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Introduction to Sets

A. Defining a Set

In mathematics, the concept of a 'set' is fundamental, often introduced as an undefined primitive
term, much like 'point' or 'line' in geometry. Intuitively, a set is understood as a well-defined
collection of distinct objects. These objects constituting the set are referred to as its elements or
members. The pioneering work on set theory is attributed to the German mathematician Georg
Cantor (1845-1918), who described a set as "a collection of definite, distinguishable objects of
perception or thought conceived as a whole".

The criterion of being "well-defined" is paramount. It signifies that for any given object, it must
be possible to determine, unambiguously, whether that object belongs to the set or not. For
instance, "the set of all natural numbers less than 10" is well-defined, as we can definitively
check if any number satisfies this condition. Similarly, "the set of rivers in India" is well-defined.
Conversely, a collection described by subjective criteria, such as "the set of bright pupils in a
class," is not well-defined, as the term "bright" lacks objective measurability. This requirement
for clear, objective membership criteria is essential for the logical consistency demanded in
mathematics, preventing ambiguity in definitions and operations.

Another crucial characteristic is that the elements within a set must be distinct. Repetitions of
elements are disregarded in standard set theory. For example, the collection {1, 1, 3} is typically
treated as the set {1, 3}. This distinguishes a set from a multiset, where repetitions are
significant. When representing a set, such as listing the letters in the word "ADDRESS," the
resulting set only includes each unique letter once: {A, D, R, E, S}. Furthermore, the order in
which elements are listed within a set is irrelevant. The set {1, 2, 3} is identical to the set {3, 1,
2} because they contain precisely the same elements.

The insistence on distinctness and the disregard for order simplify the structure of sets, focusing
solely on the property of membership. These foundational constraints—being well-defined and
comprising distinct elements—ensure the necessary rigor for sets to serve as a fundamental
building block upon which more complex mathematical structures, such as relations, functions,
sequences, and number systems, can be reliably constructed.

B. Essential Notation: Representing Sets and Membership

To facilitate clear and concise communication in set theory, a standardized system of notation is
employed. Sets are typically denoted using capital letters, such as A, B, S, or X. The collection
of elements forming the set is enclosed within curly braces {}. For example, we might define a
set A as A = {a, b, c, d}. The elements themselves are often represented by lowercase letters,
numbers, or descriptions of the objects.



Membership within a set is indicated using the symbol €. This symbol is read as "is an element
of," "belongs to," or "is in". If S = {1, 2, 3}, the statement 3 € S signifies that 3 is an element of
the set S.

Conversely, the symbol € denotes non-membership. It is read as "is not an element of," "does not
belong to," or "is not in". Using the same set S = {1, 2, 3}, the statement 4 € S indicates that 4 is
not an element of S.

The adoption and consistent use of these specific symbols ({}, €, ) form a core part of the
precise language of mathematics. This notation allows for compact, unambiguous statements
about sets and their elements, overcoming the potential verbosity and imprecision of natural
language descriptions. For instance, expressing "3 is an element of the set containing 1, 2, and 3"
is far less efficient and potentially more ambiguous than the symbolic representation 3 € {1, 2,
3}. This standardized notation is fundamental, enabling the rigorous definition and manipulation
of sets, their relationships, and the operations performed upon them.

Methods for Describing Sets

There are two primary methods used to describe or specify the elements of a set: the Roster (or
Tabular) form and the Set-Builder (or Rule) form.

A. Roster (Tabular) Form: Explicit Enumeration

The Roster form, also known as the Tabular form or Enumeration notation, involves explicitly
listing all the elements of the set. The elements are separated by commas and enclosed within
curly braces {}.

Key conventions for the Roster form include:

1. Order Irrelevance: The sequence in which elements are listed does not affect the set's
identity. For example, {1, 2, 3} is the same set as {3, 1, 2}.

2. Distinctness: Each unique element is listed only once. Repetitions are ignored. The set of
letters in "TADDRESS" is {A, D, R, E, S}, not {A, D, D, R, E, S, S}.

Examples:

e The set V of vowels in the English alphabet: V = {a, e, i, o, u}.

e The set L of leap years between 1995 and 2015: L = {1996, 2000, 2004, 2008, 2012}.
e The set Ns of the first five natural numbers: Ns = {1, 2, 3, 4, 5}.

e The set M of letters in the word "MUMBAI": M = {M, U, B, A, 1}.

For sets containing a large number of elements, or for infinite sets where a clear pattern exists, an
ellipsis (...) can be used to indicate continuation.



o The set Eqo0 Of the first 100 positive even numbers: E100 = {2, 4, 6, ..., 200}.

e The set N of natural numbers: N = {1, 2, 3, ...}.

e The setZ of integers: Z = {..., -3, -2, -1,0,1, 2, 3, ...}.

o The set O499 of 0dd natural numbers less than or equal to 199: Oy = {1, 3, 5, ..., 199}.

While straightforward for smaller sets, the Roster form becomes impractical or impossible for
very large sets without obvious patterns, or for sets like the set of all real numbers between 0 and
1.0

B. Set-Builder (Rule) Form: Defining by Property

The Set-Builder form, also referred to as the Rule form, defines a set by stating a property or
condition that all its elements must satisfy, rather than listing them individually.

The standard notation is {x | P(x)} or {x : P(x)}, where x represents a typical element of the set,
the vertical bar | or colon : stands for "such that," and P(x) is the condition or property that x
must fulfill to be included in the set. This notation is read as "the set of all elements x such that x

satisfies property P".

Examples:

® The set .S containing the only even prime number:
S = {z : z is an even prime number} (In Roster form, S = {2})

o The set F of two-digit perfect square numbers:

F = {p | pis a two-digit perfect square number} (In Roster form, F' = {16, 25, 36,49, 64,81})
o The set A of natural numbers strictly between 5 and 10:
A={z|zcNand5 <z <10} (InRoster form, A ={6,7,8,9})
® The set E5 of even natural numbers less than 15:
Ey; ={z |z N,ziseven,and z < 15} (In Roster form, E; = {2,4,6,8,10,12,14})

o The set (J of rational numbers:
p
Q= {E ngqez,q#ﬂ}

® The set P of prime numbers less than 20:

Pyy = {z | x is a prime number less than 20} (In Roster form, Py = {2,3,5,7,11,13,17,19})

The Set-Builder form offers significant advantages in terms of conciseness and clarity, especially



when dealing with large finite sets or infinite sets. It precisely defines membership based on
inherent properties, making it indispensable for sets where enumeration is impractical or
impossible, such as the set of irrational numbers.

C. Comparison: Roster Form vs. Set-Builder Form

The Roster and Set-Builder forms provide distinct ways to represent sets, each with its strengths

and weaknesses. Their key differences are summarized below:

Table 1.1. Comparison between Roster form and set-builder form

Feature Roster Form (Tabular Set-Builder Form (Rule
Form) Form)
Representation Lists all individual Defines the set using a
elements explicitly. common property or rule.
Example {1,2,3,4} {x
Suitability Best for sets with few Best for large finite sets,
elements or clear, simple infinite sets, or sets defined
patterns. by complex properties.
Ease of Generally straightforward =~ May require interpretation
Understanding and easy to grasp. of the defining rule or
property.

These two methods are not mutually exclusive but rather serve as complementary tools for set
representation. The choice between them hinges on the nature of the set being described (its size,
the type of its elements) and the intended purpose (emphasizing individual members versus the
defining characteristic). The impracticality of listing every element in a vast or infinite set
necessitates a descriptive approach like the Set-Builder form.” Conversely, for small, arbitrarily
collected sets, attempting to formulate a defining rule might be less clear or more cumbersome
than simply listing the elements. Effective use of set theory involves understanding the utility of
each form and the ability to translate between them when appropriate, as demonstrated in several
examples where both forms are provided.

Classification of Sets

Sets can be categorized based on the number of elements they contain. This classification,
grounded in the concept of cardinality (the count of elements), leads to several fundamental
types of sets.




A. The Empty Set (Null Set): Absence of Elements (O or {})

The empty set, also known as the null set or void set, is a set that contains absolutely no
elements. It is denoted either by empty curly braces {} or by the special symbol @ (phi). It is
crucial to note that {@} is not the empty set; it represents a set containing a single element,
which is the symbol for the empty set.

Sets whose definitions involve contradictions or impossibilities are often empty.

Examples:

e The set of natural numbers between 4 and 5: {x | x E Nand 4 <x <5} = {}.

e The set of leap years between 1904 and 1908: P = {}.

e The set of integers x such that x = 1/n where n is a natural number: S = {} (since 1/n is only
an integer if n=1, but the definition usually implies all n).

e The set of humans weighing at least eight tons.

The empty set is considered a finite set, as the count of its elements (zero) is a non-negative
integer. A significant property is that the empty set is a subset of every set.
B. Singleton Sets: Sets with a Single Element

A singleton set, sometimes called a unit set, is a set that contains exactly one element.

Examples:

The set of even prime numbers: A = {2}.

The set of integers strictly between 3 and 5: A= {k |k € Z and 3 <k <5} = {4}.
The set containing the number which is neither positive nor negative: X = {0}.
The set containing the empty set symbol: {O}.

Singleton sets are a specific type of finite set.

C. Finite Sets: Countable Elements

A set is classified as finite if its elements can be counted, and this counting process terminates
with a specific non-negative integer. This integer represents the number of elements in the set,
known as its cardinality.

Finite sets include the empty set (cardinality 0) and all singleton sets (cardinality 1).

Examples:

e The set of vowels in the English alphabet: V = {a, e, 1, 0, u} (Cardinality 5).
e The set of days in a week (Cardinality 7).
e The set of months in a year (Cardinality 12).



e The set of players currently allowed on a cricket field for one team (Cardinality 11).
e The set of natural numbers less than 20: {1, 2,..., 19} (Cardinality 19).
e The set of integers greater than -2 and less than 3: {-1, 0, 1, 2} (Cardinality 4).

D. Infinite Sets: Uncountable or Endless Elements

An infinite set is a set whose elements cannot be counted completely; the counting process
would continue indefinitely. Any set that is not finite is, by definition, infinite.

Examples:
e The set of natural numbers: N = {1, 2, 3,...}.
e The set of whole numbers: W = {0, 1, 2, 3,...}.
e The set of integers: Z = {...,-2,-1,0, 1, 2,...}.
e The set of rational numbers: Q.
e The set of real numbers: R.
e The set of all prime numbers.
e The set of points on a geometric line.
e The set of all multiples of 3: {3, 6,9, 12,...}.

The distinction between these types fundamentally rests on the concept of cardinality, which
formalizes the intuitive notion of the "number of elements" in a set. Finite sets possess a
cardinality represented by a non-negative integer (0 for the empty set, 1 for singleton sets, and n
> 1 for others). Infinite sets, by contrast, have infinite cardinality. This basic classification based
on countability is a crucial first step in understanding the nature of sets, including the later
exploration of different "sizes" of infinity in more advanced set theory.

Empty Set \ﬁa\ \

Singleton Sets

. 77N
Finite Sets | )
\N_7/

Infinite Sets ()

Figure 1.1. Classification of Sets by Cardinality

Comparing Sets: Equality and Equivalence




When comparing two sets, two primary relationships are considered: equality and equivalence.
These concepts hinge on the elements contained within the sets and their respective cardinalities.

A. Equal Sets: Identical Membership

Two sets, say A and B, are defined as equal (denoted A = B) if and only if they contain precisely
the same elements. This condition implies that every element belonging to set A must also
belong to set B, and conversely, every element belonging to set B must also belong to set A.
Formally, A = B if and only if A is a subset of B (A € B) and B is a subset of A (B € A).

The definition of set equality inherently ignores the order in which elements are listed and any
repetition of elements.

Examples:
o {1,2,3}=1{3,1,2} (Order does not matter).
o {2,4,6,8}=1{8,6,4,2}.
e {ae,i,o,u}={o,u,1i,a,c}.
e {b,o0,y} =1{b,0,b,y,y} (Repetition does not matter).

If two sets do not contain exactly the same elements (i.c., there is at least one element in one set
that is not in the other), they are considered unequal sets, denoted by A # B. For example, {1, 2,
31 #4{2,3,4} ,and {1, 3,5} # {0, 1, 3, 5}.

B. Equivalent Sets: Same Cardinality (Number of Elements)

Two sets, A and B, are termed equivalent (denoted A ~ B or A = B) if they possess the same
number of elements, meaning they have the same cardinality. Mathematically, A is equivalent to
B if n(A) =n(B) or |A| = |B|, where n(S) or |S| represents the cardinality of set S.

Equivalence implies that a one-to-one correspondence can be established between the elements
of the two sets. Importantly, the elements themselves need not be identical for sets to be
equivalent; only the count matters.

Examples:

o IfA={I1,2,3,4} and B = {a, b, ¢, d}, then n(A) = 4 and n(B) = 4. Thus, A and B are
equivalent sets (A ~ B).
o IfA=1{1,2,3,4,5} and B= {10, 11, 12, 13, 14}, then |A| =5 and |B| = 5. Therefore, A ~

B.
o IfP={p,q, 1, st} and Q= {a, ¢, 1, 0, u}, then n(P) =5 and n(Q) = 5. Hence, P and Q are
equivalent.

C. Comparison Table: Equal Sets vs. Equivalent Sets

The distinction between equal and equivalent sets is crucial and can be clarified by comparing
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their defining characteristics:

Feature Equal Sets Equivalent Sets
Definition Contain exactly the same Contain the same number of
elements. elements.
Condition ACBandBCA.
Cardinality Must be the same. Must be the same.
Elements Must be identical. Can be different.
Symbol = ~oOor=
Relationship Equal sets are always Equivalent sets are not
equivalent. necessarily equal.

A clear hierarchy exists between these two concepts: set equality represents a stricter condition
than set equivalence. If two sets are equal, they must, by definition, contain the same elements,
which logically necessitates that they have the same number of elements. Therefore, equality
implies equivalence. However, the converse is not true. Sets can have the same number of
elements (be equivalent) without those elements being identical. The sets {1, 2} and {a, b}, for
instance, are equivalent because both have a cardinality of 2, but they are not equal because their
elements differ. This distinction is fundamental and becomes especially relevant when
comparing infinite sets, where the concept of cardinality (and thus equivalence) is used to
differentiate between various "sizes" of infinity, even for sets that are clearly not equal.

