.

11.8 LIMITING POINT OF ZEROS:-

A point z, € C U {oo} is called a limiting point (or accumulation point) of
zeros of an analytic function f(z) if, for any € > 0, there are infinitely
many zeros of f(z) within the distance e from z,.

Theorem5: Let f(z) be an analytic function in a simply connected region
D.Letay,a, ...a, ... be a sequence of zeros having a as its limit point, a
being the interior point of D. Then either f(z) vanishes identically or else
has an isolated essential singularity at z = a.

Proof: Suppose f(z) is analytic in a simply connected region D and {a,}
is a sequence of zeros of f(z) converging to a, where a is an interior point
of D.

The function f(z) = 0 in D, the sequence {a,} being zeros converging to
a, poses no contradiction since every point in D is a zero.

Assume f(z) is not identically zero. By the Identity Theorem, an analytic
function that is zero on a sequence of points with an accumulation point in
D must be identically zero unless it has a singularity at the accumulation
point.

Here, a is the limit point of zeros of f(z), meaning f(z) cannot be
analytic at a. Therefore, a must be a singularity of f(z).

11.9 LIMIT POINT OF POLES:-

A point z, is called a limiting point of poles of a function f(z) if every
neighborhood of z, contains infinitely many poles of f(z).

Theorem6: If z = a is a limit point of the sequence of poles of an analytic
function f(z), then z = a is an essential singularity (non-isolated essential
singularity) of f(2).

Proof: Suppose f(z) is analytic in a domain D except for some poles. Let
{a,} be a sequence of poles of f(z) such that a,, - aasn — oo.

Since a is a limit point of poles, every neighborhood of a contains
infinitely many poles of f(z).
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By definition, z = a is a singularity of f(z) because it is a point where
f(z) is not analytic.If z = a were a pole, then f(z) would have a Laurent
series expansion around a with only finitely many negative powers:

bm m-—1 bl .

f(z) = Z—am + Z— a1 + -4+ Z— )t + analytic part
However, if a were a pole, then f(z) would not have an infinite number of
poles accumulating at a. Poles are isolated by definition.

Since z = a is not isolated (it has an infinite number of poles arbitrarily
close to it), a cannot be a pole.

According to complex analysis, the only type of singularity where poles
can accumulate and still fit the behavior of having infinitely many poles in
every neighborhood is an essential singularity.

Thus, z = a must be an essential singularity of f(z), specifically a non-
isolated essential singularity. This means that f(z) exhibits highly
irregular behavior near a, consistent with the presence of infinitely many
poles accumulating at a.

11.10 CHARACTERIZATION OF POLYNOMIALS:-

Theorem7: The order of zero of the polynomial equals the order of its
first non-vanishing derivative.

Or
The order (or multiplicity) of a zero of a polynomial p(z) at z=ais
equal to the order of the first non-zero derivative of p(z) at z = a.
Proof: A polynomial p(z) has a zero of order m at z = a if:

p(a) =p'(a) =p"(a) = =p™ *(a) = 0 and p™ = 0.

In other words, p(z) can be written locally around z = a as:
p(z) = (z—a)"q(2)
where g(z) is a polynomial and g(a) # 0.
The derivatives of p(z) are:
p'(2) =m(z—a)"q(2) + (z—a)"q'(2)
p"® =m(m - D(z - )™ 2q(2) + 2m(z - "¢’ (2)
+(@Z—-a)"q"(2)

At z=a,p(a) =p'(a) =--=p™1(a) =0, but p™(a) will be non-
zero because

p™(z) =m!q(z) and p™(a) =m!q(a) # 0

Therefore, the order of the zero at z = a is exactly m, which corresponds
to the smallest k for which p*(a) # 0.

EXAMPLEA4: For the polynomial p(z) = (z — 2)3(z — 5).
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At z = 2, p(2) has a zero of order 3.

The first non-zero derivative at z = 2 is the third derivative, which will
not be zero. This confirms that the order of the zero at z = 2 is indeed 3.

Theorem8: (Due to Riemann) Removable singularity. If z=a is an
isolated singularity of f(z) and if f(z) is bounded on some deleted
neighborhood of a, then a is a removable singularity.

Proof: Given that f(z) is bounded on some deleted neighborhood N (a) of
a, Let M be the maximum value of |f(z)| on a circle C defined by
|z — a|l = r, where the radius r is chosen so small that C lies entirely
within N(a), the Laurent series expansion for a function f(z) with an
isolated singularity at z = a, the Laurent series expansion around z = a is:

oo

f(2) = Z a,(z — )" + Z b,(z—a)" ..(1)

n=0

Where

1 -1
b =5 j (2 — Q" (D)dz

M n-1
|b,| Sﬁfclz—aln‘lldzl =— 2mr = Mr™
|b,| < Mr™which—-asr - 0

b, = 0vn

Thus, the boundedness of f(z) on the deleted neighborhood implies that
z = a is a removable singularity of f(z),by definition, this proves that z =
a is removable singularity.

Theorem9: (Weierstrass Theorem) Essential Singularity. If z = a isan
essential singularity of f(z), prove that any positive number, r, € and any
number c, there is a point in the circle |z — a| < r at which |f(z) —c| <
E.

In other words, in any arbitrary neighborhood of an essential singularity,
there exists a point (and therefore an infinite number of points) at which
the function differs as little as we please form any —assigned number.

Proof: Suppose the theorem is false. Then there exist positive numbers

rand € and a complex number ¢, such that|f(z) — c| > ¢ for all z with

|z — z,| < r so that ! < & whenever |z — z,| <.
0 0
|f(2)—c|
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1
|f (2)=cl
singularity so that principal part of Laurent’s expansion for

has a removable
1
f(@)-c

Use of theorem (2), we see that the function

about
the point z, does not contain any term so that

[ee]

1
m = Z an(z - Zo)n (1)

n=0

1
f(z0)—c
is analytic and non-zero at z,.

If a,, # 0, we define = q, S0 that f(z,) = c+ (1/ay). It means
1
f(2)-c

As a result of which f(z) itself is analytic at z, . Contrary to be initial
assumption that z, is an essential singularity of f(z).

that

Again if a, = 0 forn = 0,1,2,...m — 1 then (1) becomes

[ee)

1
FD=c- Z an(z = zo)™

= (2 — 20)™ + Apy1(z — 7)™ + -

= (z = zo)™[am + ami1(z — 25) + -]

o)

= (z— zy)™ Z Apin(Z2 — Z)"

n=0
This proves the theorem.
SOLVED EXAMPLE

. . .. . et/za)
EXAMPLEDS: Find the singularities of the functloneez/a_l, indicating the
character of each singularity.
SOLUTION: Given
_c
e(z-a)
f(Z) ="z
ea—1
i. Let we write exp(z/a) in place of eg.
Now then
_c e _c
e(z—a) exp (z — a) e(z-a)
f@)=——7= Z—a =T o
ea—1 exp(1+ a )_1 ee a —1

(z-a)7?
l—ee a ]

4
_ oD
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c { Lz a) (z a) i+ }]_1
— e(z—a) 20
c c (¢ 1

=[tr ) ] 2

—-a zZ—a 1
X|1+e 1+( )+ ( ) =t

a a 2!

N 62{1+@+(@)2+...}]

Hence by the definition z = a is an essential singularity.

i G
. f@)= 5

Evidently denominator has zero of order lat

e?/t =1 = e j e 7z = 2nmia.
So the function f(z) has a pole of order one at each point z = 2nmia
(wheren =0,+1,+2,.........).

EXAMPLESG: Specify the nature of singularity at z = —2 of f(2) =

(z —3)sin (i)

SOLUTION: The given singularity is
f(z)=0 or (z-3) sin(

This implies that

= z=3and sin(ﬁ)zOzsinO
1 —_1\(0) — i (1) =0 = <f
= —=nn+ (=1)™(0) = nw and sin (Z+2) =0 = sin0

= z+2——:> z=-2+—
nm

= z=-2+ E for n=0,1,23......
Limit points of zeros is z = —2.

Hence the isolated singularity is z = —2.
EXAMPLETY: Find zeros and pole of (Z+1 )2.
SOLUTION: The given singularity is

f(z)=<Z+1>2

z2+1
I. The zeros of f(z) is given by
(z+1)?=0
z=-1-1
So z = —1 is a zero of order 2.
Il. The poles of f(z) is given by

1 )_0
z+2)
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z2+1)%=0
z+)?*(z—-0)?*=0
z=—i,—1,i,1
Hence z = —i and z = i both are poles of order2.

EXAMPLES: Find Laurent series of f(z) = (z — 3) sin (2%2) about

singularity z = —2 and indicate nature of singularity.
SOLUTION: Let

63 6°> 67
sin@ =0 —§+§—ﬁ+”'
So that
1 1 1
f(z)=(z-3)

(z+2) 3!'(z+2)® 5!(z+2)>
which represents Laurent’s series.
Now the zeros of f(z) is

) 1 ) 1
(z—3)sm(z+2)—0=>z—3—0,sm(z+2)—0
=
. 1 0 . ( )
= = = =
sin ) sin(nm ) nm
S z4+42=—z=—-2forn=123/4,......
nm nm
Now

1
z=——2=-2
oo

EXAMPLEQ9: Determine the nature of the singularity at z=0 for the
function:

() = sin(z)

SOLUTION: The function ’
sin(z)

f@) =—

is not defined at z = 0 because of the division by zero. This suggests a
possible singularity at z = 0.
So the limit as z approaches 0:

- sin(z)

lim
] z—0 VA

Using the standard limit lim Sinz) — 1, we have
VAl
sin(z

lim ) =1
z—0 VA

Since the limit exists and is finite, the singularity at z = 0 is a removable
singularity. The function can be redefined at z = 0 as f(0) = 1 to remove
the singularity and make the function analytic at that point.
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EXAMPLEL0: Determine the nature and order of the singularity at z = 0
for the function:
1
9(2) = 73
SOLUTION: The function g(z) = 213 is undefined at z = 0, indicating a
potential singularity at z = 0.

The function can be written as,
1
9(z) = 73
Here, the function clearly approaches infinity as z approaches 0.

Since the function can be expressed as

1
g(z) = 0

It is evident that this is a pole of order 3.The singularity at z = 0 is a pole
of order 3.

SELF CHECK QUESTIONS
What is a singularity in the context of complex analysis?
What are the three main types of isolated singularities?
Define a removable singularity.
What does it mean for zeros to be isolated?
Explain the relationship between the limit points of zeros and
essential singularities.
How does the Weierstrass theorem describe a removable
singularity?

11.11 SUMMARY:-

orwn PR

o

In this unit we have studied the singularities in complex analysis are points
where a function is not analytic. They can be classified into three main
types: removable singularities, poles, and essential singularities. A
removable singularity is one where the function can be redefined to make
it analytic. Poles are points where the function approaches infinity, with
the order of the pole indicating how fast it diverges. Essential singularities
are characterized by chaotic behavior, where the function takes on almost
every possible value infinitely often in any neighborhood around the
singularity. According to Picard's theorem, near an essential singularity, a
function assumes every complex value, with at most one exception,
infinitely often. Singularities play a crucial role in understanding the
behavior and properties of complex functions.

11.12 GLOSSARY:-

e Analytic Function: A function that is locally given by a
convergent power series.
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Singularity: A point at which a function is not analytic.

Isolated Singularity: A singularity where there exists a
neighborhood around the point such that there are no other
singularities within that neighborhood.

Removable Singularity: A point z = a where a function is not
analytic but can be redefined to be analytic. If the Laurent series of
f(z) around z = a contains no negative power terms, it is a
removable singularity.

Pole: A singularity where a function approaches infinity as the
variable approaches the point. The order of the pole indicates the
highest power of the negative term in the Laurent series expansion.
Simple Pole: A pole of order one.

Essential Singularity: A point where a function exhibits chaotic
behavior such that, in any neighborhood around the singularity, the
function takes on nearly every possible value infinitely often. The
Laurent series has an infinite number of negative power terms.
Laurent Series: A representation of a complex function as a series
that includes both positive and negative powers of (z — a).
Principal Part: The part of the Laurent series that contains the
negative powers of (z — a).

Limit Point of Zeros: A point where a sequence of zeros
accumulates. If such a point is within the domain of an analytic
function, the function must either be identically zero or have an
essential singularity at that point.