Relationships Between Sets: Subsets

The concept of a subset describes the relationship where one set is contained within another. This
relationship has two forms: the general subset and the more restrictive proper subset.

A. The Concept of Subset (S): Inclusion

A set A is considered a subset of a set B if every element that belongs to A also belongs to B.
This relationship is denoted by A € B. Equivalently, B is called the superset of A, denoted by B
2 A.

Formally, A € B means that for any object x, if x € A, then it must also be true that x € B.



Examples:

o IfA={1,2,3} and B= {1, 2, 3,4, 10}, then A € B because 1, 2, and 3 are all elements of
B.

o IfA=1{2,4,6} andB={0,2,4,6, 8}, then A C B.

e If A is the set of multiples of 4 ({4, 8, 12,...}) and B is the set of multiples of 2 ({2, 4, 6,
8,...}), then A € B, since every multiple of 4 is also a multiple of 2.

Two important properties arise from this definition:

1. Reflexivity: Every set is a subset of itself (A S A for any set A). This is because every
element of A is, trivially, an element of A.

2. Empty Set Property: The empty set (@) is a subset of every set (0 € A for any set A).
This holds true because the condition "if x € @, then x € A" is vacuously true, as there are
no elements x in O to violate the condition.

B. Proper Subsets (C): Strict Inclusion

A set A is a proper subset of a set B if A is a subset of B, but A is not equal to B (A # B). This
relationship is denoted by A < B. Some texts may use the symbol A & B to emphasize the
inequality. The condition A # B implies that there must exist at least one element in B that is not
present in A.

Formally, A € B means that (A € B) and (A # B).

Examples:

e IfA={1,2}and B = {1, 2, 3}, then A c B because all elements of A are in B, and B
contains the element 3 which is not in A.

o IfA=1{2,4,6}and B={0,2,4, 6,8}, then A C B.

o IfA=1{1,2,3} and B={1, 2, 3,4}, then A C B.

e The set of natural numbers N is a proper subset of the set of rational numbers Q, as all
natural numbers are rational, but there are rational numbers (like 1/2) that are not natural
numbers.

Key properties related to proper subsets:
1. Irreflexivity: A set is never a proper subset of itself (A & A).
2. Empty Set Property: The empty set is a proper subset of every non-empty set. It is not a
proper subset of itself.
C. Distinguishing Subset and Proper Subset

The core difference lies in whether equality between the two sets is permitted.

e The symbol € (subset) allows for the possibility that A and B are the same set (A = B). It
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signifies inclusion or equality.
e The symbol © (proper subset) strictly excludes the possibility of equality (A # B). It
signifies strict inclusion.

This distinction parallels the difference between the weak inequality < (less than or equal to) and
the strict inequality < (less than) in arithmetic.

Consider the sets A = {1, 2,3} and B= {1, 2, 3}. Here, A € B is true (since A = B), but A c B is false.24
Now consider C = {1, 2} and B = {1, 2, 3}. Here, both C € B and C c B are true.24

The term improper subset refers to the subset of a set A that is equal to A itself. Every non-empty
set has exactly one improper subset: the set itself. All other subsets are proper subsets.

The careful distinction between subset (S) and proper subset (C) provides essential
mathematical precision. Just as distinguishing between < and < is vital in analysis, differentiating
between general inclusion and strict inclusion is crucial for formulating accurate definitions (like
the number of proper subsets being 2<sup>n</sup> - 1 ) and proving theorems, particularly those
involving infinite sets (e.g., the theorem stating that a set is infinite if and only if it is equivalent
to one of its proper subsets ).

The Power Set: The Set of All Subsets

Building upon the concept of subsets, the power set represents the collection of all possible
subsets of a given set.

A. Definition and Construction

The power set of a set A, denoted as P(A) or sometimes (A), is defined as the set whose
elements are all the possible subsets of A. It is important to recognize that the elements of a
power set are themselves sets.

By definition, the power set P(A) always contains the empty set (@) and the original set A itself
as elements, since @ and A are always subsets of A.

To construct the power set P(A), one systematically lists all subsets of A. This typically involves
starting with the subset containing no elements (the empty set), then listing all subsets with one
element (singleton subsets), followed by all subsets with two elements, and so on, until finally
including the subset containing all elements (the set A itself).

B. Cardinality of the Power Set (2<sup>n</sup>)
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A fundamental property relates the size of a finite set to the size of its power set. If a finite set A contains n

elements (its cardinality is | A| = n), then its power set P(A) contains exactly 2" elements. That is,

[P(A)| = 2"
The reason for this exponential relationship lies in the construction of subsets. When forming
any particular subset of A, each of the 'n' elements in A presents two independent possibilities:
either the element is included in the subset, or it is excluded. Since there are 'n' elements, and the
choice for each is independent, the total number of distinct combinations (subsets) is obtained by
multiplying the number of choices for each element: 2 x 2 x... x 2 (n times), which equals
2<sup>n</sup>.

C. Example Calculation and Enumeration
Let's illustrate the construction and cardinality of power sets with examples:

e Example 1: Let A= {1, 2}.
o The number of elements in A isn=|A| = 2.
o The number of elements in the power set is |P(A)| = 2<sup>2</sup> = 4.
o The subsets of A are: {}, {1}, {2}, {1, 2}.
o Therefore, the power set is P(A) = { {}, {1}, {2}, {1, 2} }.
e Example2: LetB={a, b, c}.
o The number of elements in B is n = [B| = 3.
o The number of elements in the power set is |P(B)| = 2<sup>3</sup> = 8.0
o The subsets of B are: {}, {a}, {b}, {c}, {a, b}, {a,c}, {b, c}, {a, b, c}.
o Therefore, the power set is P(B) = { {}, {a}, {b}, {c}, {a, b}, {a, c}, {b,c}, {a,b,c} }.0
e Example 3: Let E = {} (the empty set).
o The number of elements in E is n = |E| = 0.
o The number of elements in the power set is |P(E)| = 2<sup>0</sup> = 1.
o The only subset of E is {} itself.
o Therefore, the power set is P(E) = { {} } or P(Q) = {O}.

The formula |P(A)| = 2<sup>n</sup> demonstrates the rapid, exponential growth in the number
of subsets as the size of the original set increases. A set with just 6 elements has 2<sup>6</sup>
= 64 subsets , and a set with 11 elements has 2<sup>11</sup> = 2048 subsets. This exponential
characteristic underscores the combinatorial complexity inherent in considering all possible sub-
collections within even moderately sized systems. The concept of the power set is not merely a
theoretical curiosity; it has significant implications in fields like computer science (e.g.,
representing states or using bitmasks), probability theory (defining sample spaces), and advanced
set theory itself (e.g., in Cantor's theorem, which uses power sets to demonstrate the existence of
different sizes of infinity).

The Universal Set: Defining the Context

In many applications of set theory, it is convenient to operate within a predefined scope or
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context. This context is formalized by the concept of the universal set.

A. Definition and Notation (U)

The universal set, typically denoted by the symbol U (or sometimes E or &), 1s defined as the set
containing all possible elements that are relevant to a particular problem or discussion. All other
sets considered within that specific context are treated as subsets of this universal set.

The universal set can be either finite or infinite, depending entirely on the scope of the problem
being addressed.

B. Significance and Role in Set Theory
The universal set serves several crucial functions:

1. Establishing Context: It clearly defines the boundaries or the "universe of discourse" for
the elements under consideration, preventing ambiguity about what objects are potentially
includable in the sets being discussed.

2. Defining Complements: The concept of the complement of a set A (denoted A,
A<sup>c</sup>, or A) is defined relative to the universal set. The complement A' consists
of all elements that are in the universal set U but are not in set A (A' = U - A). Without a
defined U, the notion of "elements not in A" would be ill-defined.

3. Venn Diagrams: In Venn diagrams, the universal set is conventionally represented by a
rectangle, which encompasses all other sets (usually depicted as circles) relevant to the
problem. This visual framework helps illustrate relationships like inclusion, intersection,
and complements within the defined universe.

4. Foundation for Operations: Set operations like union (U) and intersection (M) are
performed on subsets of U, and their results are also subsets of U.

C. Context-Dependence and Examples

It is essential to understand that the universal set is not absolute; its definition is entirely
dependent on the specific context of the problem.

Examples:

e If discussing sets of letters, such as the set of vowels V = {a, e, i, o, u} and the set of
consonants C, the universal set U might be defined as the set of all letters in the English
alphabet.

e [f working with sets A = {2, 4, 6} and B = {1, 3, 5}, the universal set U could be the set of
natural numbers N, the set of integers Z, or perhaps a smaller finite set like U = {1, 2, 3, 4,
5, 6} if the problem is restricted to these numbers.

e In demographic studies, U might be the set of all people in the world.

e When dealing with different types of numbers, U could be specified as N, Z, Q (rational
numbers), or R (real numbers), depending on the scope required.
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e Given sets A={1,3,6,8}, B={2,3,4,5}, and C={5,8,9}, a suitable universal set for this
specific context could be U = {1, 2, 3,4, 5,6, 8, 9}.

D. Important Distinction: Universal Set vs. Union
The universal set U should not be confused with the union of sets (e.g., A U B).

e The union A U B contains only those elements that are present in set A, or in set B, or in
both.

e The universal set U contains all elements relevant to the context, which may include
elements not found in any of the specific subsets A, B, etc., being considered. For instance,
if A= {a, b} and B = {c, d}, and U is the set of all lowercase English letters, then A U B =
{a, b, c, d}, whereas U contains many other letters besides these four.

E. Theoretical Limitation (Advanced Note)

While the concept of a universal set U is highly practical in specific contexts, it's worth noting a
limitation from foundational mathematics. In standard axiomatic set theories, such as Zermelo-
Fraenkel set theory (ZFC), the existence of an absolute "set of all sets" (a set that contains
everything, including itself) is disallowed because it leads to logical contradictions, most
famously Russell's Paradox. Therefore, the 'U' employed in introductory set theory and its
applications should be understood as a relative universal set—a set containing all elements
pertinent to the problem at hand—rather than an absolute, all-encompassing entity. This
pragmatic approach allows the use of U for defining scope and complements where needed,
without encountering the foundational paradoxes associated with a truly universal set. The
distinction highlights a common aspect of mathematical development, where practical, intuitive
concepts are later refined to ensure foundational rigor.

Defines the context
for all sets

Subsets

Sets within the
universal set

Complements

Elements not in
specific subsets

Actions on subsets
within context

Figure 1.2. Hierarchy of Sets and Context
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Ask Your Questions - A

Q1. What do you understand by set?

Q2. Provide answer of the following MCQs: -

1)

2)

3)

4)

5)

6)

7)

8)

Which of the following is a well-defined set?
a) The set of good actors

b) The set of bright students

c) The set of vowels in English

d) The set of nice people

The set {@} contains:

a) No elements

b) One element

c¢) Two elements

d) Infinite elements

If A= {1, 2, 3}, then the power set P(A) has how many elements?
a)3

b) 6

c)8

d)9

The symbol € means:

a) Subset of

b) Belongs to

c¢) Not equal to

d) Union of

Which of the following sets is a singleton set?
a) {2,4, 6}

b) {9}

c) {}

d) {5}

Which of the following sets is infinite?

a) {2,4,6, 8}

b) {a, e, 1,0, u}

c){1,2,3,..}

d) {3

IfA={1,2,3} and B= {3, 2, 1}, then:
a)AcB

b) A#B

c)A=B

dA¢B

Which of the following symbols denotes a proper subset?
a) C

b) €
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c)C
dyu
9) The cardinality of the empty set is:
a)l
b) 0
c) D
d) Undefined
10) The universal set in a discussion of English alphabets could be:
a) {a, e, 1,0,u}
b) {A, B, C}
c) {all English letters}
d) {}

Summary

This unit has introduced the fundamental concepts underpinning the theory of sets. A set is
established as a well-defined collection of distinct objects, known as elements. Precise notation,
including curly braces {} for enclosing elements, € for membership, and & for non-membership,
provides the language for discussing sets rigorously. Two primary methods for describing sets
were presented: the Roster (or Tabular) form, which explicitly lists elements, and the Set-Builder
(or Rule) form, which defines elements based on a shared property. The choice between these
methods depends on the nature and size of the set. Sets are classified based on their cardinality:
the Empty Set (@ or {}) contains no elements; Singleton Sets contain exactly one element; Finite
Sets have a countable number of elements; and Infinite Sets have an unlimited number of
elements. Comparisons between sets rely on the concepts of Equality (sets having identical
elements) and Equivalence (sets having the same number of elements). Notably, equality implies
equivalence, but the converse is not necessarily true. The relationship of inclusion is captured by
Subsets (S), where all elements of one set are contained within another, and Proper Subsets (<),
which denotes strict inclusion (the sets cannot be equal). The Power Set, P(A), of a set A was
defined as the set containing all possible subsets of A. For a finite set A with n elements, its
power set P(A) contains 2" elements, illustrating the exponential nature of subset combinations.
Finally, the Universal Set (U) was introduced as a crucial concept for defining the context or
scope of a particular problem, serving as the superset for all relevant sets and enabling the
definition of set complements. Its context-dependent nature distinguishes it from the problematic
notion of an absolute "set of all sets." These foundational definitions, notations, and
classifications form the essential groundwork for understanding more complex set operations,
relations, functions, and numerous other areas within mathematics and related disciplines where
set theory provides a unifying language and structure.

Glossary

Set — A well-defined collection of distinct objects.

Element — An object or member of a set.

Roster Form — A representation listing each element explicitly.
Set-Builder Form — A representation using a condition to define elements.
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Empty Set () — A set with no elements.

Singleton Set — A set containing exactly one element.

Finite Set — A set with a countable number of elements.

Infinite Set — A set with uncountable or endlessly many elements.

Equal Sets — Sets with exactly the same elements.

Equivalent Sets — Sets with the same number of elements, not necessarily the same members.
Subset (S) — A set whose elements are all contained within another set.

Proper Subset (C) — A subset that is not equal to the original set.

Power Set (P(A)) — The set of all subsets of a given set A.

Cardinality — The number of elements in a set.

Universal Set (U) — The set containing all elements relevant to a particular discussion.

Answers to Check Your Progress

Check Your Progress - A
Q2. Answers of MCQs: -

1)
2)
3)
4)
5)
6)
7)
8)
9)

Answer: c) The set of vowels in English
Answer: b) One element

Answer: c) 8

Answer: b) Belongs to

Answer: d) {5}

Answer: ¢) {1, 2, 3,...}

Answer:c) A=B

Answer: ¢) C

Answer: b) 0

10) Answer: c) {all English letters}
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Terminal Questions

Nk W=

Define a set. What are the key characteristics that make a collection a set?
Compare the roster and set-builder forms of set representation with examples.
What is an empty set? Give two examples.

Differentiate between equal sets and equivalent sets with appropriate examples.
Explain the meaning and importance of a universal set.

What is the difference between a subset and a proper subset?

Provide the power set of A = {1, 2}.

19


https://www.cuemath.com/algebra/power-set/
https://www.splashlearn.com/math-vocabulary/power-set
https://www.cuemath.com/algebra/power-set/#:~:text=It%20is%20denoted%20by%20%7CP,%2C%20b%2C%20c%7D%20%7D.
https://www.cuemath.com/algebra/power-set/#:~:text=It%20is%20denoted%20by%20%7CP,%2C%20b%2C%20c%7D%20%7D.
https://byjus.com/maths/power-set/
https://www.vedantu.com/maths/power-set
https://testbook.com/maths/power-set
https://en.wikipedia.org/wiki/Universal_set
https://www.cuemath.com/algebra/universal-set/
https://courses.lumenlearning.com/uvu-introductoryalgebra/chapter/set-theory-3/
https://byjus.com/maths/universal-set/
https://en.wikipedia.org/wiki/Universal_set#:~:text=In%20set%20theory%2C%20a%20universal,theory%20include%20a%20universal%20set.
https://en.wikipedia.org/wiki/Universal_set#:~:text=In%20set%20theory%2C%20a%20universal,theory%20include%20a%20universal%20set.

8. Explain how the cardinality of a power set is calculated.
9. Classify the following sets as finite or infinite: {1, 3, 5}, N, and the set of vowels.
10. State and illustrate the difference between {@} and O.
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Learning Objectives

After reading this unit learners will be able to learn:

¢ The definitions, characteristics, and classifications of sets.
Different methods to describe sets and identify their types.
% How to apply set operations such as union, intersection, difference, and complement.
» Use of Venn diagrams to visualize and solve set problems.
Application of the Principle of Inclusion-Exclusion for solving cardinality problems.
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2.1 INTRODUCTION




Building upon the fundamental concept of a set as a well-defined collection of distinct objects, or
elements , this unit delves into the operations that allow for the manipulation and combination of
sets. Set theory serves as a foundational pillar for numerous branches of mathematics and related
disciplines, providing a language and framework for rigorous analysis. Just as arithmetic
operations like addition and multiplication define relationships between numbers, set operations
such as union, intersection, difference, and complement define relationships between sets,
enabling the construction of new sets from existing ones.

Central to several set operations, particularly the complement, is the notion of a Universal Set,
typically denoted by U. It is crucial to understand the role of the universal set in this context. For
any given problem or discussion involving sets, the universal set U encompasses all elements
relevant to that specific context. For instance, if discussing sets of integers, U might be defined
as the set of all integers (Z). If discussing letters, U might be the set of all letters in the English
alphabet. This contextual universal set provides the necessary frame of reference.

It is important to distinguish this contextual universal set U from the theoretical concept of the
universal set — a set purported to contain al// objects, including itself. Standard axiomatic set
theories, such as Zermelo-Fraenkel (ZF) set theory, demonstrate that such an all-encompassing
universal set cannot exist without leading to logical contradictions, famously illustrated by
Russell's Paradox. Therefore, within the standard framework of set theory, when we refer to a
universal set U, we mean a pre-defined set containing all elements pertinent to the specific
mathematical situation under consideration, not a set of all possible entities.

This unit will systematically explore the primary set operations, their formal definitions,
notations, properties, visual representations using Venn diagrams, and their relationship with the
concept of cardinality, culminating in the Principle of Inclusion-Exclusion.

2.2 THE UNION OF SETS (A U B)

Definition and Explanation

The union of two sets, denoted by the symbol U, is a fundamental operation that combines sets.
Intuitively, the union of set A and set B, written as A U B, is the set containing all elements that
are members of set A, or members of set B, or members of both sets. The key logical connective
here is "or". An element belongs to the union if it belongs to at least one of the constituent sets.
Importantly, even if an element is present in both sets, it is listed only once in the union,
adhering to the principle that sets contain distinct elements. The union A U B represents the
smallest set that contains every element from both A and B.

Formal Set-Builder Notation
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The concept of union can be formally defined using set-builder notation. For any two sets A and B, their
union is:

AUB={x|x€AorxeB}2

This notation reads: "A union B is the set of all elements x such that x is an element of A or x is
an element of B." The "or" in this definition is inclusive, meaning it encompasses the case where
X is in both A and B.

This definition directly corresponds to the logical disjunction operator (V, meaning "or"). Therefore, the
union can also be expressed as:

AUB={x|(x€EA)V(XEB)}?2

This connection highlights the deep relationship between set theory and formal logic.

Examples and Venn Diagram Illustrations
Consider the following examples:

% Let A=1{1,2,3,4} and B= {3,4, 5, 6}. Then, A UB = {l, 2, 3, 4,5, 6}. Note that the
elements 3 and 4, which appear in both A and B, are included only once in the union.

% Let C = {apple, orange} and D = {banana, pear}. Then, C U D = {apple, orange, banana,
pear}.

% Let E= {x|xis an even integer} and F = {x | x is an odd integer}. Then E U F = Z (the set
of all integers).

Venn diagrams provide a powerful visual tool for understanding set operations.® To represent A
U B, two circles representing sets A and B are drawn within a rectangle representing the
universal set U. The circles typically overlap if the sets share common elements. The region
corresponding to A U B is the entire area covered by both circles, including the overlapping
part.® This shaded area visually captures all elements belonging to A, or B, or both.

(Visual Description of Venn Diagram for A U B): Imagine two overlapping circles, labeled A and
B, inside a rectangle U. The union A U B is represented by shading the entirety of circle A and
the entirety of circle B. The shaded region encompasses the parts unique to A, the parts unique to
B, and the overlapping section.®

Key Properties

The union operation adheres to several important algebraic properties, analogous to those in
arithmetic:

e Commutative Law: A U B =B U A. The order in which the union of two sets is taken does
not affect the resulting set.

e Associative Law: (A U B) U C= A U (B U C). When finding the union of three or more
sets, the grouping or order of operations does not matter. This allows us to write expressions
like A U B U C without ambiguity.
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e Identity Law: A U @ = A. The union of any set A with the empty set (@, the set containing
no elements) is set A itself. The empty set acts as the identity element for the union
operation.

e Idempotent Law: A U A = A. The union of any set with itself results in the same set.

e Domination Law (or Law of U): A U U = U. The union of any set A with the universal set
U results in the universal set U, as U already contains all possible elements under
consideration.

e Subset Property: A S A U B and B € A U B. Any set is always a subset of its union with
another set, because the union contains all elements of the original set (and possibly more).

2.3 THE INTERSECTION OF SETS (A N B)

Definition and Explanation

The intersection of two sets, denoted by the symbol N, identifies the elements that are common
to both sets. Intuitively, the intersection of set A and set B, written as A N B, is the set containing
only those elements that are members of both set A and set B simultaneously. The key logical
connective here is "and". An element belongs to the intersection only if it is present in A and it is
also present in B. The intersection A N B represents the largest set that is a subset of both A and
B.

Formal Set-Builder Notation

Formally, the intersection of sets A and B is defined using set-builder notation as:
ANB={x|x€Aandx €B} 2

This reads: "A intersection B is the set of all elements x such that x is an element of A and x is an
element of B."

Similar to the union operation's connection to logical disjunction, intersection corresponds directly to the
logical conjunction operator (A, meaning "and"):

ANB={x|(xXEA)A(XEB)}2

This further underscores the parallel structures between set operations and logical operations.

Disjoint Sets

A special case arises when two sets have no elements in common. Such sets are called disjoint or
mutually exclusive.14 Formally, sets A and B are disjoint if their intersection is the empty set 2:
ANB=0

This means there is no element x such that x € A and x € B simultaneously.®

Examples (including disjoint sets) and Venn Diagram Illustrations
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Consider the following examples:

> Let A=1{1,2,3,4} and B= {3, 4,5, 6}. Then, A N B = {3, 4}, as 3 and 4 are the only
elements present in both sets.

» Let C = {apple, orange, banana} and D = {orange, pear, grape}. Then, C N D = {orange}.

» Let E = {2, 4, 6} (even numbers less than 8) and F = {1, 3, 5} (odd numbers less than 6).
Since E and F share no common elements, their intersection is the empty set: E N F = .
Therefore, E and F are disjoint sets.

In a Venn diagram, the intersection A N B is represented by the area where the circles for A and
B overlap.® This overlapping region contains precisely those elements that belong to both sets.

(Visual Description of Venn Diagram for A N B): Using the same setup of two overlapping
circles A and B within a rectangle U, the intersection A N B is represented by shading only the
lens-shaped region where the two circles overlap. If the sets are disjoint, the circles do not
overlap, and there is no shaded region for the intersection.?

Key Properties
Intersection also follows several algebraic laws:

e Commutative Law: A N B =B N A. The order of sets in an intersection operation does not
change the result.

e Associative Law: (A N B) N C=A N (B N C). The grouping does not matter when
intersecting three or more sets, allowing for unambiguous expressions like A N B N C.

e Identity Law: A N U = A. The intersection of any set A with the universal set U is set A
itself. The universal set acts as the identity element for intersection.

e Idempotent Law: A N A = A. The intersection of any set with itself yields the same set.

e Domination Law (or Law of Q): A N @ = . The intersection of any set A with the empty
set is always the empty set, as there can be no common elements.

e Subset Property: A N B € A and A N B € B. The intersection of two sets is always a
subset of each of the original sets, as it only contains elements present in both.

2.4 THE DIFFERENCE BETWEEN SETS (A - BOR A\ B)

Definition and Explanation

The set difference (or relative complement) between two sets A and B, denoted as A - B or
sometimes A \ B, consists of elements that belong to set A but do not belong to set B. It involves
starting with set A and removing any elements that are also found in set B.

Formal Set-Builder Notation
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The formal definition of the set difference A - B is:

A-B={x|x€Aandx € B} 14

This reads: "A minus B is the set of all elements x such that x is an element of A and x is not an
element of B."

A crucial relationship exists between set difference, intersection, and complement. The difference A - B is
equivalent to the intersection of set A with the complement of set B (B"):

A-B=ANB'12

To see why this holds, consider the definitions. A - B contains elements in A but not in B. B’
contains elements not in B (but within the universal set U). A N B' contains elements that are in
A and also in B' (i.e., not in B). These conditions are identical: being in A and not being in B.
This equivalence is significant because it demonstrates that set difference is not a fundamentally
independent operation; it can be expressed using intersection and complement. This allows for
the simplification of expressions involving differences by converting them into forms that use
only union, intersection, and complement, which are governed by a more extensive set of well-
known algebraic laws (like De Morgan's laws).

Examples and Venn Diagram Illustrations
Consider the following examples:

v LetA={1,2,3,4,5} and B= {4, 5,6, 7}.
o A-B={l,2,3} (Elements in A but not in B).
o B-A={6,7} (Elements in B but not in A).
v Let R = {red, orange, yellow, green} and G = {green, blue, indigo, violet}.
o R -G = {red, orange, yellow}.
o G - R = {blue, indigo, violet}.

The Venn diagram for A - B shows two overlapping circles, A and B, within the universal set U.
The shaded region represents A - B and consists only of the part of circle A that does not overlap
with circle B.® This visually isolates the elements unique to A relative to B.

(Visual Description of Venn Diagram for A - B): With overlapping circles A and B in rectangle
U, shade the portion of circle A that lies outside the overlapping region with B. This crescent-
shaped area represents A - B.® Similarly, B - A would be the shaded portion of circle B that does
not overlap with A.

Key Properties

Set difference has the following properties:

e Non-Commutativity: In general, A - B # B - A, as demonstrated by the examples above.
The order of the sets matters significantly.

o Difference with Self: A - A = @. Removing all elements of a set from itself leaves the
empty set.
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e Difference with Empty Set: A - @ = A. Removing the elements of the empty set (i.e.,
removing nothing) from set A leaves A unchanged.
e Difference with Universal Set:
o A -U = @. Removing all possible elements (from the universal set) from A leaves the
empty set.
o U - A = A" This operation, removing the elements of A from the universal set, is
precisely the definition of the complement of A.

2.5 THE COMPLEMENT OF A SET (A' OR A°)

Definition and Explanation (relative to Universal Set U)

The complement of a set A, denoted by A' or A® (sometimes ~A), consists of all elements within
the defined Universal Set (U) that are not elements of set A.

The concept of the complement is fundamentally tied to the universal set U. Without a clearly
defined U, the notion of "elements not in A" is ambiguous. Does it refer to numbers not in A,
letters not in A, or concepts not in A? The universal set U provides the necessary boundary,
specifying the pool of elements from which the complement is drawn. For example, if A = {2, 4,
6} and U is defined as the set of integers (Z), then A' includes all odd integers and negative even
integers. However, if U is defined as the set of natural numbers {1, 2, 3,...}, then A' = {1, 3, 5, 7,
8,9,...} (all natural numbers except 2, 4, 6). This dependence on U distinguishes the complement
from operations like union and intersection, which can be defined solely based on the sets
involved, though often visualized within a U.

Formal Set-Builder Notation

The formal definition of the complement of A, relative to the universal set U, is:
A'={x|x€Uandx &€ A} 2

This reads: "A complement is the set of all elements x such that x is an element of the universal
set U and x is not an element of A."

As noted in the section on set difference, the complement A' is equivalent to the difference between the
universal set U and set A:
A'=U-A17

Examples and Venn Diagram Illustrations

Consider the following examples:

v LetU={1,2,3,4,5,6,7,8,9} and A = {1, 3, 5,7, 9} (the odd numbers in U). Then A' =
{2, 4, 6, 8} (the even numbers in U).

v LetU=1{a,e i,0,u,y} and S= {y}. Then S'= {a, e, 1, 0, u}.

v' Let U = Z (the set of all integers) and E = {x | x is an even integer}. Then E' = {x | x is an
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odd integer}.