Picard's Theorem: A theorem stating that near an essential
singularity, a function takes on every possible complex value, with
at most one exception, infinitely often.

Weierstrass Theorem: In the context of removable singularities,
this theorem states that if a function is bounded near an isolated
singularity, then the singularity is removable.

Deleted Neighborhood: A neighborhood around a point,
excluding the point itself.

Non-lIsolated  Singularity: A singularity where every
neighborhood of the point contains other singularities.

Simply Connected Region: A region without holes, where any
loop can be continuously contracted to a point within the region.
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Applications.

R. A. Johnson (2020), Introduction to Complex Analysis.

11.15 TERMINAL QUESTIONS:-

2
(TQ-1) If f(2) = ﬁzlﬁ, show that f(z) is finite and continuous
for all real values of z but f(z) cannot be expanded in a Maclaurin’s series.

Show that f(z) possesses Laurent’s expansion valid in succession of the
ring spaces.

(TQ-2) Show the function cosecz has a simple pole at z = .
(TQ-3) Show that the function e~/ has no singularities.

(TQ-4) Show that the function eZ has isolated essential singularity at z =
0,

(TQ-5) Show that the function e/ actually takes every value except
zero an infinite number of times in the neighborhood of z = 0.

(TQ-6) Prove that a function which have no singularity in the finite part
of the planes or at infinity is constant.

(TQ-7) To show that a function which has no singularity in the finite part
of the plane and has a pole of order n at infinity is a polynomial of degree
n.

(TQ-8) If z=a is an essential singularity of f(z), prove that any
positive number, r,e and any number c, there is a point in the circle
|z —al < ratwhich |f(z) —c| < e.

(TQ-9) If z = ais an isolated singularity of f(z) and if f(z) is bounded
on some deleted neighborhood of a, then a is a removable singularity.
(TQ-10) If f(2) has a pole at z = a, thenprove that |f(z)| » o, z - a.
(TQ-11) Obijectives Types Questions:
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If a function is analytic at all points of a bounded domain except at
infinity many points, then these points are called:

a. Zeros

b. Singularities

c. Poles

d. Simple points

A function which has poles as its only singularities in the finite
part of the plane is

a. An analytic function

b. A meromorphic function

c. Anentire function

d. A finite function

The number of zeros of the function f(z) = sin G) is:
a. 3

b. 4
c. Infinite
d. None

The number of poles of the function f(z) = tani is:
a. 2

h. 4
c. Infinite
d. None

What type of singularity is characterized by the fact that a
function's Laurent series contains only a finite number of negative
power terms?

a. Removable Singularity

b. Pole

c. Essential Singularity

d. Isolated Singularity

(TQ-12) True/ False Types Questions:

1.

2.

3.

o

A removable singularity is characterized by a Laurent series with
no negative power terms.

At a pole, the Laurent series of the function has an infinite number
of negative power terms.

An essential singularity is a point where the Laurent series of the
function has only a finite number of negative power terms.

A function with a pole at z, can be expressed as & \yhere f(z)

(z—2zo)"
is analytic and non-zero at z,.

The behavior of a function near an isolated singularity can be
classified as removable, pole, or essential.

The residue of a function at a removable singularity is always zero.
Every isolated singularity of a function is either a removable
singularity, a pole, or an essential singularity.
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8.

The function f(z) = e*/#=1 has a removable singularity at z = 1.

(TQ-13) Find kind of the singularities of the following

a.

> Q — o

t
O atz=aand z = oo.

(z—a)?

b. tan(1/z)atz = 0.
C.
d

cosec G) atz = 0.

. sin [1—;] atz = 1.

sinz—cosz
sinz — cosz at z = oo,
eZ
z2+4
1—e
f(Z) T 1tez
f(z) = z cosecz at z = oo.

z

at z = oo,

11.16 ANSWERS:-

SELF CHECK ANSWERS

A singularity is a point at which a complex function is not analytic.
Singularities are points where the function fails to be differentiable
or undefined.
The three main types of isolated singularities are:

e Removable singularities

e Poles

e Essential singularities
A removable singularity at z = a is a point where a function f(z)
is not defined or not analytic, but can be made analytic by defining
or redefining f(a) appropriately. If f(z) is bounded in some
deleted neighborhood of a, then a is a removable singularity.
Zeros of a function f(z) are said to be isolated if each zero has a
neighborhood in which it is the only zero of the function. This
implies that there are no other zeros of f(z) arbitrarily close to it.
If a function f(z) is analytic in a simply connected region D and
has a sequence of zeros a,, a,, as, ... ..... that accumulate at a point
a within D, then either f(z) is identically zero in D,or z = a is an
isolated essential singularity of f(z).
The Weierstrass theorem states that if z=a is an isolated
singularity of f(z) and if f(z) is bounded on some deleted
neighborhood of a, then a is a removable singularity.

TERMINAL ANSWERS
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(TQ-11)  1b 2.b 3¢ 4c 5.d

(TQ-12) 11 2F 3F 4T 5T
6T 7T 8T

(TQ-13)
a. zZz=a
b. z=0
c. z=0
d z=1
e. z==
4
f. z=o0.
9. z=2i,—2i
h. z=o
i. z= o0,
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UNIT 12:- The residue theorem

CONTENTS:

12.1 Introduction

12.2 Objectives

12.3  Cauchy’s Residue Theorem

12.4  Computation of Residue at Finite Pole
12.5  Working Rule (For Computing the Residue)
12.6 Jordan’s Inequality

12.7 Integration Round the Unit Circle
12.8 Evaluation of Integrals of the Type
12.9 Summary

12.10  Glossary

12.11 References

12.12  Suggested Reading

12.13  Terminal questions

12.14 Answers

12.1 INTRODUCTION:-

The residue theorem is a powerful tool in complex analysis, which
simplifies the evaluation of contour integrals. It states that if a function
f(z) is analytic inside and on a simple closed contour C, except for a finite
number of isolated singularities within C, then the integral of f(z) around
C is 2mi times the sum of the residues of f at those singularities. Formally,
fcf(z)dz = 2mi ), Res(f, z,) where Res(f, z,) denotes the residue of f
at the singularity z,. This theorem greatly facilitates the computation of
complex integrals, especially in cases where directly evaluating the
integral is difficult.

12.20BJECTIVES:-

After studying this unit, learners will be able to:

e Understand and verify the Cauchy residue theorem,
comprehending its significance and applications in evaluating
contour integrals with isolated singularities.
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e Analyze Jordan's lemma, gaining insights into its role in
simplifying the evaluation of integrals involving exponential
functions and semicircular contours.

e Solve integration problems around the unit circle, applying the
concepts learned to compute integrals of complex functions
effectively.

12.3 CAUCHY’S RESIDUE THEOREM -

Theorem1l: Let f(z) be a function that is analytic inside and on a simple
closed contour C, except for a finite number of isolated singularities
Z1,Zy e e e Zp INSIAE C. Then prove that the integral of f(z) around C
is given by:

fcf(Z)dZ = ZEiZRes(z =2z,)

where Res(z = z,) denotes the residue of f at the singularity z.

Proof: Let y;,v5, ... ... ,Vn are the circles with centres at z,,z,, ... ... ) Zn,
respectively and radii within C and do not overlap. f(z) is analytic within
the annulus bounded by these circles and curve C, by the corollary to
Cauchy’s theorem,

fcf(z)dz=.j;/1f(z)dz+'];/2f(z)dz+---+J;nf(z)dz

1 _ . _
But th f(z)dz = residue of f(z)at z = z;

= Res(z = z;)

f f(z)dz = 2miRes(z = z,)
1
Using(1), we obtain

ff(z)dz =2miRes(z = z,) + -+ + 2miRes(z = z,)
c

n
= Zniz Res(z = z,)
r=1

This completes the proof that the integral of f(z) around a simple closed
contour C is 2mi times the sum of residues of f at the isolated singularities
inside C.

Theorem2: If a function f(z) is analytic except at finite number of
singularities (including that at infinity), then the sum of residues of these
singularities is zero.

Department of Mathematics
Uttarakhand Open University Page 207



Advanced Complex Analysis MATG601

Proof: Let C be a closed contour that encloses all the singularities of f(z)
in the finite part of the complex plane, except that at infinity. By sum
2. R residues at all the singularities of f(z), the integral of f(z) around C

is given by:
f(z)dz =2mi ) R
| 2.

—Zim,fylf(z) dz = Res(z = o)
Adding these equations, we obtain
Res(z=00)+ZR =0
This completes the proof that the sum of the residues of f(z) at all

singularities in the finite plane, including the singularity at infinity, is zero.
SOLVED EXAMPLE

Also

2
EXAMPLE1: Evaluate the residue of —————at 1,2,3 and infinity
(z—1)(z-2)(z-3)
and show that their sum is zero.

SOLUTION: Suppose the given residue is

Z2

(z—-1)(z—2)(z—3)
Residue atz = 1: To find the residue of f(z) at z = 1, we first rewrite

f(z) as:

f(2) =

2

. _ z
ImGz =D& = lm e =553

B z? 1
" (1-2)1-3) 2

Residue atz = 2: To find the residue of f(z) at z = 2, we first rewrite
f(z) as:

2

—4

. 1 z —
lim(z = 2) f(2) = Im =57 =3 =

Residue at z = 3:

lim(z — 3) f() = lim——2. _2
z—1 z—1 (Z — 1)(Z - 2) 2

Residue at z = +o0:
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zZ

-1

. _1: Z —
lim(=2) f(2) = lim =Dz =3) -

Sum of residues= % -4+ 2 —1=0.

Therefore, the sum of residues of f(z) at z = 1,2,3, and infinity is indeed
zero.

EXAMPLE?: Evaluate the residue of ——~——at z — oo,
(z-1)(z-2)(z-3)
SOLUTION: Suppose the given residue is

73

(z—-1D(z—-2)(z-3)

~(1-0) (-9 (-
(e ) (1420 (143 40)

6 1
=1+ p + higher power of;

f(2) =

Thus,
Res(f,®) = —6

z3

heDeD at z - oo IS —6.

Therefore, the residue of

EXAMPLES3: Evaluate the residue of f(z) where f(z) = 22(29.;9) atz =
0,—3i, +3i.

SOLUTION: To find the residues of the function f(z) = " atthe

z2(z2+49)
given points z = 0,z = —3i, and z = 3i, follow these steps:

1. Residue atz = 0: The point z = 0 is a pole of order 2. To find the
residue at a pole of order 2, use the formula:

d
Res(f,20) = lim = [(z = z0)f (2)]

Here, z, = 0 so we need
R _ 1 a , e’
U = @ 79
Simplify inside the limit:
e’ e’
z2 =
z%2(z24+9) (z2+49)
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Now, differentiate:

d e? e’(z>+9)—e”2z _e*(z°+9-2z) 9 1

E(zz+9)= (z%2 +9)2 T (z2+49)2 81 9

Evaluate at z = 0:

e®(02+9-20) 9 1

Res(/,0) =—Ga o2 =819

2. Residue at z = 3i: The point z = 3i is a simple pole. To find the
residue at a simple pole, use the formula:

d
Res(f.20) = lim = [(z = 7o)/ (2)]

Here, z, = 3i so we need

Res(f, 3l) = (Z - 31)m
(z2+9) = (z—3i)(z+ 30)

Res(f,3i) = 220z + 30

Evaluate at z = 3i:

3i 3i

e e

Res(f,3i) = (30)2(3i + 3i) ~ 544

3. Residue at z = —3i:
Similarly, z = —3i is a simple pole. To find the residue:

d
Res(f,20) = lim = [(z = z0)f (2)]

Here, z, = —3i so we need

Res(f, —3l) = (Z + 3l)m
(z2+9) =(z—-3i)(z+ 3i0)
Res(f,3i) = m
Evaluate at z = —3i:

=3i 3i

e
(—30)2(—3i — 3i) _ 54i

Res(f,—3i) =

Hence
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e Residueatz = 0: 3

3i

e Residue at z = 3i:
—54{

31.

e Residue at z = —3i: —
54i

EXAMPLEA: Using residue theorem, evaluate [, —*—

circle |z| = 2.

SOLUTION: To evaluate the mtegralf

MAT601

dz where C is

dz where C is circle |z| =

2. Using the residue theorem, we need to find the residues of the

integrand inside the contour C.