In a Venn diagram, the complement A' is visualized by drawing a circle for set A inside the
rectangle representing the universal set U. The shaded region representing A' is everything inside
the rectangle but outside the circle A.

(Visual Description of Venn Diagram for A'): Draw a rectangle U containing a circle A. The
complement A' is represented by shading the entire area within the rectangle U except for the
area inside circle A.%

Key Properties
The complement operation has several crucial properties:

e Double Complement (Involution Law): (A')' = A. Taking the complement of a set twice
returns the original set. The elements not in A' are precisely the elements that are in A.
e Complement Laws:
o A U A'=U. The union of a set and its complement includes all elements within the
universal set. Every element in U is either in A or not in A (in A").
o ANA"=0. A set and its complement have no elements in common; they are disjoint.
An element cannot simultaneously be in A and not in A.
e Complements of U and O:
o U' = . The complement of the universal set (elements in U that are not in U) is the
empty set.
o ' = U. The complement of the empty set (elements in U that are not in @) is the
universal set itself.
e Subset Relation and Complements: If A € B, then B' € A'. If every element of A is also
in B, then any element nof in B must necessarily also not be in A.

2.6 FUNDAMENTAL ALGEBRAIC LAWS OF SET OPERATIONS

Just as arithmetic operations on numbers obey laws like commutativity (a + b = b + a) and
associativity ((a +b) + ¢ =a + (b + c)), set operations (union, intersection, complement) follow a
consistent set of algebraic laws. These laws form the basis of the algebra of sets, providing a
formal system for manipulating and simplifying expressions involving sets. Understanding these
laws is crucial for proving statements about sets and for simplifying complex set relationships.

A notable feature of set algebra is the Principle of Duality. This principle states that for any
valid identity in set algebra, if we interchange the union (U) and intersection (N) operators, and
simultaneously interchange the universal set (U) and the empty set (0), the resulting statement is
also a valid identity. For example, the identity law A U @ = A has a dual counterpart A N U = A.
This duality arises from the underlying structure (Boolean algebra) and means that many laws
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come in pairs, reducing the number of distinct principles that need to be learned independently.
Observing these pairs (e.g., Commutative laws for U and N, Associative laws for U and N, De
Morgan's laws) reveals this fundamental symmetry.

The primary laws governing set operations are summarized below.

(1) Commutative Laws

These laws state that the order of operands does not affect the result for union and intersection.
e Union:t AUB=BUA
e Intersection: A N B=B N A (Reference: )

(2) Associative Laws

These laws state that the grouping of operands does not affect the result when performing
multiple unions or multiple intersections.

e Union: ( AUB)UC=AUBUCQC)
e Intersection: (A N B) N C=A N (B N C) (Reference: )
(3) Distributive Laws

These laws describe how intersection and union interact, similar to how multiplication distributes
over addition in arithmetic (a x (b + ¢) = a x b + a X c). However, in set algebra, both
intersection distributes over union, and union distributes over intersection.

e Intersection over Union: AN (BUC)=(ANB)UANC)
e Union over Intersection: A U (BN C)=(A UB) N (A UC) (Reference: )
(4) Identity Laws

These laws identify the identity elements for union and intersection. An identity element is one
that leaves other sets unchanged when combined using the respective operation.

e Identity for Union: A U @ = A (The empty set O is the identity for union).
e Identity for Intersection: A N U = A (The universal set U is the identity for intersection).
(Reference: )
(5) Idempotent Laws
These laws state that applying union or intersection to a set with itself results in the original set.
e Union: AUA=A
e Intersection: A N A = A (Reference: )
(6) Complement Laws

These laws involve the complement operation (A").
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e Basic Complement Laws:

o AUA'=U
o ANA'=0

e Double Complement (Involution): (A')' = A
e Laws of Empty Set and Universal Set:

o O'=U
o U=0

e De Morgan's Laws: These laws provide a crucial link between union, intersection, and
complementation. They describe how the complement operation interacts with union and

intersection.

o (A UB) =A'N B'(The complement of a union is the intersection of the complements).
o (A N B) = A" U B' (The complement of an intersection is the union of the

complements). (Reference: )

Table 1: Summary of Algebraic Laws of Set Operations

Law Name Union Operation Intersection Complement &
Operation Other
Commutative Laws AUB=BUA ANB=BNA

Associative Laws

(AUB)UC=AU

(ANB)NC=AN

(Bu Q) BNO
Distributive Laws AuBNOC=AU | ANBUCO=AN
B)N(AuUCQ) B)U(ANCQC)
Identity Laws AUO=A ANU=A

Idempotent Laws AUA=A ANA=A

Domination Laws AuU=U ANO=0

Complement Laws AUA'=U ANA'=0 (A") = A (Involution)
0'=U
Uu=0

De Morgan's Laws

(AUB)=A'NB

(ANB)=A"UB'

Absorption Laws
(Derived)

AU(ANB)=A

AN(AUB)=A
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(Note: Absorption laws are often included and can be derived from the others.)

2.7 VENN DIAGRAMS AS A VISUAL TOOL

Venn diagrams, named after the logician John Venn, are graphical representations used to depict
relationships between sets.® Typically, a rectangle is drawn to represent the universal set (U), and
circles (or sometimes other closed shapes) within the rectangle represent individual sets. The
way these circles overlap (or don't overlap) illustrates the relationships between the sets,
specifically which elements are shared and which are unique.

The primary utility of Venn diagrams in set theory is their ability to provide a clear visual
intuition for abstract set operations and relationships.® By shading specific regions of the
diagram, one can represent the outcome of operations like union, intersection, difference, and
complement, making these concepts more concrete and easier to grasp.

Visualizing Set Operations

Venn diagrams offer distinct visual representations for each fundamental set operation involving
two sets, A and B, within a universal set U:

e Union (A U B): The shaded region encompasses the entire area of both circle A and circle
B, including their overlap. This visually represents all elements belonging to A, or B, or
both.?

e Intersection (A N B): Only the overlapping region between circles A and B is shaded. This
highlights the elements common to both sets.® If A and B are disjoint, the circles do not
overlap, and no region is shaded for the intersection.

e Difference (A - B): The shaded region is the part of circle A that does not overlap with
circle B. This represents elements in A but not in B.®

e Complement (A'): The shaded region includes everything within the rectangle U but
outside of circle A. This represents all elements in the universal set that are not in A.

Clear Examples for Two and Three Sets

Venn diagrams are particularly effective for illustrating operations involving two or three sets.

Two-Set Example:
LetU={1,2,3,4,5,6,7,8, A={1,2,3,4},and B= (3,4, 5, 6}.
e The Venn diagram would show two overlapping circles.
Region only in A: {1, 2}
Overlapping region (A N B): {3, 4}
Region only in B: {5, 6}
Region outside both circles (within U): {7, 8}
A U B (all regions within circles): {1, 2, 3, 4, 5, 6} - Shaded area covers both circles
completely.
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A N B: {3, 4} - Only the overlap is shaded.

A - B: {1, 2} - Only the non-overlapping part of A is shaded.
B - A: {5, 6} - Only the non-overlapping part of B is shaded.
A': {5, 6,7, 8} - Everything outside circle A is shaded.

(A UB)" {7, 8} - Everything outside both circles is shaded.

Three-Set Example:
LetU={l,.,10},A={1,2,3,4,5},B=1{4,5,6,7},C={5,7, 8, 9}.
e The diagram uses three overlapping circles. Regions would contain:

o Aonly: {1,2,3}
B only: {6}
C only: {8, 9}
A N B only: {4}
A N Conly: {} (Empty in this specific region)
B N C only: {7}
ANBNC: {5}

o Outside all circles: {10}

e AUBUC:{l1,2,3,4,5,6,7,8,9} - All regions within the three circles shaded.
e ANBNC: {5} - Only the central region where all three overlap is shaded.
e ANMBUC):AN{4,56,7,8,9} ={4,5} - Shade region {4} and region {5}.

o O O O O O

While extremely useful for two or three sets, standard Venn diagrams using circles become
inadequate for representing all possible intersections (2" regions for n sets) when n > 3. For
instance, four overlapping circles cannot depict all 16 possible intersection regions. While
alternative diagrams using ellipses or more complex shapes exist for higher numbers of sets ,
they quickly become visually complex and difficult to interpret. This limitation underscores the
importance of algebraic methods (using the laws of set theory) for dealing with relationships
involving more than three sets. Venn diagrams serve as an excellent introductory and conceptual
tool but have practical limitations in scalability.

2.8 CARDINALITY AND THE PRINCIPLE OF INCLUSION-
EXCLUSION

Cardinality of Sets

The cardinality of a finite set A, denoted as |A| or n(A), is simply the number of distinct
elements in that set. For example, if A = {a, b, ¢, d}, then |A| = 4. While set theory also deals
extensively with the cardinality of infinite sets (distinguishing between different "sizes" of
infinity, like countable vs. uncountable infinities ), the discussion of cardinality in relation to the
Principle of Inclusion-Exclusion typically focuses on finite sets. Sets can be broadly classified
based on their cardinality:

e Finite Set: Contains a limited, countable number of elements (e.g., {1, 2, 3}). The empty set
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is also finite, with cardinality 0.
e Infinite Set: Contains an unlimited number of elements (e.g., the set of natural numbers N =

(1,2,3,..1).

Principle of Inclusion-Exclusion for Two Sets (JA U BJ)
(a) Formula, Explanation, and Derivation

When calculating the cardinality of the union of two finite sets, |A U B|, simply adding their
individual cardinalities, |A| + |BJ, often leads to an incorrect result if the sets share common
elements. This is because elements belonging to the intersection (A N B) are counted once in |A|
and again in |B|, resulting in double-counting.

The Principle of Inclusion-Exclusion (PIE) provides a method to correct for this overcounting. For two
sets A and B, the formula is:
|AUB|=|A|+B|-|]ANB|5

Explanation:

e Include the cardinalities of the individual sets: |A| + |B|. This ensures all elements in the
union are counted at least once, but elements in the intersection are counted twice.

¢ Exclude the cardinality of the intersection: - |A N B|. Subtracting the count of common
elements corrects the double-counting, ensuring each element in A U B is counted exactly
once.

Derivation:
A more formal derivation relies on partitioning the union into disjoint sets.45 We can express A U B as
the union of three mutually disjoint sets:
e Elements onlyin A: A-B
e FElementsonlyinB: B-A
e Elements in both A and B: AN B So, AUB=(A-B)U(B-A)U/(A N B). Since these are
disjoint, AUB|=|A-B|+|B-A|+|A N B|.

We also know that A = (A - B) U (A N B) (disjoint union), so |A| = |A - B| +|A N B|.
Similarly, B= (B - A) U (A N B) (disjoint union), so |B| =|B - A| + |A N B.

From these, we have |A - B|=|A|-|A N B|and |B - A|=|B|- |A N B|.

Substituting these into the equation for |A U BJ:
|AUB|=(A]-|ANB|)+(B[-|ANB|)+|ANB|
|AUB|=|A|+|B|-]ANB|-]ANB|+|ANB|

|AUB|=|A|+|B|-|A N B

(b) Examples

1. Numerical Example: Let A = {a, b, c,d} and B= {c, d, e, f, g}.
o |A]=4,|B|=5.
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o ANB={cd},so|]ANB|=2.
o UsingPIE:[AUB|=|A|+|B|-[ANB|=4+5-2=17.
o Directly: AUB={a,b,c,d,e,f, g}, and |A U B| =7. The formula holds.
2. Word Problem: In a group of 50 students, 30 study French (F), 25 study Spanish (S), and
10 study both. How many students study at least one of these languages?
o We want to find [F U S|.
o [F|=30,|S|=25, |F N S|=10.
o [FUS|=IF|+IS|-|FNS|=30+25-10=45.
o Therefore, 45 students study at least one of the languages.

Principle of Inclusion-Exclusion for Three Sets ((A U B U CJ)
Formula, Explanation, and Derivation

The principle extends to three sets, requiring adjustments for intersections involving pairs and the triple
intersection. The formula for three finite sets A, B, and C is:
JAUBUC|=|A|+B|+|C|-|]ANB|-]JANC|-BNC|+|ANBNC|

Explanation:

Include Singles: Start by adding the cardinalities of the individual sets: |A| + |B| + |C]|.

o Elements in exactly one set are counted once.

o Elements in exactly two sets (e.g., A N B but not C) are counted twice.

o Elements in all three sets (A N B N C) are counted three times.

Exclude Pairs: Subtract the cardinalities of the pairwise intersections: - |[A N B| - |A N C]| -

BN C.

o Elements in exactly one set remain counted once.

o Elements in exactly two sets (originally counted twice) have now been subtracted once,
so they are counted correctly (2-1=1).

o Elements in all three sets (originally counted three times) have now been subtracted
three times (once for each pair), so their current count is zero (3 - 3 = 0).

Include Triples: Add back the cardinality of the intersection of all three sets: + |A N B N

C|.

o This corrects the count for elements in all three sets, bringing their count from zero
back to one (0 + 1 = 1). Now, every element in the union A U B U C is counted exactly
once.

The principle can be generalized to n sets, involving alternating sums and differences of the
cardinalities of all possible intersections of k sets (k=1 to n), but the formula becomes
increasingly complex.

Examples

e Numerical Example: Suppose |A[=20, |B|=30, |C|=25, |[ANB|=10, |ANC|=8, BNC[=12,
|ANBNCJ=5.
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O

o

o

IAUBUC|=(A|+|B|+|C)-(ANB|+|ANC|+BNC)+|]ANBNC|
IAUBUC|=(20+30+25)-(10+8+12)+5
IAUBUC|=75-30+5=50.

e  Word Problem: A survey of 100 students finds: 40 take Math (M), 50 take Physics (P), 35
take Chemistry (C). Also, 15 take M and P, 10 take M and C, 12 take P and C, and 5 take all
three. How many students take at least one of these subjects?

O O O O O

Weneed MU P U C|.
MUPUC=M|+P|+|C|-MNP|-MNC|-IPNC|+MNPNC|
MUPUC|=40+50+35-15-10-12+5

MUPUC|=125-37+5=93.