The mtegrate
e z=0Isa SImpIe pole.
e z = 1Iisapole of order 2.
Both poles are inside the contour | z |= 2
Residue at z = 0:
For the simple pole at z = 0:

¥4 z z

e

> has singularitiesat z = 0 and z = 1.

eO

e
R 0=lim——z=1i =1
S rz—12 " T Nzz—12 T N (z—12 (0= 1)0
Residue at z = 1:;
For the pole of order 2 at z = 1:
z d z d e?
Res———,1=lim—(z — 1)’ ———— = lim——
esz(z —1)? 1 dz (z=1) z(z — 1) 20dz z
Now, differentiate:
d e’ B ze? —e
dz z z2
Evaluate at z = 1:
R e’ 1= let —e _0
esz(z -1z’ 12
The residue theorem states:
ff(z)dz = 2mi Res(f, z;)
c
Sum of residues inside C:
e’ e’
Res———,0+Res————,1=0+4+1=1
eSz(z—l)Z + esZ(Z_l)2 +
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Therefore, the integral is:

e?
fdeZZH'i'1=27Ti
c —

So, the value of the integral is 2mi.

12.4 COMPUTATION OF RESIDUE AT FINITE
POLE:-

1. Residue of f(z) at a simple pole z = a.
i. Res(z=a)= lim(z —a)f(2)

ii. Let f(z)= zg ; have a simple pole at z = a, where ¥(z) =

(z—a)F(z) and F(a) # 0.
Then, residue of f(z)atz = a

=lim(z - a)f (2)

L ¢ (2)
= lim(z - “)zp(z)

z—a)|p(@) + (z—a)p'@ + %(p"(a) + ]

ron]

= lim
VARdA

(@) + (z — )Y@ + gwn(@ ..
[by Taylor’s theorem]

¢(a) + (z - a)qb'(a) + %d)”@ )

= lim =
z—-a l/) ( ) + ) l/)”(a) + . lp,(a)
[for (a) = 0]
Hence
¢(a)
Res(z=a) =
Y'(a)
2. Residue at a pole of order m:
(m-1)
Theorem3: To prove that the residue of ¢( ))m atz=alis ¢(T11§:1).

Proof: Let ¢p(z) be analytic at z = a, and let

¢ (2)

D= =am

- (1)
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where m > 1. Then the residue of f(z) at z = a is given by:
Residue of f(z) at z = a is by, where b, is given by

__ff() 1 ¢ (2) iz

2w cz—a)m
1 m-Df ¢@
C(m-1D!" 2mi c(z—a)m-1t1
1
(m-1)
[by Cauchy’s integral formula]

dz

(m

From (1), we obtain
1 am
(m-1)! dz™m—1

Res (z=a) = [(z —a)"f(z)]asz - a.

Theorem4: Liouville’s theorem. If a function is analytic at every point
and finite at infinity, then it must be constant.

Proof: Let f(z) be the given function. Let a and b be any two distinct
points, then the only singularities of the function

__f® _ _
F(z) = —popy ez =aandz = b,

and possibly at infinity. But
Res(z = o) = lim —zF (2)

Res(z = ) = |lim = a)(z b)] [llmf(z)] =0

Res(z =) =0
Since the sum of all the residues is zero and so
Res(z = a) + Res(z = b) + Res(z = ) =0
lim(z—a)F(z) + lim(z—b)F(z)+0=0
f(a) fb) B
(a_b)+(b_a)_0 or f(a)_f(b)

where f(z) is constant.

12.5 WORKING RULE (FOR COMPUTING THE
RESIDUE):-

To compute the residue of a function at a given point, follow these steps:

1. Identify the Type of Pole:
Determine if the point z = a is a simple pole, a pole of higher
order, or an essential singularity.

2. Simple Pole (Pole of Order 1):
If z = a is asimple pole, the residue can be found using the limit:
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Res(z = a) =lim(z — a) f(2)
3. Pole of Order m:

If z = a is a pole of order m, the residue can be computed using
the formula:
m—1

Res(f,a) = (m — 1)19-“511 dzm-1

4. Removable Singularity:
If z = a is a removable singularity, the residue is zero because the
function is analytic at that point after removing the singularity.

5. Residue for Functions Expressed as Laurent Series:
If the function can be expressed as a Laurent series around z = a:

fcf(Z)dZ = ZHiZRes(r =1)

[(z—a)f(2)]

SOLVED EXAMPLE
EXAMPLES: Find the residue

3

z
(z—1)*(z—2)(z-3)

SOLUTION: Suppose

atz =1,2,3.

3

(z—D*(z-2)(z-3)

f(2) =

Now we take

P(z) = X then

23
(z—-2)(z-3
¢ (2)

f(Z)=m

3
Res(z=1) = ¢ 33|(1) (D)

Breaking ¢ (z) into partial fractions
8 27
d(2) =Z+5—m+2_3
27
@-27 " z-37
16 54
@-2°  @-3)
48 162
S e i )L
162 303

$°(1) =48 -2 =~

¢'(z)=z+5-—

¢"(2) = -
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Now using in (1), we have
303 101
Res(z=1) =35 ~ 16
Res(z=2) = lzi_rrzl(z -2)f(2)

73 8

Res(z =2) = lim

2 (z—1%*z—-3) 1x(-1

Res(z=3) = lzi_rrzl(z -3)f(2)

73 27

Res(z =3) =lim

B E-D'Gz-2) 16x

1
(z2+1)3

EXAMPLES®G: Find the residue of atz = 1.

SOLUTION: Let
R
f@ =y =G

— 1 1Oy — -3 mz) — 12
Whel‘e ¢(Z) (Z+i)3' d) (l) (z l')4’ ¢ (z+i)5

wo 1212 3
YOG T @ E
¢Il(i) B 3

Res(z=1) = TS

Hence z = i is the pole of order 3.

Z3
(ZZ_

EXAMPLEY: Find the residue of at z = oo.

1
SOLUTION: Let

Then

1

-8

27

16

Res(z = ) = — (coefficient of%) =-1=-1

MAT601
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EXAMPLES: Find the residue of f(z) = % at z = ia.
SOLUTION: Let
2z +1 ¢(2)
& = G —r - =i
PO =Ty
f(z) has a pole of order 2 at z = ia
N 1 ¢ -2 2 i
Res(z=ia) = lim —==lm == s = ~ oy ~ 3

Theoremb5: If AB is the arc 8, < 6 < 6, of the circle |z — a| = r and if
lim(z — a) f(z) = k (constant), then lirré fABf(z) dz = i(0, — 0,)k.
z-a r—o

Proof: Let AB be the arc 8, < 6 < 6, of the circle | z—a |=7r, and
suppose lim(z —a)f(z) = k, where k is a constant. We want to prove
zZ—a

that:
lim | f(z)dz =i(6, —6,)k.
r—0 AB

The arc AB on the circle | z — a |= r can be parameterized as:
z(0) = a+re?, 0, <0<6,
The differential dz is:

dz = ire'®do
The integral over the arc AB is:
62 .
f(2)dz=| f(z(0)) ireds
AB 64
Substitute z(8) = a + re'® into f(2):
92 . .
=| fla+7re®) ire®dd
01

lim(z — a) f(z) = k, substitute z(6) = a + re‘®and take the limit as r —
zZ-a
0:

lirr(}(a +re? —a)f(a+re?) = lirrgreief(a +rel?) =k

> o

So,

_ ok
il_r)rgrf(a +rel?) = ]
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Substitute this into the integral:
02 k 02

=lim | —5iedo=1lim| kidf
r—0 el r—0
91 01

The r terms cancel out, and the integral simplifies to:

6>
= lim kido

r—0 0,

The integral is straightforward:

0
=lim | kidd = ki(8, — 6,)

-0 0,

Hence,
lim | f(z)dz=i(8; — 6,)k
r—0 AB

This completes the proof.

Theorem6: If AB is an arc a« <6 < B of the circle |z| =R and if
;im zf (z) = k(constant), then

}ei_r)r(l) ABf(z) dz =i(B — a)k.

Proof: Let AB be the arc a < 6 < f of the circle | z—al=r, and
suppose lim(z —a)f(z) = k, where k is a constant. We want to prove
zZ—a

that:
lim | f(2)dz=i(B — a)k.
R-0 AB

The arc AB on the circle | z — a |= r can be parameterized as:
z(0) = a + Re'?, a<6<p
The differential dz is:
dz = iRe'®do

The integral over the arc AB is:

B
f(2)dz =f f(z(8)) iRe?ds
AB a

Substitute z(8) = a + Re' into f(2):
0, _ _
= | f(a+Re?) iRe®®dd
01
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llm(Z - a)f(Z) = k, substitute Z(B) =a+ Reigand take the limit as
Z—a
R - O;

g"g(a +Re —a) f(a+Re'?) = fj"éRe"gf(a 1 Rei®) = k
So,

. k
; 0 —
Il?l_r)rérf(a + Re'?) = -
Substitute this into the integral:
Bk , B
=lim | —5 ie'd6 =lim | kid6
R—0 J, e! -0 J,
The R terms cancel out, and the integral simplifies to:
B
=lim | kid6
0 J,
The integral is straightforward:

B
=lim | kid6 = ki(B — a)
0 J,

Hence,
lim | f(z)dz =i(B — a)k.
R—-0 AB

This completes the proof.

12.6 JORDAN’S INEQUALITY:-

Jordan's Inequality is an inequality that provides bounds on the sine
function in terms of the angle 6. It is defined as follows:
For any angle 6 in the interval

2
—0<sin6 <0

T
Theorem?7: If f(z) is analytic except at finite number of singularities and
if f(z) = 0 uniformly as z — oo, then
lim | e™f(z)dz = 0,m > 0
R—0 r
where T denotes the semi-circle |z| = R,1(z) > 0.
Proof: Given
e f(z) is analytic except at a finite number of singularities.
e f(z) - Ouniformlyas| z |- co.

The semicircle T in the upper half-plane can be parametrized as:
z(0) = Re', 0<O<m
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The differential dz is:
dz = iRedo
The integral over I" becomes:

[

jeime(z) dz = f eimRe'? £(Rei®)iRe'® dg
r 0
The exponential term ™ for z = Re'? is:

eimz — eimReie = elmR(cosO+isinG) — ,—imRsind ,mRcos6

Thus, the integral becomes:
T
f e—imRsinBechose f(Re"G). iReiGdQ
0
Consider the modulus of the integral:
jeimz]c(z) dz fne—imRsinHechost(ReiG)_ iReiG de
r 0

Since [emReosé| = 1 and |e"MRsinO| = ¢~mRsinG this simplifies to:

<

yia
feimz]c(z) dz SJ e—imRsinG |f(Rei9)|d9
r 0

Given that f(z) -0 uniformly as |z|-> o, for large R,
|f (Re®)|becomes small uniformly for all 6.
Therefore, for large R, we have:

j;eimzf(z) dz

where € is a small constant because f(z) is small for large R.
- A i i -
The integral fo e imRsind gg tends to zero as R increases because

e imRsinb decays rapidly except near 6 = 0 and 8 = m, where siné is
small.
Therefore, the whole expression tends to zero:
lim [ e™*f(z)dz = 0
R-0 r
Thus, we have shown that:

limfeimzf(z) dz=0,m>0
R-0 r

12.7 INTEGRATION ROUND THE UNIT CIRCLE:-

T
< R. E'_]- e—imRsinB de
0

We proceed to evaluate the integrals of the type
2T
f f(sinf,cosB)do
0

If we take z = e, then the above takes the form
z—z"1

2

= sin@

Jo9(2)dz. For%z_1 = cos#,

Where C is the unit circle |z| = 1.
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SOLVED EXAMPLE

EXAMPLEY: Evaluatef,” ———,a® < 1.
SOLUTION: Letl = [["—"— % <1

Let C be acircle |z| = 1.
z=¢e"% dz =e"®id0 = izdo

» dz o - el e 0 z4z71 1422
Tz 2 2 2z

B e G

=— d
al.ff(Z) z
where f(Z)_m
Now
2z
z? +—+1—0 or az®+2z4+a=0
or
_—2+V4—4a2 -1+VI-a?
Z= 2a N a
Take
_—14vVl-a*  -1-+v1-a?
= a B = a
Than

af = 1. Evidently |a| < 1. And |B| > 1.
z = a is a simple pole lying inside C.

1
Res(z=a) = ll—{?x(z —a) f(z) = ll_r,‘{}c(z - a) z—a)(z—-B)
li ! : = -
- (z—,B) (@—B) 2v1—a?
2mia mia

fcf(z)dz =2mi.Res(z =a) = i i

2 2 mia 2n
I:afcf(Z)dZ: <a>\/1—a2 B V1 — a?
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EXAMPLE10: Evaluate [)' —="_ where a > 0.
SOLUTION: Given

[ = f” adf
o a? +sin26
Then
. j” 2ad6 _ f” 2ad6
o 2a%+2sin?6 ), 2a%+1— cos26

fﬂ adt bstituting 20 =t
= ,  substitutin =
o 2a?+1—cost g

_f” adt
0 2a2 41 _%(eit + e~it)

Substituting z = e't so dz = e'tdt, we have

1_j 2a dz
CJ).2Qa2+1) - (z+z7 )iz

where c is unit circle |z| = 1

I_Zaj’ dz =5 j‘ dz
~ 0 ) 2@+ )z—22—1 ‘M) 22202+ Dz +1

I = fcf(z)dz . (1)

1
z2-2QR2a%2+1)z+1

f(z) =
The poles f(z) are given as
z2-2Q2a*+1)z+1=0

2(2a®? +1) £ /4(2a2 + 1)2 - 4
7 =
2

=Qa?+1+/Qa%2+1)2-1

= (2% + 1) + 2aa® + 1

Now taking
a=2a*+1)+2aa%?+1
B =2a*+1)—-2aya?+1

we obtain z = a, 8. Evidently |a| > 1 and |B| > 1.
So f(z) has only simple pole z = B lying within C.
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1
Res(z = B) = lim(z - B) f(2) = lim(z - ) GG p)
_ 1 _ 1
S (B-a) —4avaZ+1
By Cauchy’s residue theorem
jf(z)dz = 2mi(sum of residue within C) = L
c —4ava? +1

From (1), we obtain

/= 2ia.2mi T
C—davaz+1 (@ +1D)V2
EXAMPLE11: Evaluate the contour integration: [ (“zcose) do

0 \5+4cos0
I_j”<1+20059)d0
~ Jy \5+4cos6

[ - 1 j‘Z” (1 + 2c059> 46
"~ 2J), \5+4cos6
Now we take the circle c as |z = 1|,z = e, dz = e%®, z = izd6
1 f (14+2e®) dzy 1 [ (1+22)dz
2 1 (E>_Z 5z + 2z2+ 2
cC5+4+2 (Z'+'E) C
1 ((1+22dz 1

=— | g0 =—| f(2)dz
4 C%+Z2+1 41'].Cf

SOLUTION: Given

Then

I =

(14+22)
5z 2 .
2+Z +1

where f(z) = So the poles are 572 +z24+1=0.

5+3 1

2 — - = - —_—=
z“+5z4+1=0 =z 2 2, > a,p

z = a lies outside |z| = 2 > 1.z = B lies inside C.
(1+2z)
z-—a)(z—-p)

Res(z = B) = lim(z - ) f(2) = lim(z — §)

. (1+2z) 1+(-1) 0 _ 0
e z-—a) B-a) B-a

ff(z)dz = 2mi. Res(z =) = 2mi.0 =0
c
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Hence
[1=0
EXAMPLE12: By the method of contour integration, prove that

2m 21
j e9s% cos(sinf —nb) do = T
0 !
where n is a positive integer.
OR
Prove that
2T 27.[
f e95% cos(nf — sinf) do = P}
0 !

SOLUTION: Now let |z| = 1 denote the circle € and
2T
= f e9s% cos(nf — sin6) dé
0 2T
| = j ecosH ei(sin@—n@)dg
0 2T

2
I= f exp[cos6 + i(sin —nb)] do = j exp[(e? — inf)] d6
0 0

. dz .
= fexp(z)e“"g,—, z=e
c iz

11 e 1
I=—.']-Zn+1dz=7ff(z)dz
c c

l

where f(z) = ——atz = 0 of order n + 1.

zn+1
1d" 1 1
Res(z =0) = Eﬁ[ez]po = E'eo ==
By Cauchy’s residue theorem,

21l

ff(Z) dz = 2mi(sum of residues within C) = —-
(o .

From (1), we obtain
_ 12mi
i n!

12.8 EVALUATION OF INTEGRALS OF THE
TYPE:-

ffooof(z)dz where the function f(z) is s.t. no pole of f(z) lies on the real

line, but pole lies in the upper half of z-plane. We evaluate the above
integrals by considering them along a closed contour C consisting of

i. semicircle y s.t. |z| = R in the upper half plane.
ii. realaxis from - R to R.

The integral over the closed contour C is:
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Lf(z)dz=£f(z)dz+jif(z)dz

Taking limitsas R - oo, [ f(2)dz = [_. f(2)dz

According to the Cauchy’s Residue Theorem, the integral over the closed
contour C is equal to 2mi times the sum of the residues of f(z) inside C:

Ll >

Fig.1.
f f(z)dz = 2mi(Sum of residues within C)

SOLVED EXAMPLE

EXAMPLE13: Prove that

dx n
1+x2 2
SOLUTION: Recall that the integral

1

1+ z2

f f(z)dz, where f(z) =
c

.Lf(z)dz=']:f(x)dx+j;f(z)dz

Where C is closed contour consisting of I'. Let f(z) has only one simple

pole at z = i inside C. So
Res(z = 1) = lim(z — Df(2) = lim(z — 1) ———— = >
esz =0 =lim(z = 0f @ =l - D575 = 7

By Cauchy’s residue theorem,

21i
ff(z)dz = 2mi(sum of residues within C) = T
c
. L 1
llel_rpoo zf(z) = llel_rpoo =0 by theorem6

lim | f(z)dz=i(mr—0)(0) =0
R=c Jp

From R — oo in (1), we obtain
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_f°° dx +0 f°° dx _2f°° dx f°° dx
"= _Oof(x) PEEON ) 42T 0) T ")) T2

/A

2

EXAMPLE14: Prove that the contour integration f
where m > 0,a = 0.

—-ma

cosmx e
d —

2a

SOLUTION: First, express the cosine function using Euler's formula:
eimx + e—imx
cosmx = >

Thus, the integral becomes:

j°° cosmxd 1f°° gimx p +j°° g imx p
——dx==| ——dx ——dx
o X2+ a? 2), x2+a? o X*+a?

Consider the complex function:

imx
e

z%2 + a?

f@)=—51—

The poles of f(z) = :2+a2
z = ia inside C.

= tia. f(z) has only simple one pole

imx
e

(z+ia)(z—ia)

Res(z = ia) = Zli_)rg(z —ia)f(z) = Zli_)rirtll(z —ia)

1
Res(z = ia) = ——e™™a
2mi

m ——— = 0. Hence by Jordan’s Lemma.
|z| >0 X“+a
imx
l%l_r)glo FZZ dZ—llm ff(z)dZ—O
By Cauchy’s residue theorem,

2mie”™Ma

ff(z)dz = 2mi(sum of residues with C) = i

T -ma
j;f(z)dz+f_Rf(x)dx=Ee

Now making R — oo, we have

e i ®©  gimx s
x)dx =—e or ———dx=—c¢
( )d " -ma d -ma
o _

2 2
wX2+a a

Now equating real parts, we obtain
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x =—e M4 (1)

f°° cosmx T
2 2
—wX?+a a

®  cosx T
j ——dx=—e ™ ..(2)
0

x?+a? 2a
Deductions:
1. Takingm =a =1, \é\ge get
f cosx da =Ee‘1 _ T
o X%+a? 2 2e

2. Takingm =1 in (1), we obtain

® cosx T o
dx =—e
0 a

x2+4
3. Takinga =2,m=11in(2), we have
J°° cosx m ., ™
o 2447 T T e

4. Takingm =1 in 92) ,we get

J°° cosx p T o
——dx =—e
o X2+ a? 2a

EXAMPLEL5: Apply the method of calculus of residues to prove that
j’°° log(1 + x?)

o 1+x?
SOLUTION: Consider the complex function

e
flz) =820

We use a keyhole contour that consists of:

dx = mlog?2

e A line segment along the real axis from0 <e <1and R > 1.

e A large semicircle Cxcentered at the origin in the upper half-plane
of radius R.

e A line segment along the real axis from —R to —e.

e Asmall semicircle Ce around the origin in the upper half-plane.

The function f(z) has branch points at z = +i. The branch cut is usually
taken along the imaginary axis from z = —i to z = i.

f(z) has poles at z = +i where 1 + z2 = 0
Let's calculate the residue at z = i:

Res(f(z),z=1i) = lziE}(Z — i)lof(_lz_—;i)

Since 1+ z2 = (i — 2)(i + z), we simplify this to:
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log(Zl) log(Ze""/Z) _log2 + (in/2)
2i B 2i

Res(f(z),z=1i) =

By Cauchy’s residue theorem

jf(z)dz = 2mi(Res(z = i)) = [logZ + (im/2)]

jf(z)dz +f f(x)dx =[log2 + (im/2)]
r -R

Now let R - 0 so

f°° log(x + 1)
1+ x?

Equating real parts from both sides, we get

dx =mllog2 + (im/2)]

—00

1 log(x +1i)
E,f_dex —TL'[lOgZ]
1 [ log(x +1) “log(x + i)
zf_de" = f Tz @x=mllog?]
EXAMPLE16: Show that [~ "SZ‘ZZ’; dx =7 e~ (where a > 0,k > 0).
SOLUTION: We begin by considering the complex function:
Zeiaz
9=

where z is a complex variable. This function has poles at z = +ik.
To evaluate the real integral, consider integrating f(z) over a contour that
consists of:
A line segment along the real axis from —R to R.
A semicircle Tz in the upper half-plane (radius R).
We close the contour in the upper half-plane because e!%* decays rapidly
as Im(z) increases when a > 0.
The only pole of f(z) in the upper half-plane is at z = ik. The residue of
f(z)atz =ikis:

elaZ

Res(f(z),z = ik) = llm (Z —ik) > 72 + k2

Since z%2 + k? = (z — ik)(z + ik), the re3|due S|mpI|f|es to:
ike_ak e—ak
Res(f(z),z = ik) = =32

By the residue theorem, the contour integral around the closed contour C
is:

—ak

2

—ak

= mie

ff(z)dz = 2mi X ¢

c

ff(z)dz +f f(x)dx =mie™%
r R
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Now — oo , we obtain
R [e9) xeiax .
f_oof(x)dxszmdx=me a
Equating imaginary parts from both sides,
j © xsinax f © xsinax
- — ak
- 0

X2+ k2 = x2+k2dx=7re‘
® xsinax 1
. mdx =§ mwe (1)
Deduction:
1. Substituting k = 1, in (1), we get
f°° xsinax 1
0

- — -a
x?% + k? dx 2 ¢
2. Substituting k = 1, in (1), we get

f°° xsinx p 1
0

X2+ k2T
3. Substituting a = k = 1, in (1), we get
ijsinxd 1 om
o 24172 T e

SELF CHECK QUESTIONS
What is a residue?
How do you find the residue at a simple pole?
What are the conditions for applying the Residue Theorem?
If a function f(z) has no singularities inside the contour C, what is
the value of the contour integral?
5. How does the Residue Theorem simplify the evaluation of
integrals?
6. What happens if the contour C encloses multiple singularities?

rwn PR

12.9 SUMMARY :-

In this unit we have studied the Residue Theorem in complex analysis
states that if a function is analytic inside and on a closed contour, except
for a finite number of isolated singularities, the contour integral of the
function around the contour is equal to 2mi2zwi times the sum of the
residues of the function at those singularities. This theorem provides a
powerful tool for evaluating complex integrals by reducing the problem to
calculating residues at the singular points within the contour.

12.10 GLOSSARY:-

e Residue Theorem: A fundamental theorem in complex analysis
stating that the contour integral of a function around a closed curve
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can be calculated as 2mi times the sum of the residues at the
singularities enclosed by the contour.

Residue: The coefficient of the 1/z — z, term in the Laurent
series expansion of a function around a singularity z;, representing
the contribution of the singularity to the contour integral.

Contour: A closed, oriented path in the complex plane typically
used to describe the boundary around which the integral is taken.
Singularity: A point where a complex function is not analytic,
which may be a pole, essential singularity, or other types of non-
removable discontinuity.

Laurent Series: A representation of a complex function as a
power series that includes terms of negative powers, used to
describe functions near singularities.