Therefore, 93 students take at least one of the three subjects. (Note: 100 - 93 = 7
students take none of these subjects).

2.9 CHECK YOUR PROGRESS - A

Q1. What is intersection of sets?

Q2. Answer the following MCQs: -

1)

2)

3)

4)

Which of the following is true about the universal set U?
a) U contains only subsets of A

b) U is a subset of A

c) Every element in A is also in U

d) U = A always

What is the cardinality of the power set of A = {x, y}?
a)2

b) 4

c)6

d) 8

The union of two disjoint sets A and B will have:

a) No elements

b) All common elements

c) Elements only in A

d) No overlapping elements

Which law states AN (BUC)=(ANB)U (AN C)?
a) Commutative Law

b) Distributive Law
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c) Identity Law
d) Domination Law
5) fA={1,2},B={2,3},then ANB=
a) {1}
b) {2}
¢) {3}
d) {}
6) De Morgan’s Law states:
a)(AUB)=A"UB
b)(ANB)=A'NB
c)(ANB)=A'"UB'
d(AUuB))=ANB
7) Which of the following sets is equivalent to A = {a, b, ¢}?
a) {1,2,3,4}
b) {x,y, z}
¢) {a, b}
d) {}
8) What is the result of A — A for any set A?
a) A
b) O
c)u
d) A'
9) In Venn diagrams, the rectangle represents:
a) Set A
b) Set B
c) Empty set
d) Universal set
10) The Principle of Inclusion-Exclusion corrects for:
a) Missing elements
b) Overcounting in union
c¢) Underestimating intersections
d) Total number of sets

2.10 SUMMARY

This unit has explored the fundamental operations performed on sets: Union (U), Intersection
(N), Difference (-), and Complement ('). These operations allow for the construction and
manipulation of sets in a manner analogous to arithmetic operations on numbers. Formal
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definitions using set-builder notation clarify the precise meaning of each operation, revealing
their close ties to logical connectives like "or" (union) and "and" (intersection). The behavior of
these operations is governed by a consistent set of algebraic laws, including Commutative,
Associative, Distributive, Identity, Idempotent, and Complement laws (including De Morgan's
laws). These laws constitute the algebra of sets, providing a framework for simplifying
expressions and proving theorems. The Principle of Duality highlights an underlying symmetry
within these laws.

Venn diagrams serve as invaluable visual aids for understanding the relationships
between sets and the results of operations, particularly for two or three sets. However, their
utility diminishes for a larger number of sets, where algebraic manipulation becomes more
practical. Finally, the concept of cardinality (the size of a finite set) leads to the Principle of
Inclusion-Exclusion, a crucial counting technique. This principle provides formulas to accurately
determine the cardinality of the union of sets by systematically adding the sizes of individual
sets, subtracting the sizes of pairwise intersections, adding the sizes of triple intersections, and so
on, thereby correcting for the overcounting and undercounting inherent in simpler summation
approaches. A solid grasp of set operations, their properties, visualization through Venn
diagrams, and the Principle of Inclusion-Exclusion is essential for further study in diverse fields
including advanced mathematics, logic, probability theory, statistics, computer science, and
linguistics.

2.11 GLOSSARY

Set — A collection of well-defined distinct elements.

Universal Set (U) — A set that contains all elements relevant to a particular discussion.
Empty Set (0) — A set with no elements.

Finite Set — A set with countable elements.

Infinite Set — A set with uncountably many elements.

Singleton Set — A set with exactly one element.

Power Set — The set of all subsets of a given set.

Union (A U B) — A set containing all elements from A or B or both.

Intersection (A N B) — A set containing only elements common to both A and B.

Set Difference (A — B) — Elements in A that are not in B.

Complement (A') — All elements in the universal set not in A.

Venn Diagram — A visual representation of set relationships.

De Morgan’s Laws — Rules connecting complement with union and intersection.
Cardinality (JA|) — The number of elements in a set.

Inclusion-Exclusion Principle — A method to calculate the size of a union of
overlapping sets.
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2.12 ANSWERS TO CHECK YOUR PROGRESS

Q2. Answers of MCQs: -
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1)
2)
3)
4)
5)
6)
7)
8)
9)

Answer: c) Every element in A is also in U
Answer: b) 4

Answer: d) No overlapping elements
Answer: b) Distributive Law

Answer: b) {2}

Answer: c) (AN B)=A'UB'

Answer: b) {x,y, z}

Answer: b) O

Answer: d) Universal set

10) Answer: b) Overcounting in union
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2.15 TERMINAL QUESTIONS

S

* N

Define a universal set with an example and explain its role in set theory.

Differentiate between equal and equivalent sets using suitable examples.

State and prove De Morgan’s Laws using set notation.

What is the difference between A — B and B — A? Use a Venn diagram to illustrate.

How does the concept of a power set relate to the number of elements in a set?

Describe the Principle of Inclusion-Exclusion and apply it to a problem involving two
overlapping sets.

[lustrate the union and intersection of sets using Venn diagrams.

Discuss the relevance of the subset and proper subset relationships.

Explain how Venn diagrams can be used for three sets to find their union and
intersection.

10. Show that (A U B)' = A' N B' using both set notation and a Venn diagram.
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Application of Set Theory
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Learning Objectives

After reading this unit learners will be able to learn:

« How to solve classification and counting problems using Venn diagrams.

¢ The application of the Principle of Inclusion-Exclusion (PIE) in complex counting
scenarios.

The foundational role of set theory in probability, including events and operations.

How sets are used to define relations and functions through Cartesian products.

The relevance of set operations in logic and computer science, including relational
databases and automata theory.
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3.1 INTRODUCTION

Set theory, initiated by Georg Cantor in the late 19th century, provides a fundamental language
and framework for virtually all of modern mathematics. Its core concept, the set, is an abstract
collection of definite, distinct objects of perception or thought, known as elements or members.
While seemingly simple, this concept allows for the rigorous construction and analysis of complex
mathematical structures, from numbers and functions to infinite collections. The axiomatic
method, particularly through frameworks like Zermelo-Fraenkel set theory (ZF), establishes that
diverse branches of mathematics, including geometry, analysis, and algebra, can be developed
within this unified structure.

Having established the basic definitions, notations (such as curly braces {} for listing elements, €
for membership, and € for non-membership), and operations (union, intersection, complement,
etc.) in previous units, this unit transitions to exploring the practical utility and broad applicability
of set theory. It demonstrates how the precise language and tools of set theory are employed to
solve tangible problems, model real-world scenarios, and define essential concepts in fields
ranging from discrete mathematics and probability to computer science and logic.

This unit will delve into six key application areas:

v" Utilizing Venn diagrams for classifying and counting elements in practical word problems.

v Applying the Principle of Inclusion-Exclusion for sophisticated counting tasks involving
overlapping sets.

v Understanding the foundational role of set theory in defining the core concepts of probability
theory.

v Examining how set theory underpins the formal definitions of mathematical relations and
functions.

v" Briefly outlining the pervasive applications of set-theoretic concepts within computer science,
particularly in database theory, formal languages, and data structures.

v Exploring the profound connection between set operations and logical operations, including
the correspondence between set identities and logical equivalences.

Through these explorations, the versatility and foundational power of set theory as a unifying
language and a problem-solving toolkit across various scientific and mathematical disciplines will
become evident.

3.2 SOLVING PRACTICAL PROBLEMS WITH VENN DIAGRAMS

Venn diagrams, typically depicted as circles within a rectangle representing the universal set (U),
serve as powerful visual aids for understanding relationships between sets. They effectively
illustrate fundamental set operations such as the union (elements in either set), intersection
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(elements common to both sets), and complement (elements in the universal set but not in the
specific set). Beyond illustrating abstract concepts, Venn diagrams provide a practical method for
organizing information and solving word problems that involve classifying and counting elements

across multiple, often overlapping, categories.'> Common applications include analyzing survey
results, understanding group memberships, or evaluating preference data.

Methodology for 2-Set Problems

Solving word problems involving two sets using a Venn diagram follows a systematic approach:

Define Sets: Clearly identify the universal set (U), representing the total population or
collection being considered, and the two specific subsets (let's call them A and B) based on
the properties described in the problem.

Draw Diagram: Sketch a rectangle for U and draw two overlapping circles inside it, labeling
them A and B. The overlapping region represents the intersection A N B.

Fill Intersection: Determine the number of elements that belong to both A and B (i.e., |[A N
B|) from the problem statement. Write this number in the overlapping region of the circles.
Fill 'Only' Regions: Calculate the number of elements that belong only to A (i.e., in A but
not in B, or |A - BJ) by subtracting the intersection count from the total count for A: |A only|
=|A| - |A N B|. Write this value in the part of circle A that does not overlap with B. Similarly,
calculate and fill in the count for elements only in B: [B only| = [B| - |A N B.

Fill 'Neither' Region: Determine the number of elements that belong to neither A nor B. This
is found by subtracting the total number of elements within the circles (i.e., |A U B|, which
equals |A only| + |B only| + |A N BJ) from the total number of elements in the universal set:
[Neither| = |U| - |A U B|. Write this value inside the rectangle but outside both circles.
Answer Questions: Use the counts in the different regions of the completed diagram to
answer the specific questions posed by the word problem.

Example (2 Sets): Survey Analysis

Consider a survey of 100 coffee drinkers asking about their preferences for adding cream or sugar.

Total surveyed (U) = 100

Number who add Cream (C) = 60

Number who add Sugar (S) = 50

Number who add both Cream and Sugar (C N S) =30

Step-by-step construction:

Define Sets: U = {surveyed coffee drinkers}, C = {drinkers who add cream}, S = {drinkers
who add sugar}. |U|=100, |C|=60, |S|=50, |C N S|=30.

Draw Diagram: Draw a rectangle (U=100) with two overlapping circles (C and S).

Fill Intersection: |C N S| =30. Write '30' in the overlapping region.

Fill 'Only' Regions:
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o |Conly|=|C|-|C N S|=60-30=30. Write '30' in the non-overlapping part of C.
o |Sonly|=|S|-|CNS|=50-30=20. Write 20" in the non-overlapping part of S.
Fill 'Neither' Region:

o Total in circles = |C only| + |S only| + |C N S| =30 + 20 + 30 = 80.

o |Neither| = |U| - [Total in circles| = 100 - 80 = 20. Write '20' outside the circles.

Answering Questions:

How many add only Cream? [Ans: 30]

How many add only Sugar? [Ans: 20]

How many add Cream or Sugar (or both)? [Ans: |C U S| =30+ 20 + 30 = 80]
How many add neither Cream nor Sugar? [Ans: 20]

Methodology for 3-Set Problems

When dealing with three sets (A, B, and C), the key is to work systematically from the most specific
intersection outwards.'?
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Define Sets: Identify U, A, B, and C from the problem.

Draw Diagram: Sketch a rectangle for U and draw three mutually overlapping circles labeled
A, B, and C. This creates eight distinct regions.

Fill Innermost Intersection: Find the number of elements common to all three sets (|JA N B
N CJ|) and write it in the central region where all three circles overlap.

Fill Two-Set Intersections: For each pair of sets (A and B, A and C, B and C), find the
number of elements belonging only to that pair's intersection. This is done by taking the total
count for the pairwise intersection (e.g., |A N BJ) and subtracting the count for the three-set
intersection (JA N B N C|). Fill these values into the three regions where exactly two circles
overlap.

Fill One-Set Regions: For each set (A, B, C), find the number of elements belonging only to
that set. Subtract the counts already placed in the three intersection regions involving that set
from the total count for the set (e.g., |A only| = |A| - [A N Bonly|- /AN Conlyl-|[ANBN
C)). Fill these values into the parts of each circle that do not overlap with any other circle.
Fill 'None' Region: Sum all the counts placed within the three circles. Subtract this sum from
the total count of the universal set |U| to find the number of elements belonging to none of the
sets. Write this value outside all circles.

Answer Questions: Use the completed diagram to answer specific questions about the
number of elements in various combinations of sets.

Example (3 Sets): Student Activity Participation

A survey of 100 students regarding participation in three sports clubs (Basketball B, Football F,
Tennis T) yielded the following data:

Total students (U) = 100
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B| =28

IF| =30
IT| = 42
IBNF|=8
BN T|=10
FNT|=5
BNFNT/=3

Step-by-step construction:

Define Sets: U = {surveyed students}, B = {Basketball club members}, F = {Football club

members}, T = {Tennis club members}. [U=100, [B|=28, |F|=30, |T|=42, B N F|=8, |IB N

Tl=10, |F N T|=5, BN F N T]=3.

Draw Diagram: Draw a rectangle (U=100) with three overlapping circles (B, F, T).

Fill Innermost Intersection: |[B N F N T| = 3. Write '3' in the center.

Fill Two-Set Intersections:

o BNFonly|=BNF-BNFNT|=8-3=5. Write '5' in the B-F overlap (excluding
center).

o BNTonly|=BNT|-BNFNT|=10-3=7. Write'7" in the B-T overlap.

o [FNTonly|=FNT|-BNFNT|=5-3=2. Write '2' in the F-T overlap.

Fill One-Set Regions:

o [Bonly|=|B|-((BNFonly|+BNTonly|+ BNFNT|)=28-(5+7+3)=28-15=
13. Write '13" in the B-only region.

o [Fonly|=|F|-(BNFonly|+FNTonlyl+ BNFNT)=30-(5+2+3)=30-10=
20. Write '20' in the F-only region.

o [Tonly|=[T|-(BNTonly|+FNTonly|+ BNFNT))=42-(7+2+3)=42-12=
30. Write '30' in the T-only region.

Fill 'None' Region:

o Totalincircles=13+20+30+5+7+2+ 3 =80.

o |None| = [U] - |Total in circles| = 100 - 80 = 20. Write '20' outside the circles.

Answering Questions:

How many students are only in the Tennis club? [Ans: 30]

How many students are in Basketball and Football but not Tennis? [Ans: 5]
How many students are in none of the clubs? [Ans: 20]

How many students are in at least one club? [Ans: |[B U F U T| = 80]

Limitations of Venn Diagrams

While extremely useful for two and three sets, Venn diagrams become increasingly complex and
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visually impractical for representing relationships between four or more sets. Standard circular
diagrams cannot depict all 2" possible intersection regions for n > 3. Although alternative shapes
(like ellipses or more complex curves) can be used, they quickly become difficult to draw and
interpret accurately, diminishing their utility as a problem-solving tool.