Pole: A type of singularity where the function approaches infinity
as the variable approaches the pole; classified by the order of the
pole, indicating how quickly the function diverges.

Analytic Function: A function that is differentiable at every point
in a given domain, implying it is smooth and has a well-defined
derivative.

12.11 REFERENCES:-

Stein, E. M., & Shakarchi, R. (2010), Complex Analysis (Princeton
Lectures in Analysis, Volume I1). Princeton University Press.

Saff, E. B., & Snider, A. D. (2016), Fundamentals of Complex
Analysis with Applications to Engineering, Science, and
Mathematics (3rd ed.). Pearson.

Brown, J. W., & Churchill, R. V. (2013), Complex Variables and
Applications (9th ed.). McGraw-Hill.

12.12 SUGGESTED READING:-

Goyal and Gupta (Twenty first edition 2010), Function of complex
Variable.

Fischer, W. (2012). Complex Analysis: A Brief Introduction (1st
ed.). World Scientific.

Mathews, J. H., & Howell, R. W. (2012). Complex Analysis for
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Stein, E. M., & Shakarchi, R. (2010). Complex Analysis (Princeton
Lectures in Analysis, Volume Il). Princeton University Press.

12.13 TERMINAL QUESTIONS:-

Department of Mathematics
Uttarakhand Open University Page 229



Advanced Complex Analysis MATG601

(TQ-1) Using residue theorem, evaluate [,

2.

(TQ-2) Prove that
lim —zf(z) = Res(z = )
Provided f(z) is analytic at z = co.
(TQ-3) Determine the order of the pole and values of residues of the

function

i. cosecz
Z+3

z2-2z

(TQ-4) If ¢(2) and y(z) are two regular functions and z = a is onced

repeated root of y(z) = 0 and ¢(a) # 0, then prove that the residue ?ZEZ;
atz=alis
6¢'(@y" ~ 2¢(a) " (a)
3[1/)"'(61)](2 .
2T cos?360d6 1-p+p
(TQ-5) Prove that |, e - 2Pl o<p<1

(TQ-6) Evaluatef . nzg

2
(TQ-7) Prove that 2 (”chigz)wi‘:"gdg n being positive integer.

TQ-8) Prove that [ 2m sin’6d6 _ 2ny, _ [(aZ — b?)|, wherea > b > 0
a+bcosO b2
(TQ-9) Prove that |, o o _ ==

0 5+4cos6 6

(TQ-10) Evaluate [ 1422059 19

4+5cos0
(TQ-11) Prove that fo e~%cos(nd + sinf)do =
positive integer.
(TQ-12) Prove that f” a9 49 = 2ma [1 - —] a>1

(TQ-13) show that f tan(@ + ia) d9 = im, where R(a) > 0.
% V2
(TQ-14) Prove that if a > 0, [, x4dfa4 = %_f

(TQ-15) Prove by the contour integration f 4+1 v
(TQ-16) Show that f° sinaxdx _ T o-ak (where a > 0,k > 0).

2m(— 1)

,n being

2+ 4 2
(TQ-17) Prove that (lff;‘f)xz =-Z

(TQ-18) Prove that J,~ simxdx _ I

2
(TQ-19) Show that fwm = —5(e7*™* — 1 + 2ma)where m >

x2(x?+a?)
0,a>0
(TQ-20) Prove that if 0 < a < 1, then

foo xa—l Jis

0 1+x " sinma
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. [oe) xa—l
i. [ dx = mcotna.
0 1-x

12.14 ANSWERS:-

SELF CHECK ANSWERS

1. Arresidue is the coefficient of 1/z — z, in the Laurent series
expansion of a function around a singularity z.
2. For asimple pole at z, the residue can be found using:

Res(f,z) = lim z (z — z)f (2)

3. The function f(z) must be analytic inside and on a simple, closed

contour C, except at a finite number of isolated singularities inside

C.

If there are no singularities inside C, the contour integral is zero.

Answer: Instead of directly evaluating the contour integral, which

may be complicated, the Residue Theorem allows the integral to be

computed by summing the residues of the function at the

singularities inside the contour and multiplying by 2.

6. The integral is calculated by summing the residues at all the
enclosed singularities and multiplying the result by 2i.

o s

TERMINAL ANSWERS

(TQ-1) 2mi
(TQ-3)i. Res(z=0)=1 ii. Res(z =0) = —%, Res(z =2) = g
(TQ-6) = (TQ-10) ¥
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UNIT 13:- Argument Principle and Rouche’s
Theorem

CONTENTS:

13.1 Introduction

13.2  Objectives

13.3  Argument Principle
13.4 Rouche’s Theorem
13.5  Fundamental Theorem of Algebra
13.6 Summary

13.7 Glossary

13.8 References

13.9 Suggested Reading
13.10  Terminal questions
13.11 Answers

13.1 INTRODUCTION:-

The Argument Principle in complex analysis relates the change in the
argument of a meromorphic function around a closed contour to the
difference between the number of its zeros and poles inside the contour,

quantified asi imes the total change in argument. Rouché’s Theorem

provides a method for determining the number of zeros of a function
inside a contour by comparing it to another function, stating that if one
function is dominated by another on the contour, they have the same
number of zeros inside. Both theorems are essential for analyzing the
distribution of zeros and poles of analytic functions in complex domains.
The Argument Principle aims to determine the net number of zeros and
poles of a meromorphic function inside a closed contour by analyzing the
change in the argument of the function along the contour, providing a
relationship between this change and the count of singularities within.
Rouché’s Theorem seeks to facilitate the counting of zeros of a function
within a contour by comparing it to a simpler function, asserting that if the
simpler function dominates the difference between the two functions on
the contour, both functions will have the same number of zeros inside.
Both principles are used to analyze and understand the behavior of
complex functions and their zeros and poles in a given region.
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13.2 OBJECTIVES:-

The objectives of the Argument Principle and Rouche’s Theorem in
complex analysis are to provide students with the tools to analyze and
determine the number of zeros and poles of analytic functions within a
contour. The Argument Principle aims to connect the change in the
argument of a function along a contour to the number of zeros and poles
inside, while Rouche’s Theorem helps in comparing functions to establish
when they have the same number of zeros within a given region. Mastery
of these principles enables students to solve complex problems involving
zero distributions, simplify functions for easier analysis, and understand
the impact of function perturbations on zero locations.

13.3 ARGUMENT PRINCIPLE:-

The Argument Principle is indeed a powerful tool for determining the
number of zeros and poles of a meromorphic function inside a given
contour. Here’s a summary of the relevant observations and theorem:

Meromorphic Functions: A function f(z) is meromorphic if it is
analytic except for isolated poles. Specifically:

e Analytic functions are a subset of meromorphic functions, where
the function is analytic everywhere in its domain (i.e., no poles).

e Rational functions, defined as f(z) = p(z)/q(z) where p(z) and
q(z) are polynomials, are meromorphic across the entire complex
plane, with poles corresponding to the roots of q(z).

e Meromorphic functions do not have essential singularities, only
poles.

Argument Principle: If f(z) is analytic on and inside a simple closed
contour € and meromorphic in the region enclosed by C, then:

e f(z) can have at most a finite number of zeros and poles inside C.

e The function g(z) = % is also meromorphic in this region, and

thus f(z) has a finite number of poles inside Cbecause g(z) will
have a finite number of zeros inside C.

The Argument Principle states that the difference between the number of
zeros and poles of f(z) inside C is given by:
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1
Number of zeros — Number of poles = ﬁAarg f(2)

Where Aarg f(z) is the total change in the argument of f(z) as
z traverses C once. This principle provides a way to calculate the number
of zeros and poles of f(z) based on the behavior of f(z) around the
contour.

Theoreml1:(Number of poles and zeros of a meromorphic function)
Let f(z) by analytic inside and on a simple closed curve C except for a
finite number of poles inside C, and let f(z) #+ 0 on C. Prove that

1 (@
2mi ). f(2)

where N and P are respectively the number of zeros and the number of
poles of f(z) inside C. A pole of zero of order n is counted n times.

dz=N-P

Proof: Let f(z) be analytic inside and on a simple closed contour
C except for a finite number of poles inside C. Assume f(z) # 0onC.To
use the Argument Principle, we decompose C into smaller contours around
each pole and zero of f(z). Also suppose that f(z) has a zero of order n at
z = b inside C. Then we prove that

1 (@
2mi ). f(2)

Specially, Let y; and I'; be non-overlapping circles inside C with their
centres at z = a and z = b respectively. The by the corollary of Cauchy’s
Theorem,

f! @ ., f! @ f! @ 4,

21i f(z) ~ 2mi f(z) Z+ 21i f(z) (1)

dz=N-P

Fig.1.
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Suppose f(z) has a zero of order p at z = a, f(z) can be written as:

fz) = 22 -(2)

(z—a)P
where g(z) is analytic and non zero within and y;.
Taking both side logarithmic of f(z), we obtain
logf(z) = log g(z) + plog(z — a)

Now differentiating, w.r.t.to z,

Fo)_g@_
T gl PlaE-a

r@, [ 9@,
fh @ dz‘fh 9@ P

y (Z—a)

= fyl ‘Z(—(;;dz — 2mip ..(3)

Since g(z) is analytic and g'(z) is also analytic, so g'(z)/g(z) is analytic
and within on y;. Hence by Cauchy’s theorem , we get

f 9'(2) dz = 0
v 9(2)
So
1@ 5 a5
fyl o dz =0 — 2mip . (4)
Suppose f(z) has a zero of order p at z = b, f(z) can be written as:
f(2) =(z-b)"¢p(2) (5

Where ¢(z) is analytic and ¢'(z)/¢(z) within on I;. Hence by Cauchy’s
theorem

. ‘f;(()) dz =0 - (6)
Taking both side logarithmic of f(z), we obtain

log f(z) =nlog(z — b) + logp(z)

Differentiating this, we obtain

f@_ n_ 9@
f@ " z=b @
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Integrating along I; and the integral ‘Z)'((Z)) around I is zeros by Cauchy’s
theorem because ‘f;(( )) is analyticon I; , from (6), we get
"(z
f()dz=nf dz = 2min
r, f(2) r, (z—b)
f'(2) _ .
fF1 o dz = 2min . (7)

Writing (1) with the help of (4) and (7), we obtain

@,
fc o dz=-p+n ... (8)

21

Now we suppose that f(z) has the pole of order p,, at z = a,, for m =
1,2... .. rand n,atz=aqa, form=1,2.... s within C. Specifically, let
Vi, Var e ¥y @Nd T, T, ... .. T be small circles around the poles of
f(z). By summing up the contributions from all the poles and zeros, from

(8), we get
T S
1 ('@
— dz = — Z + Z n
2ni ), f(2) m=1pm L m
Taking
T S
Z Pm = P, Z Ny = N
m=1 m=1
Hence
f! (Z)
i F@ NP

Theorem2: (Principle of Argument): If f(z) is analytic and on C, then

1
N —E.Acargf(z)

Proof: By the Argument Principle, we have:

@ N
— [ 2 o dz=N—P (D

where P = Number of pole inside C,N = number of zeros inside C.
Suppose f(z) has no poles inside C ,then P =0 and from (1) , we have
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'@
fc o dz .. (2)

We can relate this to the change in the logarithm of f(z), the function
logf(z) (where log denotes the principal branch of the complex
logarithm) has a change in its value around C given by:

27

[.L2dz = Nog f@)]c = Aclog f(2)  .(3)
From the equation (2) and (3), we obtain
2miN = [logf(2)]c = Ac log f(2) . (4)

where A is the variation of log f(z) and f(z) as z moves once round C.
log f(2z) = loglf (2)| + iarg f(2)

For
1
log(x + iy) = > (x* +y?) +itan”(y/x)
Aclog f(z) = loglf (2)| + iarg f(2)
But
Acloglf(2)| = 0as logl|f(2)| is single valued.
Hence

Aclog f(z) = i.Acarg f(2)

2wiN = i.Ac arg f(2)
1
N = %.AC arg f(2)
This completes the proof of the Principle of Argument.

From(2), we get

SOLVED EXAMPLE

EXAMPLEL: If f(2) = 2% = 3iz% + 2zi — 1, then [ =2 dz, where C

encloses zero of f(z)?

SOLUTION: Let given f(z) has 5 zeros, So
N=5

Put P = 0, by theorem (1), we have

F'® v p_s_ o
ch(z)dZ—N—P—S—O—S
[@, _

c f(2) ]
z2+1
EXAMPLE2: Evaluate the integral fC ’;(( )) dz when f(z) = m
and C is the circle |z| = 3, taken in the positive sense.
SOLUTION: The zeros of f(z) occur where the numerator is zero, i.e.,
z2+1=0>z=-1=>z=+4i

So, f(z) has zeros at z =i and z = —i. Since the numerator is squared,
both zeros are of order 2.
The poles of f(z) occur where the denominator is zero, i.e.,
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z24+3z+2=0
Solving the quadratic equation:
z24+3z+2=(0Z+1(z+2)=0
gives poles at z = —1 and z = —2. Since the denominator is cubed, both
poles are of order 3.
e The zeros z =i and z = —i have magnitudes | i |=| —i |=1, so
they are both inside the contour.
e The poles z=—1 and z = —2 have magnitudes | —1 |= 1 and |
—2 |= 2, so they are also inside the contour.

Using the integral formula
1 (f®
2mi ), f(2)
where N is the number of zeros (counted with multiplicity) inside
C and P is the number of poles (counted with multiplicity) inside C.
Zeros inside C:

dz=N-P

z =i (order 2),
z = —i (order 2)
Thus,
N=2+2=4
Poles inside C:
z = —1(order 3)
z = —2(order 3)

Thus,
P=3+3=6
Now substitute the values into the formula:
L @dz—N—P—4—6——2
2ni ), f(z) B B
Thus, the integral evaluates to:
1 ('@
ﬁ C—f(Z) dz = -2
C]]Cf(—(zz))dz = —2 X 2mi = —4mi
13.4 ROUCHE’S THEOREM -

If f(2) and g(z) are analytic and on a simple closed curve C and if
lg(2)| < |f(2)] on C, then f(z) and f(z) + g(z) both have the same
number of zeros inside C.

Proof: Given f(z) and g(z) are analytic on and inside a simple closed
curve |g(z)| < |f(z2)| onC.

To prove that f(z) and f(z) + g(z) have the same number of zeros inside
C.

(1). Prove that neither f(z)nor f(z)+g(z) has zeros on C.
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Assume f(z) has a zero at z=a on C. Then f(a) = 0. But according to
the given condition, | g(a) I<| f(a) |I= 0, which implies | g(a) |I=0.
Therefore, f(a) + g(a) =0+ 0 =0, leading to | f(a) I=I g(a) |. This
contradicts the assumption that | g(z) I<| f(z) | on
Now, assume f(z) + g(z) has a zero atz =aon C. Then f(a) + g(a) =
0, C. which implies f(a) = —g(a) and | f(a) I=I g(a) |. Again, this
contradicts the assumption | g(z) I<| f(z) | on C.
Thus, neither f(z) nor f(z) + g(z) has zeros on C.
(). Show that Ny = N, where N and N, are the number of zeros of
f(2) and f(z) + g(z) inside C, respectively.
Since f and f + g are analytic inside and on C, they have no poles inside
C.By the Argument Principle, the number of zeros N, of f(z) inside C is
given by:
1 !

AN dz =N,

Similarly, the number of zeros N, of f + g inside C is given by:

1 (f+y9
2mi cf+yg
Subtracting these two integrals, we have
ﬁfc(ff%—f?)dz =N,—N,  ..(1)
express g/f = ¢ sothat g = ¢f, where |g/fl <1=¢d <1
f'+g9 f_ ¢

f+g9 f 1+¢

N, — N, = ! A
2 P 2 ) 1+ ¢
N, — N, = %fc ¢ (1+¢) tdz .. (2)
Since |¢| < 1, we can expand (1 + ¢)~tas a binomial series is possible
and the binomial expansion thus obtained is uniformly convergent and
hence term by term integration is permissible. Hence

[ora+pta=[¢ra-g+92 -4+ az
C C
=[ ¢ dz—[ . ¢'¢dz+ [ ¢'p*dz— [ ¢’ p?dz+ -  ..(3)

dZ:NZ

Now using (1), we have

dz

The functions f and g both are analytic within and on C and g(z) # 0 for
any point on C. Hence % = ¢ is analytic and non-zero for any point of C.

Therefore ¢ and its all derivatives are analytic. By Cauchy’s integral
theorem, each integral on R.H.S. of (3). Consequently

fd)’ 1+ ¢)tdz=0
From (2), we get ‘

Department of Mathematics
Uttarakhand Open University Page 239



Advanced Complex Analysis MATG601

NZ_NI = OOT'NZ =N1
Hence the number of zeros of f(z) and f(z) + g(z) inside C is the same,
i.e., NZ = Nl'

13.5 FUNDAMENTAL THEOREM OF ALGEBRA:-

Every polynomial degree of n has exactly n zeros.
Or
Prove that the polynomial equation.
P(z) =ag+ayz+az*+-+a,z"%a, #0,n>1
has exactly n roots.
Proof: Given polynomial is
ag + a1z + ayz* + -+ ay,z"a, # 0
we want to show that it has exactly n roots.
Now we take
f(2) =a,z",g(2) =ay+ a;z+ ayz?> + -+ a,_,z
Let C be the circle |z| = r where r > 1.
9@ < lagl + lag|r + lazlr? + - + |ap_ 7™
<laoglr™t + |laj|r™ ! + |ay|r* + - + |ap_q 7™
= (laol + lay| + laz| + -+ lay_ Hr"?
But |f(Z)| = |anrn| = |anlrn

n—-1

9(2) (Iaol+lasl+laz|++lan—1 Pr™~*
f@l lan|r™
_laol + lag| + lay| + -+ lay 4|
lan|r
Now if |g(2)| < |f(2)] so that |% < 1,then

laol + la;| + laz| + -+ + |ay_1]
la,|r

<1

laol + las| + lag| + -+ + lay |
la,|r
As r becomes large, the terms involving r in the denominator tend to zero.
Hence, for sufficiently large r, we have:

lg@)| < f@Ir™ =|f(2)|onC

By applying Rouche’s Theorem, we find that the polynomial P(z) =
f(2) + g(z) has the same number of zeros inside the circle | z < r as the
polynomial f(z) = a,z™. Since f(z) is a polynomial of degree n, it has
exactly n zeros (counting multiplicities) inside any sufficiently large
circle. Consequently, the given polynomial P(z) also has exactly n zeros
in the complex plane.
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SOLVED EXAMPLE

EXAMPLES: Using Rouche’s theorem determine the number of zeros of
the polynomial P(z) = z1° — 627 +3z3 + 1in|z| < 1.
SOLUTION: Let P(z) = z1° — 627 + 323 + 1

f(z) =—-6z7,9(z) =2z +3z3+1
Then P(z) =f(2)+g(2)
Let the circle C defined |z| = 1.
Then f(z) and g(z) both are analytic within and upon C.

g z10 4323 +1| |29+ 3|23+ 1
‘?= 627 ‘— 6] 27|
110 +3(1)% + 1
T ey
5
=g<1

g
|7| <1 or |gl<Ifl

By Rouche's Theorem, f(z) = —6z7 and P(z) =z° —6z7 + 323 +
1 have the same number of zeros inside | z |< 1.

The function f(z) = —6z’clearly has 7 zeros inside the unit circle (all at
z=0).

Hence the polynomial P(z) = z'° — 627 + 323 + 1has exactly 7 zeros
inside the unit circle | z |< 1.

EXAMPLE4: Use Rouche’s theorem to show that the equation z° +

15z + 1 = 0 has one root in the disc |z| < %and four roots in the annulus
<zl <2

SOLUTION: We are given the equation z> + 15z + 1 = 0 and need to
demonstrate that it has one root in the disc |z| < % and four roots in the

annulus; < |z| < 2. using Rouche’s theorem.

Let |z| = 2 represent the circle C;. Then we have
z54+15z24+1=0

Take f(z) = z%and g(z) = 15z + 1

Then

1

g 15z+1 15|z]|+1 152+1 31

|f|_| z5 |_ Z5 . 25 32
Since 1 g(2) I<l f(z) | on C; by Rouche’s theorem, P(z) = f(z) +
g(z) =z°+15z+ 1 and f(z) = z> have the same number of zeros
inside | z |< 2. The polynomial f(z) = z%has five zeros inside | z |< 2
(all at z = 0). Therefore, z° + 15z + 1 = 0 has five zeros inside | z |= 2.

Consider the circle C, defined by |z| = 3/2. We need to determine the
number of zeros of z°> + 15z + 1 inside |z| < 3/2
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Take f(z) = 15z,g(z) = z° + 1.
Thus
3 5
‘g‘_ <|z|5'+1_(§) +1 275
fl =~ 15|z 3\ 720
15(3)
Since |1 g(2) I<I| f(2) | on C,, by Rouche’s theorem, PP(z) = f(z) +
g(z) =z°+15z+ 1 and f(z) = 15z have the same number of zeros
inside | z I< 3/2. The polynomial f(z) = 15z has one zero at z=0.
Therefore, z5+ 15z+ 1 =0 has exactly one zero inside | z |=3/2.

Therefore, we conclude that the equation z° + 15z + 1 = 0 has one root
in the disc | z I< 3/2 and four roots in the annulus 3/2 <] z |< 2.

7541

1
15z <

SELF CHECK QUESTIONS

1. What does the Argument Principle state about the integral

1 '@ . ..
- fc ) dz for a function f(z) analytic inside and on a contour

C.

2. If f(z) =2z%—1and C is the unit circle, what is the number of
zeros of f(z) inside C using the Argument Principle?

3. State Rouche’s Theorem and how it helps in counting zeros of
f(2) and g(z) inside a contour C.

4. If f(2) is analytic on and inside C except for a simple pole at z =
a, how does the Argument Principle account for this pole when
counting zeros?

13.6 SUMMARY :-

In this unit we have studied the Argument Principle and Rouche's
Theorem are fundamental results in complex analysis used to count the
zeros of analytic functions within certain regions. The Argument Principle
states that for an analytic function f(z) inside and on a simple closed
contour C, the change in the argument of f(z) around C is 2 times the
difference between the number of zeros and the number of poles inside C.
Rouche's Theorem provides a method for comparing two analytic
functions f(z) and g(z) on a contour C. If | g(2) I<| f(2) | on C, then
f(z) and f(z) + g(z) have the same number of zeros inside C. Both
theorems are powerful tools for determining the number of zeros of
complex functions without explicitly solving for them.

13.7 GLOSSARY::-

e Argument Principle: A result in complex analysis that relates the
number of zeros and poles of an analytic function inside a simple
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closed contour C to the integral of f'(z)/f(z) around C.
Specifically, ﬁfci(—fjdz equals the number of zeros minus the
number of poles of f(z) within C.

e Rouche’s Theorem: A theorem in complex analysis that helps
determine the number of zeros of a function inside a contour. If
f(z) and g(z) are analytic on and inside a simple closed contour
C,and if | f(z) —g(2) I<| f(2) | on C, then f(z) and g(z) have
the same number of zeros inside C.

e Zeros: Points where a function f(z) is equal to zero. In the context
of these theorems, zeros are counted with their multiplicities.

e Poles: Points where a function f(z) goes to infinity. Poles are also
counted with their multiplicities when applying the Argument
Principle.

e Contour C: A simple closed curve in the complex plane that is
used to define the boundary of a region where properties of the
function are analyzed.

e Analytic Function: A function f(z) that is differentiable at every
point in its domain, meaning it can be expressed locally by a
convergent power series.

1 '@

e Integral 2—me %
Principle to calculate the difference between the number of zeros
and poles of a function f(z) inside the contour C.

e Comparison Function: In Rouche’s Theorem, a function g(z) is
compared with f(z) to determine if they have the same number of
zeros inside a contour C.

dz: The integral used in the Argument
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13.10 TERMINAL QUESTIONS:-

(TQ-1) Let f(z) by analytic inside and on a simple closed curve C
except for a finite number of poles inside C, and let f(z) # 0 on C. Prove
that
1 ('@
2mi ). f(2)
where N and P are respectively the number of zeros and the number of
poles of f(z) inside C. A pole of zero of order n is counted n times.

(TQ-2) If f(2) is analytic and on C, then prove that
N = %T.Acargf(z)
(TQ-3) State and prove the principle of Argument.
(TQ-4) State and prove Rouche’s Theorem.
Or
If f(z) and g(z) are analytic and on a simple closed curve C and if

lg(2)| < |f(2)|] on C, then f(z) and f(z) + g(z) both have the same
number of zeros inside C.