This visual and practical limitation highlights the need for a more general, algebraic method for
counting elements in the union of multiple sets. Venn diagrams provide an invaluable conceptual
foundation, illustrating the core idea of accounting for overlaps. They intuitively demonstrate why
simply adding the sizes of individual sets leads to overcounting when intersections exist. This
understanding paves the way for the Principle of Inclusion-Exclusion, which formalizes this
counting process algebraically, making it applicable to any number of sets without relying on
visual representation.

3.3 THE PRINCIPLE OF INCLUSION-EXCLUSION (PIE)

The Principle of Inclusion-Exclusion (PIE) is a fundamental combinatorial technique used to
determine the cardinality (number of elements) of the union of multiple finite sets.*!' It provides a
systematic way to count elements by adding the sizes of individual sets, subtracting the sizes of
pairwise intersections, adding the sizes of triple-wise intersections, and continuing this alternating
pattern until the intersection of all sets is considered. This principle generalizes the intuitive
counting method employed with Venn diagrams, providing a powerful formula applicable even
when visualization becomes impractical.

PIE for Two Sets

For two finite sets, A and B, the Principle of Inclusion-Exclusion states:
|A UB|=|A|l+|B|—|A N B|

Explanation and Derivation:

The formula arises directly from correcting the overcounting that occurs when simply summing
the cardinalities of the individual sets. When we add |A| and |B|, any element belonging to both A
and B (i.e., an element in the intersection A N B) is counted twice — once as part of A and once as
part of B.31 To find the number of unique elements in the union (A U B), we must subtract the
count of these doubly-counted elements, which is precisely |A N B|.

A more formal proof involves partitioning the union A U B into disjoint sets.34 We can write:
AUB=(A-B)UB-A)U(ANB)

Since these three sets are disjoint, |A U B|=|A - B|+ B - A| + |A N Bj.

Also, A=(A-B)U(ANB)and B=(B - A) U (A N B), where the unions are disjoint.

Thus, |A|=]A-B|+|ANB|and B|=B-A|+|A N B|.

Adding these gives |A| + [B|=|A - B| +|B - A| + 2|A N B|.

Rearranging, we get |A| + [B|-|A N B|=|A - B| +|B - A| +|A N B|, which equals |A U Bj.
Example (Applying the Formula):
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Using the previous survey example: |[U[=100, |C|=60 (Cream), |S|=50 (Sugar), |C N S|=30.
How many people add Cream or Sugar?

ICUS|=I|C|+|S]-|CNS]|

IC U S|=60+50-30

|ICUS|=110-30=80.

This matches the result obtained using the Venn diagram.

Example (Finding the Intersection):

Suppose in a group of 50 patients, 45 have pneumonia (P) or bronchitis (B), 25 have pneumonia,
and 30 have bronchitis. How many have both?

We know [P U B| =45, |P| =25, |B| = 30.

Using PIE: |P U B|=|P| + |B| - |P N B]

45=25+30-|P N B|

45=55-|P N B|

[P N B|=55-45=10.

Thus, 10 patients have both conditions.

PIE for Three Sets

For three finite sets, A, B, and C, the Principle of Inclusion-Exclusion is:
JAUBUC|=|A|+|B|+|C/I-|ANB|-JANC|—-BNC|+|ANBNC]|

Explanation and Derivation:
The logic extends from the two-set case.
1) Include Individuals: Start by adding the sizes of the individual sets: |[A| + |B| + |C|.
o Elements in exactly one set are counted once.
o Elements in exactly two sets (e.g., A N B but not C) are counted twice.
o Elements in all three sets (A N B N C) are counted three times.
2) Exclude Pairwise Intersections: Subtract the sizes of the pairwise intersections: — |A N B| —
IANCI—|BNC.
o Elements in exactly one set remain counted once.
o Elements in exactly two sets (originally counted twice) have now been subtracted once,
so they are counted 2 - 1 =1 time.
o Elements in all three sets (originally counted three times) have now been subtracted three
times (once for each pair), so they are counted 3 - 3 = 0 times.
3) Include Triple Intersection: Add back the size of the intersection of all three sets: + |[A N B
N Cl.
o Elements in exactly one set remain counted once.
o Elements in exactly two sets remain counted once.
o Elements in all three sets (previously counted zero times) are now counted 0 + 1 =1 time.

Now, every element in the union A U B U C is counted exactly once.
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Example 1 (Finding the Union - Divisibility):

How many integers from 1 to 140 are divisible by 2, 5, or 7? 37

Let A={n|1<n<140,nis divisible by 2}, B = {n |... divisible by 5}, C = {n |... divisible by 7}.
|A|=[140/2] =70

|B| =140/5] =28

|C| =1140/7] =20

|A N B|=]140/lcm(2,5)] =|140/10] = 14

|A N C|=|140/lcm(2,7)] = |140/14] =10

|IB N C|=[140/cm(5,7)] = [140/35]| =4

|ANBNC|=]140/lcm(2,5,7)] = |140/70| =2

Using PIE:

JAUBUC|=|A|+B|+|C|-|ANB|-|ANC|-BNC|+|]ANBNC|
JAUBUC|=70+28+20-14-10-4+2

JAUBUC|=118-28+2=92.

So, 92 integers in the range are divisible by 2, 5, or 7.

Example 2 (Finding an Unknown Intersection - Farmers):

There are 350 farmers. 260 farm beetroot (B), 100 farm yams (Y), 70 farm radish (R). 40 farm B
and R, 40 farm Y and R, 30 farm B and Y. Assume every farmer farms at least one crop (BU Y
U R| =350). How many farm all three?

Letx=|BNYNR|

Using PIE:

BUYUR|=B|+|Y|+R|-BNY|-BNR|-[YNR|+|BNY NR|

350=260+ 100+ 70-30-40-40+x

350=430-110+x

350=320+x

x =350 - 320 = 30.

So, 30 farmers farm all three crops.

General PIE Formula and Applications

The principle extends to any finite number of sets A;, A;,..., A,
U™ Al = ZIA] - ZJA N Al + ZANANA] - .+ (1) AT nAn .. nA|

The sums are taken over all possible single sets, pairs, triples, and so on, up to the intersection of
all n sets, with alternating signs. While powerful, the number of terms (2" - 1) grows rapidly,
making it computationally intensive for large n.

PIE is widely used in combinatorics for problems involving counting objects that satisfy "at least
one" of several properties (by counting the union) or "none" of several properties (by subtracting
the union from the universal set, |U| - |A U B U...|). A classic application is counting derangements
(permutations where no element appears in its original position).

The structure of the PIE formula itself reveals a systematic, algorithmic approach to counting.
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Unlike Venn diagrams, which rely on visual partitioning and become unwieldy, PIE provides an
explicit computational procedure. It involves iterating through subsets of the given sets, calculating
intersection sizes, and combining them with alternating signs according to the subset size. This
algorithmic nature makes PIE a fundamental tool not just in theoretical counting problems but also
as a basis for algorithms in areas like computer science and data analysis where complex overlaps
need to be quantified precisely.

3.4 SET THEORY AS A FOUNDATION FOR PROBABILITY

Probability theory, the mathematical study of randomness and uncertainty, finds its rigorous
footing in the language and concepts of set theory. While intuitive notions of chance and likelihood
exist, set theory provides the formal framework necessary to define fundamental probabilistic
concepts precisely and derive their properties mathematically.

Sample Space (€2 or S) as the Universal Set

The starting point for modeling a random experiment is defining its sample space, denoted by Q
or S. The sample space is the set of all possible distinct outcomes of the experiment. In the context
of a specific probabilistic model, the sample space functions as the universal set (U) — the set
encompassing all elements (outcomes) under consideration.’

e Example (Die Roll): For the experiment of rolling a standard six-sided die, the sample space
istheset S={1,2,3,4,5, 6}.

e Example (Coin Toss): For flipping a single coin, the sample space is S = {H, T} (Heads,
Tails).

e Example (Waiting Time): For measuring the waiting time until the next event (e.g., Geiger
counter click), the sample space could be the set of all positive real numbers S = (0, o).

Events (A, B,...) as Subsets

An event is any outcome or collection of outcomes whose probability we might be interested in.
Formally, an event is defined as any subset of the sample space S. If the result of the experiment
is an outcome contained within the subset corresponding to event A, we say that event A has
occurred.

e Example (Die Roll): Using S = {1, 2, 3,4, 5, 6}:
o The event A = "rolling an even number" corresponds to the subset A = {2, 4, 6} € S.
o The event B = "rolling a number greater than 4" corresponds to the subset B = {5, 6} €
S.
o The event C = "rolling a 3" corresponds to the singleton set C = {3} € S.
e Special Events:
o The entire sample space S is itself an event, representing a certain outcome (something
must happen).
o The empty set @ is also an event, representing an impossible outcome.
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Set Operations Defining Compound Events

Complex events can be described by combining simpler events using standard set operations,
which correspond directly to logical combinations:

Union (A U B) - "A OR B'": Represents the event that at least one of events A or B occurs.

It is the set containing all outcomes present in A, or in B, or in both.

o Example (Die Roll): The event "rolling an even number OR a number greater than 4" is
AUB={2,4,6} U {5 6}=1{2,4,5,6}.

Intersection (A N B) - "A AND B'": Represents the event that both A and B occur

simultaneously. It is the set containing only the outcomes common to both A and B.

o Example (Die Roll): The event "rolling an even number AND a number greater than 4"
iISANB=1{2,4,6} N {5,6}=1{6}.

Complement (A' or A<sup>c</sup>) - "NOT A": Represents the event that A does not

occur. It is the set of all outcomes in the sample space S that are not in A (i.e., S - A).

o Example (Die Roll): The event "NOT rolling an even number" (i.e., rolling an odd
number)is A'=S-A={1,2,3,4,5,6} - {2,4,6} ={1, 3,5}.

Mutually Exclusive Events: Two events A and B are mutually exclusive (or disjoint) if they

cannot occur at the same time. This corresponds to their intersection being the empty set: A

NB=0.

o Example (Die Roll): The event "rolling an even number" (A = {2, 4, 6}) and the event
"rolling an odd number" (A' = {1, 3, 5}) are mutually exclusive because A N A' = @.

Probability Axioms and Calculations

The probability of an event A, denoted P(A), is a value assigned to the set A that satisfies certain
axioms, which are themselves based on set properties:

robd-~

0<P(A) <1 for any event A C S.

P(S) =1 (The probability of some outcome occurring is 1).

P(@) = 0 (The probability of an impossible outcome is 0).

If A and B are mutually exclusive events (A N B = @), then P(A U B) = P(A) + P(B).

From these axioms and set operations, key probability rules are derived:

Complement Rule: P(A") =1 - P(A).*° This follows from S=A U A'and A N A'=Q, so P(S)
=P(AUA")=P(A) + P(A"), leading to 1 = P(A) + P(A").

Addition Rule (General Form - PIE for Probability): P(A U B) = P(A) + P(B) - P(A N
B).* This is the direct application of the Principle of Inclusion-Exclusion to probabilities,
accounting for the potential overlap (intersection) between events A and B.

Example (Probability Calculation - Fair Die):
Assume a fair six-sided die, where each outcome has probability 1/6. Let A = {2, 4, 6} (even) and

B:

{5, 6} (greater than 4).
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IS|=6,|A|=3,|B|=2,|JANB|=|{6}|=1,|AUB|=[{2,4,5, 6}| =4.

P(A)=1A|/|S|=3/6=1/2

P(B)=|B|/|S|=2/6=1/3

P(ANB)=|ANBJ|/IS|=1/6

P(AUB)=|AUB|/IS|=4/6=2/3

Verify using the Addition Rule: P(A U B) =P(A) + P(B) - P(A N B) =(1/2) + (1/3) - (1/6) = 3/6 +
2/6 - 1/6 = 4/6 = 2/3.

P(A")=P({l1,3,5})=3/6=1/2.

Verify using the Complement Rule: P(A")=1-P(A)=1-1/2=1/2.

The rigor provided by set theory is indispensable for probability. By defining the sample space as
the universal set, events as subsets, and logical combinations of events (like "A or B", "A and B",
"not A") as set operations (union, intersection, complement), set theory provides the unambiguous
language needed to state axioms, prove theorems (like the Addition Rule), and perform complex
probability calculations. It transforms the potentially vague language of chance into a precise,
structured mathematical framework.

3.5 SET THEORY IN DEFINING RELATIONS AND FUNCTIONS

Beyond basic counting and probability, set theory provides the foundational language for defining
more complex mathematical structures, notably relations and functions. These concepts, which
describe connections and mappings between elements, are given precise meaning through the set-
theoretic constructs of ordered pairs, Cartesian products, and subsets.

Cartesian Product (A x B)

The basis for defining relations and functions between two sets, A and B, is their Cartesian
product, denoted A x B.

e Definition: A x B is the set consisting of all possible ordered pairs (a, b), where the first
element 'a' is chosen from set A (a € A) and the second element 'b' is chosen from set B (b €
B).8
o Formally: AxB={(a,b)|]a€ Aandb € B}

e Ordered Pair: The crucial aspect is that the pairs are ordered. This means the position of the
element matters; if a # b, then the pair (a, b) is distinct from the pair (b, a). Set theory provides
a formal definition for an ordered pair using only sets: (a, b) is defined as the set {{a}, {a,
b}}. This encoding ensures that both the elements and their order are captured.

e Cardinality: If A and B are finite sets with cardinalities |A| = m and |B| = n respectively, then
the cardinality of their Cartesian product is |A x B| = m X n. This is often referred to as the
multiplication principle.

e Example: Let A= {1,2} and B = {H, T}. Then the Cartesian product is A x B = {(1, H), (1,
T), (2, H), (2, T)}. Here, |A|=2, |B|=2, and |A x B|=2x2=4.

The Cartesian product A x B essentially creates the universe of all possible pairings between

52



elements of A and elements of B, maintaining the order specified.

Relation (R)

A relation formalizes the intuitive idea of a relationship or association between elements of sets.

Definition: A relation R from a set A to a set B is defined as any subset of the Cartesian
product A x B.#

o Formally: R € A x B.

Interpretation: If an ordered pair (a, b) is an element of the relation R (i.e., (a, b) € R), it
signifies that element 'a' is related to element 'b' according to the rule defined by R. We often
write aRb to denote (a, b) € R.

Relation on a Set: A relation on a single set A is a subset of A x A.

Example 1 (Equality): The relation "equals" on the set A = {1,2,3} is R= {(1, 1), (2, 2), (3,
3)} SAXA.

Example 2 (Less Than): The relation "less than" (<) on the set N = {1, 2, 3} is R = {(1, 2),
(1,3),(2,3)} SN xN.

Example 3 (Divisibility): The relation "a divides b" on N is R = {(a, b) € N x N | b = ka for
some integer k} = {(1,1), (1,2), (1,3)...., (2,2), (2,4), (2,6),..., (3,3), (3,6),...}.>*

Properties: Relations can possess various properties based on the pairs they contain. Key
properties include:

o Reflexive: (a, a) € R forall a € A.

o Symmetric: If (a, b) € R, then (b, a) € R.

o Transitive: If (a, b) € R and (b, ¢) € R, then (a, ¢) € R.

o An Equivalence Relation is one that is reflexive, symmetric, and transitive.

Function (f)

A function is a specific, well-behaved type of relation that establishes a mapping from one set to
another.

Definition: A function f from a set A (the domain) to a set B (the codomain), denoted f: A

— B, is a relation from A to B (i.e., f & A % B) such that every element in the domain A is

associated with exactly one element in the codomain B.

Key Properties:

1. Totality: For every element a € A, there exists some element b € B such that (a, b) € f.
(Every element in the domain must be mapped).

2. Uniqueness (Well-defined): If (a, b:) € f and (a, b2) € f, then b: must equal b.. (Each
element in the domain maps to only one element in the codomain).

Notation: We usually write f(a) = b to indicate that (a, b) € f.

Example 1: Let A= {1,2, 3}, B= {x,y, z}. The relation f= {(1, x), (2, y), (3, X)} is a function

from A to B. Every element of A appears as the first element in exactly one pair.

Example 2: Let A = {1, 2,3}, B={X, y, z}. The relation g = {(1, x), (2, y)} is not a function
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from A to B because the element 3 € A is not mapped to any element in B (violates totality).

e Example 3: Let A= {1, 2, 3}, B={x, y, z}. The relation h = {(1, x), (1, y), (2, 2), (3, )} is
not a function from A to B because the element 1 € A is mapped to two different elements (x
and y) in B (violates uniqueness).

The progression from Cartesian products to relations and then to functions illustrates how set
theory provides increasing levels of structure and constraint. The Cartesian product defines the
space of all possible pairings. A relation selects a subset of these pairings to represent a specific
relationship. A function imposes stricter conditions on this subset to ensure a well-defined
mapping where each input corresponds to a single, unique output. This precise, set-theoretic
definition of functions is crucial for all areas of mathematics that rely on mappings, including
calculus, algebra, and analysis.

3.6 APPLICATIONS OF SET THEORY IN COMPUTER SCIENCE

Set theory provides foundational concepts and formalisms that are indispensable across numerous
areas of computer science. It offers a precise language for modeling data, defining computational
processes, and analyzing algorithms and systems. Key applications include database theory, formal
language theory, and the design and analysis of algorithms and data structures.

Database Theory (Relational Algebra)

The relational model, which forms the basis of most modern database systems, is deeply rooted in
set theory.

o Relations as Sets: In the relational model, a database is viewed as a collection of relations.
Each relation is formally defined as a set of tuples (rows), where each tuple is an ordered list
of attribute values (columns). The use of sets inherently enforces the uniqueness of tuples
within a relation — no duplicate rows are allowed.

e Relational Algebra Operations: Relational algebra provides a formal procedural query
language for manipulating these relations. Several core operations in relational algebra are
direct adaptations of set theory operations, applied to sets of tuples:

o UNION (V): Combines tuples from two relations. Requires the relations to be union-
compatible (same attributes/columns). Corresponds to set union.

o INTERSECTION (N): Yields tuples present in both relations. Also requires union
compatibility. Corresponds to set intersection.

o DIFFERENCE (- or \): Returns tuples present in the first relation but not the second.
Requires union compatibility. Corresponds to set difference.

o CARTESIAN PRODUCT (%): Creates a new relation containing all possible
combinations of tuples from two relations. Corresponds to the set Cartesian product,
adapted for tuples.

e Other Operations: Operations like SELECT (o), which filters tuples based on a condition
(selecting a subset), and PROJECT (=), which selects specific attributes (columns), also rely
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on set-theoretic concepts.

Relational algebra provides the theoretical foundation for database query languages like SQL.

Formal Language Theory and Automata

Formal language theory, crucial for understanding programming languages, compilers, and
computation itself, is built entirely upon set theory.

Alphabets and Strings: An alphabet (X) is defined as a finite set of symbols. A string (or
word) is a finite sequence of symbols drawn from the alphabet.

Languages as Sets: A formal language (L) over an alphabet X is defined as a subset of X*,
where X* represents the set of all possible strings (including the empty string) that can be
formed from X. Thus, a language is simply a specific collection (set) of valid strings.
Grammars: Formal grammars (like regular grammars or context-free grammars), which
define the rules for constructing strings in a language, are specified using sets: a set of non-
terminal symbols, a set of terminal symbols (the alphabet), a set of production rules, and a
start symbol.

Automata Theory: Automata are abstract mathematical models of computation used to
recognize formal languages. The definition of an automaton relies fundamentally on sets:

o A finite set of states (Q).

A finite set of input symbols (the alphabet X).

A transition function (mapping state-symbol pairs to states or sets of states).

A start state (qo € Q).

A set of accepting (or final) states (F S Q). The language accepted by an automaton is
precisely the set of input strings that cause the automaton to transition from the start state
to one of the accepting states.

O O O O

Algorithm Design and Data Structures

Set theory concepts are integral to the design and analysis of algorithms and data structures.

Sets as Abstract Data Types (ADTs): The concept of a set is formalized as an Abstract Data
Type (ADT) in computer science. The Set ADT represents a collection of unique elements
and defines a standard interface of operations, such as add (insert), remove (delete), contains
(find/membership test), union, intersection, and difference. This abstraction allows algorithm
designers to work with the logical properties of sets without being tied to a specific
implementation.

Importance: Sets are crucial when dealing with problems that require managing unique
items, checking for membership efficiently, or performing logical combinations and
comparisons between collections.

Data Structure Implementations: Various data structures are used to implement the Set
ADT, each offering different performance trade-offs:

o Hash Sets: Implemented using hash tables, they provide excellent average-case

55



performance, often O(1), for add, remove, and contains operations. They do not typically
maintain element order.

o Tree Sets (Sorted Sets): Implemented using balanced binary search trees (like red-black
trees), they guarantee O(log n) performance for basic operations and maintain the
elements in sorted order.

o Arrays or Lists can also be used, but often result in less efficient membership testing or
insertion/deletion operations.

e Collections Frameworks: Programming language libraries, like the Java Collections

Framework, provide concrete implementations of set interfaces (Set, HashSet, TreeSet) based

on these data structures, making it easy for developers to utilize set concepts.

In essence, set theory provides a unifying mathematical language that underpins diverse areas of
computer science. It allows for the formal definition and rigorous analysis of data models
(databases), computational rules (formal languages), abstract machines (automata), and data
organization methods (data structures). The operations defined in set theory (union, intersection,
complement, etc.) find direct parallels in the operations performed in these computational domains,
highlighting the fundamental nature of set-theoretic concepts in computation.

3.7 CONNECTION BETWEEN SET OPERATIONS AND LOGIC

There exists a profound and direct correspondence between the operations and laws of set theory
and those of propositional logic. This connection stems from the fact that both systems are
instances of a more general mathematical structure known as a Boolean Algebra. Understanding
this relationship allows insights and rules from one domain to be translated and applied to the
other.

Direct Analogies Between Operations and Operators
The fundamental operations in set theory have direct counterparts in logical operators:

e Set Union (A U B) and Logical OR (p V q): The union A U B contains elements that are in
A OR in B (or both). This parallels the logical disjunction p V q, which is true if p is true OR
q is true (or both). We can express this as: x € (A UB) © (x € A) V (x € B).

e Set Intersection (A N B) and Logical AND (p A q): The intersection A N B contains
elements that are in A AND in B. This corresponds to the logical conjunction p A q, which is
true only if p is true AND q is true. Symbolically: x € (A N B) & (x € A) A (x € B).

e Set Complement (A') and Logical NOT (—p): The complement A' (relative to a universal
set U) contains elements in U that are NOT in A. This mirrors the logical negation —p, which
is true if p is NOT true. Symbolically: x € A' © —(x € A) (assuming x € U).

e Universal Set (U) and Logical True (T): The universal set contains all elements under
consideration. It corresponds to the logical constant True (T).

e Empty Set (@) and Logical False (F): The empty set contains no elements. It corresponds to
the logical constant False (F).
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e Subset (A € B) and Logical Implication (p — q): The statement that A is a subset of B
means "if x is in A, then x is in B". This structure mirrors logical implication p — q ("if p,

then q").

This correspondence allows for a clear translation between statements about sets and statements in
propositional logic.

Table 1: Set Theory / Logic Correspondence

Set Theory | Symbol Meaning / Logic Symbol Meaning /
Concept Example Concept Example
Universal Set U Set of all Truth T Always true
elements
Empty Set 1) Set with no Falsity F Always false
elements
Set A A collection of Proposition p A statement that
elements is true or false
Element X An object Truth Value True or False
Membership € X € A (x1is an Is True p is True
element of A)
Subset c ACB({Ifxe€A, | Implication — p—qfpis
then x € B) true, then q is
true)
Union U A U B (Element Disjunction \% pVq(pistrue
in A OR B) (OR) OR q is true)
Intersection N A N B (Element | Conjunction A pAq(pistrue
in A AND B) (AND) AND q is true)
Complement A’ A' (Element NOT Negation - —p (pis NOT
in A, but in U) (NOT) true)

Set Identities and Logical Equivalences

The structural similarity means that the fundamental laws governing set operations are analogous
to the laws of logical equivalence. Proving a set identity can often be achieved by demonstrating

the corresponding logical equivalence using truth tables or logical derivations.

e Commutative Laws:

o AUB=BUA&®pVvqg=qVp
o ANB=BNA&®pAq=qAD
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e Associative Laws:
o (AUB)UC=AUBUC) e (pVvVqQVr=pVv(qVr)
o (ANB)NC=ANBNO S PAqQAT=pA(qQAT)
e Distributive Laws:
o ANBUO)=(ANB)UANC)epA@VI)=PAqQ V(AT
o AUBNC)=(AUB)N(AUC)©pV(QAD)=(pPVqQYA(PVY)
o Identity Laws:
o AUP=AepVF=p
o ANU=AepAT=p
e Complement Laws:
o AUA'=UspV—p=T
o ANA'=peopA—p=F
e De Morgan's Laws:
o (AUB)=A'NB'—~(pVqQ="pA—q
o (ANB)=A'"UB'—~(pAqQ=DpV—q

Derivation of Set De Morgan's Laws from Logic:
We can formally derive the set theory versions of De Morgan's laws from their logical counterparts.
Let's demonstrate for (A U B)'=A'N B"
An element x belongs to (A U B)' if and only if x belongs to the universal set U and x does not
belong to A U B.
XE(AUB)exeUA—(x€AUB)
By definition of union:
ox€eUA(xeEAVXEB)
Applying De Morgan's law for logic ~(p V q) = —p A —q:
SxEUA((KXEA)A—(x €EB))
Using the definition of complement (x E A' © x € U A ~(x € A)):
SxXeUAKXEA)AXEUA—(xEB))
S xXEAYA(XEB)
By definition of intersection:
©x€(A'NB)
Since x € (A U B)'if and only if x € (A' N B'), the sets are equal: (A U B)' = A' N B'. A similar
derivation proves (A N B)' =A' U B".
Table 2: Key Set Identities and Logical Equivalences

Law Name Set Identity 1 Logical Set Identity 2 Logical
Equivalence 1 Equivalence 2

Commutative AUB=BUA pvVq=qVp ANB=BNA PAQ=EqAD
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Associative (AUB)UC=A | (pvqVr=pVv |(ANB)NC=A | (pAQAT=pA
U@BuUCO) (qVvr) NBNC) (QAT)
Distributive | ANBUC)=(A| pA(QVD=(p |[AUBNC)=A| pV((QAD=(p
NB)YU(ANCQC) AQV(pAT) UB)N(AUC) VqQA(PVr)
Identity AUDP=A pVE=p ANU=A pAT=p
Complement AUA'=U pvV p=T ANA'=0 pAPp=F
De Morgan's (AUB)=A'N | “(pvg=—pA | (ANB)=A'U | “(pAQ=—DpV
B' —-q B' —-q
Idempotent AUA=A pPVp=p ANA=A PADP=D
Double (A=A “(—p)=p
Negation

The Principle of Duality

Observing the pairs of laws in set algebra (e.g., the two commutative laws, the two associative
laws, the two De Morgan's laws) reveals a fundamental Principle of Duality. This principle states
that if a theorem or identity holds true in set algebra, its 'dual’ statement, obtained by interchanging
the union (V) and intersection (M) operators, and simultaneously interchanging the universal set
(U) and the empty set (@), will also hold true.

For example, the identity law A U @ = A has a dual A N U = A. The De Morgan's law (A U B)' =
A' N B' has a dual (A N B)' = A' U B'. This duality arises from the inherent symmetry within the
structure of Boolean algebra, which underlies both set theory and propositional logic. Recognizing
this principle can simplify understanding and proving set identities, as proving one law often
implicitly establishes the validity of its dual.

3.8 CHECK YOUR PROGRESS - A

Ql.