(TQ-5) Prove that polynomial equation.

P(z)=ay+az+ ayz*+ -+ ayzta, #0,n=>1
has exactly n roots.
(TQ-6) Show that one root of the equation z* + z 4+ 1 = 0 lies in the
first quadrant.
(TQ-7) Show that roots of the equation z® —9z% + 11 = 0 all lies in
the circles |z| = 1 and |z| = 3.
(TQ-8) Prove that one root of the equation z* + z% + 1 = 0 lies in the
positive quadrant.
(TQ-9) Show that the equation z* + 223 + 322 + 4z +5 = 0 has no
real purely imaginary roots and that it has one complex root in each
quadrant.
(TQ-10) Show that the equation e = z — (1 + i) has one root in the
first quadrant.
(TQ-11) State Rouche’s theorem and use it to find the number of zeros
of the polynomial 2z* — 223 + 2z2 + 2z + 11 = 0 inside the circle |z| =
1.

dz=N-P
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(TQ-12) State Rouche’s theorem and apply it to determine the number of
roots of the equation z8 —4z°+2z2—1=0, that lies inside the
circle|z| = 1.

13.11 ANSWERS:-

SELF CHECK ANSWERS

o 1 '@
1. The Argument Principle states that pyrd P dz equals the

number of zeros minus the number of poles of f(z) inside C.

2. The number of zeros inside ¢ is 1-= [. L&
2mi YC f(z)

f(z) = z2 — 1 has 2 zeros inside the unit circle.

3. Rouche’s Theorem states that if | f(z) — g(2) I<| f(z) lonC,
then f(z) and g(z) have the same number of zeros inside C.

4. The Argument Principle considers the residue at the pole,
which affects the count of zeros. Specifically, the number of
zeros is adjusted by subtracting the number of poles, including
their orders, from the total integral result.

dz = 2, since
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UNIT 14:- Uniqueness of analytic continuation
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14.8 Glossary
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14.11  Terminal questions
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14.1 INTRODUCTION:-

Analytic continuation is a fundamental concept in complex analysis,
where the idea is to extend the domain of an analytic function beyond its
original region of definition. The uniqueness of analytic continuation
asserts that if two analytic functions agree on a common domain, then they
must agree everywhere on their domain of convergence. This property
highlights the rigidity of analytic functions: once an analytic function is
defined on a small region, its behavior on a much larger region is
completely determined. The principle stems from the fact that analytic
functions are highly constrained by their local behavior. Specifically, if
two analytic functions are equal on a set that has an accumulation point
within their domain of definition, they must be equal on the entire
connected domain where both functions are analytic. This concept is
crucial in various areas of mathematics and physics, as it ensures that the
analytic continuation of a function is unique, making the extended
function well-defined.

14.2 OBJECTIVES:-

The objectives of studying the uniqueness of analytic continuation are to
understand the fundamental concept of extending an analytic function
beyond its initial domain while ensuring that the extended function
remains uniquely determined. This involves exploring the uniqueness
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theorem, which asserts that if two analytic functions agree on a common
domain with an accumulation point, they must coincide throughout their
entire domain of definition. Additionally, the objectives include applying
this principle to solve complex analysis problems, recognizing the role of
accumulation points, and connecting this concept to broader topics such as
the identity theorem and holomorphic functions, all while working through
illustrative examples to solidify understanding.

14.3 ANALYTIC CONTINUATION:-

Let f;(z) be a function that is analytic in a domain D,. If there exists
another function f,(z) that is analytic in a different domain D,, and D,
overlaps with D; in a region D;,, where f,(z) = f,(z) for all z in D12,
then f,(z) is called the analytic continuation of f; (z) from D, into D, via
Dy.

Equivalently, f;(z) can be viewed as the analytic continuation of f,(z)
from D, into D, via D;,.

Dis

Fig.2

For analytic continuation, it is sufficient that the domains D,and D, have
even a small arc in common, as long as the function values agree on that
common part.

For example, consider an arc ABC that is shared by both D, and D,. Ifa
function f; (z) is analytic in D; and another function f,(z) is analytic in
D,, and if f;(z) = f,(z) forall zonthe arc ABC, then f,(z) isthe
analytic continuation of f; (z) from D;into D, via the arc ABC.

An Alternate definition: If f(z) is analytic in a domain S; and if f(z) is
also analytic in a domain S, continuation of f(z) in the domain S,.

SOLVED EXAMPLE

EXAMPLEL: Let f(z) = Xn_o 2", ¢(2) = —.
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SOLUTION: The function f(z) = Y5-,z™ is analytic within the unit
circle | z |< 1, where it equals the function ¢(z) = ﬁ While ¢(z) is
analytic at all points in the complex plane except at z = 1, where it has a
simple pole, it matches f(z) within | z |< 1. Therefore, ¢ (z) provides the

analytic continuation of f(z) over the entire complex plane, except at the
singularity z = 1.

. Yo .n v 1(1+z\"
EXAMPLE2: Let £, (2) = ¥y 2", fo(2) = n=o;(7) _
SOLUTION: The first power series f;(z) = Xn—,z™ is convergent inside
the circle R;defined by | z |= 1 and has the sum 1_; The second power

. 1 (1+2\" . . . . . 1
seriesf,(z) = ?f:o;(TZ) is Geometric series with first term - and a

common ratio % converging when |1Zi| < 1 or equivalent |z + 1] < 2.
The sum of the second series is given by

Fig.1

The function f;(z) is analytic inside the circle R, where | z |= 1, and
f>(2) is analytic inside the circle R, where | z + 1 |= 2. Both functions
are equal in the region where R, and R, overlap, meaning f; (z) = f,(2)
in this common region. Therefore, f,(z) extends the domain of the
analytic function f;(z) from R, to the larger domain R,, making f,(z) the
analytic continuation of f; (z) from R, into R,.

Definition: An analytic function f defined on a domain D is known as a
function element, which is denoted by (f, D).

14.4 COMPLETE ANALYTIC FUNCTION:-

Suppose f(z) is an analytic function within a domain D. By forming all
possible analytic continuations of the pair (f,D), and subsequently all
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possible  continuations of the resulting function elements
(fi, D1) «eeee.. (fy, Dy), we eventually construct a function F(z) . This
function F(z) is defined such that for any point v, F(v) represents the
value obtained by the analytic continuation to v, with:

fi(2)if z € D,

F(z) = fi@) if z€ D,

fn(Z) if z € Dy
The function F(z) constructed in this way is known as a complete
analytic function. During the process of analytic continuation, it is
possible to encounter a closed curve beyond which further continuation is
not possible. This closed curve is referred to as the natural boundary of
the complete analytic function. Points lying outside this natural boundary

are considered singularities of the complete analytic function, where the
function ceases to be analytic.

Theorem1l: If f(z) is analytic in a domain R and f(z) = 0 at all points on
arc PQ inside R, then f(z) = 0 throughout R.

Solution: Suppose f(z) is analytic within a domain R. Let PQ be an arc
inside RR such that f(z)=0 for all points z on the arc PQ. This is the given
condition, s.t.

f(z)=0vzonPQ ..(1)

We need to prove that f(z) = 0 throughout the entire domain R. Consider
an arbitrary point z, on the arc PQ. Since f(z) is analytic at z,,we can
describe a circle C centered at z, within which f(z) can be expanded as
Taylor series:

o)

f@ =) az=2)" .(2)

n=0
where a, = %
Since z,lies on PQ, by the given condition f(z,) = 0, by (1)
> f(z)=0atz =z,
> f(@),f'(2),f"(2),..,f"(z) =0atz = z,
= f™(z,) = 0whenn =0,1,2,3, ...
Here £°(zo) = f(2)
= a, =0,forn=0,1,23,..

Form(2), we get
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oo

f) =) anz=2)" = ) 0z =20)" =0
n=0 n=0

Hence, f(z) = 0 for all points z inside the circle C.

Since f(z) = 0 inside the circle C centered at z,, and z, was an arbitrary

point on PQ, this argument can be extended across the entire domain R.

By the identity theorem, since f(z) = 0 in an open set (the arc PQ and its

interior), f(z) must be identically zero throughout R.

Thus, f(z) = 0 throughout the domain R. This completes the proof of

Theorem.

Theorem2: If a function f(z) and all its derivatives vanish at a point a,

then f(z) and all its derivatives will vanish at all points in the domain of

a.

Proof: By Taylor theorem

[ee)

f@) =) an(z—z)"

n=0
n
where a, =% forn =0,1,2,3, ...
n!
By assumption, ay = a; = a, = az =+ = 0.

Hence f(2), f'(z), f" (z) all vanish at all points of the domain.

Thus, if a function f(z) and all its derivatives vanish at a point a, then
f(2) and all its derivatives will vanish at all points in the domain
containing a.

14.5 UNIQUENESS OF ANALYTIC
CONTINUATION:-

The uniqueness of analytic continuation is a fundamental concept in
complex analysis. It states that if two analytic functions agree on a non-
discrete subset of a domain, they must be identical on the entire domain to
which they can both be analytically continued.
Theorem3: There cannot be one more than one continuation of analytic
continuation £, (z) in to the same domain.
Proof: Let f;(z) be analytic in a domain D,and let f,(z) and g,(z) be
two analytic continuations of f;(z) from D, into a domain D, .Assume
via D, which is common to both D, and D,.
If we show that f,(z) = g,(z) throughout D,, the result will follow
By the definition of analytic continuation

i. fi(2) =f,(2)Vz € D;, and f; (z) is analytic in D,.
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ii. fi1(2) = g,(2)Vz € D;, and g,(z) is analytic in D,.
Now from (i) and (ii), we get
f2(2) = f1(2) = g,(2)Vz € Dy,
f2(2) = g,(2)Vz € Dy,
(fz2 —g2)(2) = 0Vz € Dy,
f> and g, are analytic in D,.
Thus we see that (f, — g,)(2) vanishes in D;, which is a part of D,. Also
the function of analytic in D,. Hence we must have
(fz — 92)(2) = 0Vz € D,
f2(z) = g,(2)Vz € D,

14.6 SCHWARTZ’S REFLECTION PRINCIPLE:-

Theorem5: Suppose that f;(z) is analytic in the region R; and that
f1(2z)takes only real values on the parts LMN of the real axis. Then the
Swartz’s reflection principle states that the analytic continuation £, (z)of
f1(2)into the domain R,(considered as the mirror images of R, with LMN
as mirror) is given by f,(2z) = f,(2).

Proof: Suppose that f; (z)is analytic in the region R, and that f; (z)takes
only real values on the parts LMN of the real axis so that

f2(2) = f1(2) on the line LMN (D)
Let R,be the mirror image R, with LMN as mirror and let
f(2) = f1(2) (2

To prove that f,(z) is analytic continuation of f; (z)from R, into R, via
the line LMN, it is enough to show that

i. f»(z) = g,(2) onthe line LMN

ii. f,(z) isanalytic in R,.

(i).onthe line LMN, z =x,Z=xsothatz = 7z

Now from (1) , we get £, (z) = f,(2) on the line LMN

Using (2), we have f;(z) = f,(z) on the line LMN

Hence prove result (i)

(ii). Let f1(2) = fi(x + iy) = u (%, y) + iv,1(x, y) - (3)
Analyticity of f;(z) in the domain R; implies that Cauchy-Riemann

equations are satisfied

Ouy _ vy 0wy _ _ 0m

"oy oy = o . (4)
and Compute the partial derivatives are continuous so
From(3), we obtain
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@ = filx = iy) = uy (6, —y) + ivi (x, —y)
fi(@) = f,(2) = uy (x, —y) + iv,(x, —y)
Now f,(z) is analytic in R,, we obtain

If
du;  0(—vy) Oduy  0(—vy)
ax  d(—y) d(-y) = ox
Or equivalently if
Ju, O0vy; Odu; 0y

ox 9y’ dy  ox
which is true by (4),
For
d(—vy) 0vy 0(—vy) Oy
a(-y) 9y’ ox ox
These satisfy the Cauchy-Riemann equations, showingf, (z) is analytic in
R,.

SOLVED EXAMPLE
EXAMPLES3: If f(z) = f(2), then prove that f(x) is real.
SOLUTION: Suppose f;(z) is an analytic function and satisfies:
f(@)=f(2)

Let
f(2) = filx +iy) =ulx,y) +iv(x,y)

f@ = filx — iy) = ulx,—y) + iv(x, —y)

Taking conjugate of it and Let f(z) be written as:
f@) = uy(x, —y) + ivi(x,—y)
f(2) =f(2) =ulx,y) +ivix,y)

So that

u(x,y) +iv(x,y) = ulx, —y) + iv(x, —y)
Substituting y = 0, we have

u(x,0) + iv(x,0) = u(x, 0) + iv(x, 0)
2iv(x,0) = 0orv(x,0) =0

Substituting y = 0in f(x + iy) = u(x,y) + iv(x,y)

f(x) =ulx,0) +iv(x,0)

=u(x,0)asv(x,0) =0

f(x) =u(x,0)

Hence f(x) is real.
EXAMPLE4: Show that the power series Yo, z3™ cannot be continued
analytically beyond the circle |z| = 1.
SOLUTION: Let
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lu, (2)|M" = |23 V" = | 23] = |23
Hence the series is convergence is |z| < 1.
Circle of convergence is |z| = 1.

q oo
f@=) 2"+ ) = [+ @)
n=0 n=q+1
21t_pi
Take a point p of affix z = re 3¢ (r > 1).
Now proceed as in Problem 2, f(z) » owasr — 1.
For f,(z) = finite quantity and f,(z) » o asr — 1.
EXAMPLEDS: Show that the series
1 z z? 7
atatg o= ) e

n=0

n

and

1 z—i  (z—1)? o (z—1)"
2—i+(2—i)2+(2—i)3+"'=2(—

are analytic continuation of each other.
SOLUTION: Consider the first series:
n

fi(2) = i 2i+1

n=0
This is a geometric series where the first term a = 1/2 and the common

ratior = % the sum of an infinite geometric series )., ar™is given by:

n=0

1 1 1
. a 2 2 _
fl(z)_l—r_l_Z_Z—Z_Z—Z
2 2
Consider the second series:
- (z—1)"
(@)= ) o
n=0(2 i)

.. . . . 1
This is a geometric series where the first term a = Py and the common
ratio = Z—. The sum of an infinite geometric series ¥°_, ar™ is given
2-1
by:

1 1 1
_a 2—0 _2—-i_
fZ(Z)_l—T'_l_Z_i 2 — 7 2_ 5
2—1i 2—1i
We found that:
fl(Z)ZZ—Z
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And
fa(2) = 5
Since both functions f; (z) and f,(z) are equal, the series Z;’{;O;W and
) (Z_l)n

are indeed analytic continuations of each other. This shows

n=0 Nn+1
(2-0)
that they represent the same analytic function over their domains of
convergence.
EXAMPLESG: Show that the function defined by

[ee)

f1(2) =f t3e?t dt

0
is analytic at all points z for which R(z) > 0. Find also a function which is

analytic continuation of f;(z) into the left hand place R(z) < 0, where
R(z) means the real part of z.
SOLUTION: Consider the integral:

[ee)

fi(2) =j t3e?t dt

0
Integration by parts

= o (5) () o(5) ()
t=0
£(2) = ;14 if R(z) >0

Let h@ =7

f2(z) = f1(z) forR(z) > 0
Hence f; (z) is required analytic continuation of f,(z).
EXAMPLE?: Show that the circle of convergence of the power series

mo Z™ is a natural boundary for its sum function.
Or

Show that the function Yo_,z" =1+2z+2z2+ - can be obtained
outside the circle of convergence of the power series.
SOLUTION: The given power series is:

ESZ”=1+Z+ZZ+W
n=0
This is a geometric series with the first term a = 1 and the common ratio
r = z. The sum S of an infinite geometric series is given by:
a 1

S: =
1-r 1-—z
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provided |z|<1. So, within the circle of radius 1 centered at the origin, the
series converges to:

[e0]

e
11—z

n=0
The radius of convergence RR for the series X7, z™ can be found using
the formula:

1 . an+1
— = lim
R n-w| a,
where a,, = z™. We have:
An+1
=z
a‘l’l

So

! s Rr=1
— = |zl => K =
R VA

Hence, the power series Y-, z™ converges for | z |< 1, which means the
circle | z |= 1 is the boundary of convergence.

SELF CHECK QUESTIONS

What is the statement of the Uniqueness Theorem for analytic

continuation?

2. Why does the existence of an accumulation point in the shared
domain matter in the uniqueness theorem?

3. Explain the role of connectedness in the uniqueness theorem for
analytic continuation.

4. What is the implication of the uniqueness theorem for the
extension of an analytic function?

5. What are the practical implications of the uniqueness of analytic
continuation in complex analysis?

6. How does the identity theorem relate to the uniqueness of analytic
continuation?

=

14.7 SUMMARY :-

The uniqueness of analytic continuation is a fundamental principle in
complex analysis, stating that if two analytic functions coincide on any
non-discrete subset of their domain, then they must be identical on their
entire domain. This means that an analytic function is uniquely determined
by its values on any small region, as long as this region has an
accumulation point within the domain. The principle underscores the
rigidity of analytic functions, where local behavior completely dictates
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global behavior, allowing a function defined on a small part of its domain
to be uniquely extended to a larger domain.

14.8 GLOSSARY:-

e Analytic Function: A complex function that is differentiable at
every point in its domain. This implies that the function can be
locally represented by a convergent power series.

e Analytic Continuation: The process of extending the domain of
an analytic function beyond its original domain, while preserving
the function's analyticity.

e Domain: The set of all points in the complex plane where a
function is defined and analytic.

e Non-Discrete Subset: A subset of a domain that has an
accumulation point, meaning that within any neighborhood of a
point in this subset, there are infinitely many other points from the
subset.

e Accumulation Point: A point in the complex plane where any
neighborhood around it contains infinitely many points from a
given set.

e Uniqueness Theorem: A principle in complex analysis stating that
if two analytic functions coincide on a non-discrete subset of their
domain, they must be identical throughout the entire domain.

e Rigidity: The concept that the behavior of analytic functions is
strictly determined by their values in a small region, allowing no
flexibility in how they can be extended.

e Power Series: A series of the form Y-, a,,(z — z,)™, where anan
are coefficients and z, is the center of the series. An analytic
function can be expressed as a power series around any point in its
domain.

e Local Behavior: The behavior or properties of a function in a
small neighborhood around a specific point.

e Global Behavior: The overall behavior or properties of a function
across its entire domain.

e Identity Theorem: A theorem in complex analysis that states if
two analytic functions agree on an infinite set of points that has an
accumulation point within their domain, then they must be
identical on the entire domain.
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Extension: The process of enlarging the domain of a function
while maintaining its original properties, particularly analyticity.
Holomorphic Function: Another term for an analytic function,
often used interchangeably in the context of complex analysis.
Isolated Singularity: A point where a function is not analytic but
is analytic in some punctured neighborhood around that point.
Analytic continuation can sometimes resolve isolated singularities.

Analytic Continuation Along a Path: A method of extending an
analytic function by moving along a path in the complex plane,
ensuring that the function remains analytic at each point.
Convergence Radius: The radius within which a power series
converges to the corresponding analytic function. The concept is
crucial in understanding the limits and possibilities for analytic
continuation.

Removable Singularity: A point where a function is not initially
analytic, but where it can be redefined so that the function becomes
analytic. Analytic continuation can often "fill in" these points,
ensuring the uniqueness of the function.

Schwarz Reflection Principle: A method used in analytic
continuation, especially when the original function is defined on a
domain with a boundary. It reflects the function across the
boundary, maintaining analyticity and ensuring uniqueness.
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14.11 TERMINAL QUESTIONS:-

(TQ-1) Define analytic continuation.

(TQ-2) Define natural boundary.

(TQ-3) show that two function f; (z) and £, (z) are equal at all points of
a line L in a region D in which they are holomorphic; the functions are
equal at all points of D.

(TQ-4) Prove that the unit circle |z| = 1 is a natural boundary of the
function f(z) = Xy, z™

(TQ-5) If f(2) is analytic in a domain R and f(z) = 0 at all points on
arc PQ inside R, thenprove that f(z) = 0 throughout R.

(TQ-6) Show that the function

1.z 7
f(Z) —a-l-;-l-g-l-"'
Can be continued analytically outside the circle of convergence.
(TQ-7): If a function f(z) and all its derivatives vanish at a point a, then
prove that f(z) and all its derivatives will vanish at all points in the
domain of a.

14.12 ANSWERS:-

SELF CHECK ANSWERS

1. The Uniqueness Theorem for analytic continuation states that if
two analytic functions f(z) and g(z) are defined on a connected
domain D and if there exists a subset S © D containing an
accumulation point where f(z) = g(z) for all z € S, then f(2) =
g(2) for all z € D. This means that an analytic function is uniquely
determined by its values on any subset that has an accumulation
point within the domain.
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2. The existence of an accumulation point ensures that the agreement
of the two functions on the shared subset is not just coincidental
but instead implies that the functions must be identical on the
entire connected open set U.

3. Connectedness of the domain U is crucial because if the domain
were not connected, the agreement of the functions on a subset
might not necessarily extend to the entire domain. The theorem
relies on the ability to "continue™ the agreement throughout a
single connected component.

4. The uniqueness theorem implies that an analytic function, if it can
be analytically continued from a given domain to a larger domain,
must be unique on that larger domain as long as the continuation is
well-defined and the domain is connected.

5. The practical implications include the fact that once an analytic
function is known in a small region, it is uniquely determined in
the entire domain of definition, allowing for consistent extension
and prediction of the function's behavior beyond the initially
known region.

6. The identity theorem is a specific case of the uniqueness theorem.
It states that if two analytic functions agree on a set that has a limit
point within their domain of definition, then they must be identical
on the entire connected component of the domain. This theorem
underpins the uniqueness of analytic continuation.
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	1. Residue at 𝒛=𝟎: The point 𝑧=0 is a pole of order 2. To find the residue at a pole of order 2, use the formula:
	𝑅𝑒𝑠(𝑓,,𝑧-0.)=,,lim-𝑧→,𝑧-0..-,𝑑-𝑑𝑧..[(𝑧−,𝑧-0.)𝑓(𝑧)]
	Here, ,𝑧-0.=0 so we need
	𝑅𝑒𝑠(𝑓,,𝑧-0.)=,,lim-𝑧→,𝑧-0..-,𝑑-𝑑𝑧..,𝑧-2.,,𝑒-𝑧.-,𝑧-2.,,𝑧-2.+9..
	𝑅𝑒𝑠(𝑓,,𝑧-0.)=,,lim-𝑧→,𝑧-0..-,𝑑-𝑑𝑧..[(𝑧−,𝑧-0.)𝑓(𝑧)] (1)
	Here, ,𝑧-0.=3𝑖 so we need
	𝑅𝑒𝑠(𝑓,3𝑖)=(𝑧−3𝑖),,𝑒-𝑧.-,𝑧-2.,,𝑧-2.+9..
	,,𝑧-2.+9.=,𝑧−3𝑖.,𝑧+3𝑖.
	𝑅𝑒𝑠(𝑓,3𝑖)=,,𝑒-𝑧.-,𝑧-2.,𝑧+3𝑖..
	𝑅𝑒𝑠,𝑓,3𝑖.=,,𝑒-3𝑖.-,,3𝑖.-2.,3𝑖+3𝑖..=,,𝑒-3𝑖.-−54𝑖.
	𝑅𝑒𝑠(𝑓,,𝑧-0.)=,,lim-𝑧→,𝑧-0..-,𝑑-𝑑𝑧..[(𝑧−,𝑧-0.)𝑓(𝑧)] (2)
	Here, ,𝑧-0.=−3𝑖 so we need
	𝑅𝑒𝑠(𝑓,−3𝑖)=(𝑧+3𝑖),,𝑒-𝑧.-,𝑧-2.,,𝑧-2.+9..
	,,𝑧-2.+9.=,𝑧−3𝑖.,𝑧+3𝑖. (1)
	𝑅𝑒𝑠(𝑓,3𝑖)=,,𝑒-𝑧.-,𝑧-2.,𝑧−3𝑖..
	𝑅𝑒𝑠,𝑓,−3𝑖.=,,𝑒-−3𝑖.-,,−3𝑖.-2.,−3𝑖−3𝑖..=,,𝑒-3𝑖.-54𝑖.
	6. How does the identity theorem relate to the uniqueness of analytic continuation?
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