Q2. Answer the following MCQs: -

1) What does the Principle of Inclusion-Exclusion correct for?
a) Underestimation
b) Duplicate sets
c¢) Overcounting
d) Sampling errors
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2)

3)

4)

5)

6)

7)

8)

9)

In set theory, a sample space in probability is analogous to:

a) Intersection

b) Power set

¢) Universal set

d) Singleton set

Which of the following is not a requirement for a relation to be a function?
a) Totality

b) Uniqueness

c¢) Reflexivity

d) Defined for all domain elements

What is the result of A N A'?

a)U

b) A

c)P

d) A

Which relational algebra operation corresponds to set difference?
a) INTERSECTION

b) UNION

c) CARTESIAN PRODUCT

d) DIFFERENCE

What is the meaning of A € B in logical terms?

a) A is unrelated to B

b) A implies B

c) A or B is true

d) A contradicts B

Which of the following events is always mutually exclusive with its complement?
a) Union

b) Subset

c) Event A

d) A

What does a Cartesian product of two finite sets A and B generate?
a) Set of common elements

b) Ordered pairs (a, b)

c) Set of subsets

d) Set difference

In database theory, a 'relation' is defined as:

a) A subset of a function

b) A table with rows and columns

c) A collection of graphs

d) A subset of tuples with repetition

10) Which logical operator corresponds to set union?

a) AND
b) NOT
¢) XOR
d) OR
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3.9 SUMMARY

This unit has demonstrated the remarkable versatility and foundational significance of set theory
beyond its initial definitions and basic operations. We have explored how the simple concept of a
collection of distinct objects provides essential tools and a precise language for diverse
applications across mathematics and computer science. Venn diagrams were shown to be effective
visual tools for solving practical counting problems involving two or three overlapping categories,
bridging intuitive understanding with formal set operations. However, their limitations paved the
way for the Principle of Inclusion-Exclusion, a powerful algebraic technique for accurately
counting elements in the union of any number of finite sets.

The fundamental role of set theory in probability was highlighted, where the sample space
is modeled as the universal set, events as subsets, and combinations of events using set operations
(union, intersection, complement). This set-theoretic framework allows for the rigorous definition
of probability and the derivation of key probabilistic rules. Furthermore, we examined how set
theory provides the bedrock for defining core mathematical structures like relations and functions.
The Cartesian product creates the space of all ordered pairs, relations are defined as subsets of this
product, and functions are special types of relations with specific uniqueness constraints.

Within computer science, set theory's influence is pervasive. It forms the basis of the
relational database model and its associated algebra. It provides the definitions for alphabets,
strings, and languages in formal language theory, and defines the components of automata.
Moreover, the Set Abstract Data Type is a crucial tool in algorithm design and data structuring,
with practical implementations like hash sets and tree sets widely used in programming. Finally,
the deep connection between set operations and logical operations was established, showing how
laws like De Morgan's in set theory directly correspond to logical equivalences, both stemming
from the underlying structure of Boolean algebra. The principle of duality further illuminates the
inherent symmetries within set algebra. Thus, set theory is far more than an abstract mathematical
curiosity. It serves as a fundamental, unifying language and a source of powerful analytical tools,
enabling precise modeling, problem-solving, and theoretical development in numerous
quantitative disciplines. Its concepts are woven into the fabric of counting, probability, the
definition of functions, database management, computation theory, and logic.

3.10 GLOSSARY

> Venn Diagram — A visual representation of sets and their relationships using overlapping
circles.

Principle of Inclusion-Exclusion (PIE) — A combinatorial method to count elements in
unions of overlapping sets.

Universal Set (U) — The complete set under consideration in a context.

Sample Space (S) — The set of all possible outcomes in a probability experiment.

Event — A subset of the sample space representing a specific outcome or group of
outcomes.
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Mutually Exclusive Events — Events with no overlapping outcomes; their intersection is
the empty set.

Cartesian Product (A x B) — The set of all ordered pairs formed from elements of sets A
and B.

Relation (R) — A subset of a Cartesian product representing associations between elements.
Function (f) — A relation in which each input is associated with exactly one output.
Database Relation — A table in a relational database viewed as a set of tuples.

Formal Language — A set of strings over a finite alphabet defined using grammar rules.
Automaton — A computational model defined by a set of states, transitions, and inputs.
Set Operations — Union, intersection, difference, and complement used in various
applications.

Boolean Algebra — A mathematical structure capturing the logic of set and propositional
operations.

Duality Principle — The concept that every set identity has a dual obtained by
interchanging union and intersection.

3.11 GLOSSARY

Q2. Answers of MCQs: -

1)
2)
3)
4)
S)
6)
7)
8)
9

Answer: ¢) Overcounting

Answer: c) Universal set

Answer: c¢) Reflexivity

Answer: c¢) @

Answer: d) DIFFERENCE

Answer: b) A implies B

Answer: d) A'

Answer: b) Ordered pairs (a, b)

Answer: b) A table with rows and columns

10) Answer: d) OR
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3.14 TERMINAL QUESTIONS

1.

NownkwWw

Explain how Venn diagrams help in solving classification problems involving two or three
sets.

Derive the Principle of Inclusion-Exclusion formula for two and three sets with an
example.

How are sample space and events defined in set-theoretic terms in probability?

Ilustrate the use of set operations in defining compound events in probability.

What is a Cartesian product? How is it used to define a relation?

Differentiate between a relation and a function using suitable examples.

Describe the use of set theory in relational databases.
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8. How is a formal language defined using set-theoretic concepts?
9. Explain the role of set theory in automata and state machine design.
10. State the correspondence between set operations and logical operations with examples.
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Unit IV
Introduction to Coordinate Geometry, Straight Lines, and Circles
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4.1 Introduction to Coordinate Geometry (Analytic Geometry)
4.2 The Distance Formula

4.3 The Section Formula

4.4 Slope (Gradient) of a Straight Line

4.5 Equations of a Straight Line

4.6 The Circle: Geometric Definition
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4.8. Examples: Finding the Equation of a Circle
4.9 Check Your Progress — A

4.10 Summary

4.11 Glossary

4.12 Answers to Check Your Progress

4.13 References

4.14 Suggested Readings

4.15 Terminal Questions

Learning Objectives

After reading this unit learners will be able to learn:

«+ The structure and application of the Cartesian coordinate system in two dimensions.
% To derive and apply the distance, section, and midpoint formulas.

« The concept of slope and how it determines line properties such as parallelism and
perpendicularity.

Different forms of the equation of a straight line and how to convert between them.
The geometric definition and equations of a circle in standard and general forms.
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4.1 INTRODUCTION TO COORDINATE GEOMETRY (ANALYTIC
GEOMETRY)

Coordinate geometry, also known as analytic geometry, represents a pivotal development in
mathematics, establishing a profound connection between the seemingly disparate fields of
algebra and geometry. Its fundamental purpose is to represent geometric shapes and figures using
the language of algebra — specifically, through coordinates and equations. This algebraic
representation allows for the analysis and solution of geometric problems using algebraic
techniques, while conversely providing geometric interpretations and insights into algebraic
relationships.

The power of coordinate geometry lies in this systematic translation between geometric intuition
and algebraic formalism. It enables the description of points, lines, and curves not just visually,
but through precise numerical coordinates and algebraic equations. This bridge was instrumental
in the development of calculus and subsequent advances in mathematical modeling, providing a
framework to describe motion, change, and the physical world with unprecedented accuracy. The
concepts developed within coordinate geometry are foundational not only for advanced
mathematics but also for numerous applications in physics, engineering, computer graphics, and
data analysis.

The Cartesian Coordinate System (2D)

The cornerstone of two-dimensional coordinate geometry is the Cartesian coordinate system,
named after the French philosopher and mathematician René Descartes. This system provides a
method for uniquely identifying the position of any point in a plane.

It is constructed using two perpendicular number lines, known as axes, which intersect at a
single point.

e Axes:

o The x-axis is the horizontal number line. Positive values extend to the right of the
intersection point, and negative values extend to the left.

o The y-axis is the vertical number line, perpendicular to the x-axis. Positive values
extend upwards from the intersection point, and negative values extend downwards.
Collectively, these are referred to as the coordinate axes.

e Origin: The point where the x-axis and y-axis intersect is termed the origin. It serves as the
reference point for the system and has the coordinates (0, 0).

e Quadrants: The coordinate axes divide the plane into four distinct regions called
quadrants. These are conventionally numbered I, II, III, and IV using Roman numerals,
starting from the upper right region and proceeding counter-clockwise. The signs of the
coordinates within each quadrant are fixed:

o Quadrant: x>0,y >0 (+, +)

o QuadrantII: x <0,y >0 (-, +)
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o Quadrant III: x <0,y <0 (-, -)

o Quadrant IV: x >0, y <0 (+, -) Points lying directly on an axis are not considered to be
in any quadrant. Points on the x-axis have a y-coordinate of 0, and points on the y-axis
have an x-coordinate of 0.

e Representation of a Point (Ordered Pair): The location of any point P in the Cartesian
plane is uniquely specified by an ordered pair of numbers (X, y).

o The first number, x, is the abscissa or x-coordinate. It represents the point's horizontal
displacement from the y-axis, measured along the x-axis.

o The second number, y, is the ordinate or y-coordinate. It represents the point's vertical
displacement from the x-axis, measured parallel to the y-axis. The order is crucial; the
point (3, 2) is distinct from the point (2, 3). To plot a point (X, y), one starts at the
origin, moves X units horizontally (right if x is positive, left if negative), and then y
units vertically (up if y is positive, down if negative).

This system imposes a numerical grid onto the plane, allowing every point to be addressed with a
unique pair of numbers and enabling the algebraic description of geometric figures.

4.2 THE DISTANCE FORMULA

A fundamental requirement in coordinate geometry is the ability to calculate the distance
between two points given their coordinates. This is achieved using the distance formula, which is
a direct application of the Pythagorean theorem within the Cartesian coordinate system.

4.2.1 Derivation using Pythagoras' Theorem

Consider two distinct points in the Cartesian plane, P with coordinates (xi, yi1) and Q with
coordinates (X2, y2). To find the distance 'd' between P and Q, we can construct a right-angled
triangle using these points. Imagine drawing a horizontal line through P and a vertical line
through Q. These lines intersect at a point T, which will have coordinates (X2, y1). The points P,
Q, and T form the vertices of a right-angled triangle PQT, with the right angle at T.

The length of the horizontal side PT is the absolute difference between the x-coordinates of P
and T (or P and Q), which is |xz - xi|. The length of the vertical side QT is the absolute difference
between the y-coordinates of Q and T (or P and Q), which is |yz - yi|. The distance PQ is the
length of the hypotenuse of this triangle.

Applying the Pythagorean theorem (a* + b* = ¢?) to triangle PQT, where 'c' is the hypotenuse PQ,
'a' is the side PT, and 'b' is the side QT, we get:

(PQ)* = (PT)* + (QT)?

d* = (jx2 - xa[)* + (|y2 - y[?

Since the square of an absolute value is the same as the square of the value itself, we can write:
d?=Xz2-x1)*+(y2-y1)?
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4.2.2 Formula and Explanation

Taking the square root of both sides yields the distance formula:

d =[xz - x0)* + (y2 - y1)’]

This formula calculates the straight-line distance between any two points (x1, y1) and (X2, y2) in
the Cartesian plane. Key points regarding the formula include:

e Distance is always non-negative (d > 0). The formula ensures this because the squares of the
differences are always non-negative, and the square root symbol denotes the principal (non-
negative) root.

e The order of the points does not affect the result. Since the differences in coordinates are
squared, (X2 - x1)* = (X1 - X2)? and (y2 - y1)*> = (y1 - y2)%. Thus, it doesn't matter which point is
designated as (xi1, y1) and which is (x2, y2).

The distance formula represents an algebraic quantification of the geometric concept of length,
directly derived from the Pythagorean theorem applied within the coordinate framework.

4.2.3 Illustrative Examples

Example 1: Find the distance between P(0, -1) and Q(4, 1).
Let (x1, y1) = (0, -1) and (x2, y2) = (4, 1).
Using the formula:
d=N[(4- 07+ (1 - (-1))]
d =N[4y +(1+1y]
d=[16+ (2)]
d=1[16 + 4]
d =20 = (4 * 5) =25 units.12
Example 2: Find the distance between A(1, 2) and B(4, 6).
Let (x1, y1) = (1, 2) and (x2, y2) = (4, 6).
Using the formula:
d=7[4- 12+ (6-2)]
d=[3)+ (4)]

d=[9 + 16]

d =125

d =5 units. 1
Example 3: Show that the points P(1, 7), Q(4, 2), R(-1, —1), and S(— 4, 4) are the vertices of a
square.

To show this, we need to demonstrate that all four sides have equal length and the two diagonals
have equal length.

Side PQ = [(4 - 1) + (2 - 7)7] = V[3 + (-5/] = (9 +25) = V34

Side QR = V[(-1 - 4 + (-1 - 27 = V[(-57 + (-37] = V(25 + 9) = 34

Side RS = V[(4 - (-1))2+ (4 - (-1))2] = V[(-3)2 + 5] = V(9 + 25) = V34

Side SP=[(1 - (-4))? + (7 - 47] = N[5> + 32] = V(25 + 9) = \34
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Diagonal PR = V[(-1 - 1)2 + (-1 - 7)2] = V[(-2)? + (-8)*] = V(4 + 64) = 68

Diagonal QS = V[(-4 - 42 + (4 - 2)2] = V[(-8)% + 22] = V(64 + 4) = 68
Since all four sides are equal (V34) and both diagonals are equal (V68), the points form the
vertices of a square.

4.3 THE SECTION FORMULA

The section formula provides the coordinates of a point that divides a line segment joining two
given points in a specific ratio. This division can be internal (the point lies between the two given
points) or external (the point lies on the extension of the line segment). The derivation relies on
the properties of similar triangles constructed within the coordinate system.

4.3.1 Internal Division

Problem: Given two points A(x1, y1) and B(xz, y2), find the coordinates of a point P(x, y) that
lies on the line segment AB such that the ratio AP : PB=m: n.

Derivation:
Construct lines parallel to the axes through A, P, and B. Draw perpendiculars from A, P, and B
to the x-axis, meeting at Q, R, and S respectively. Draw lines AT and PU parallel to the x-axis,
intersecting PR and BS (or their extensions) at T and U.
Triangles ATP and PUB are similar (by Angle-Angle similarity, as AT || PU and APB is a
straight line, and TP || UB).
Alternatively, draw perpendiculars PA', MN', QR' from P, M, Q to the x-axis and lines PS, MB
parallel to the x-axis. Then APMS ~ AMQB by AA similarity.
Due to similarity, the ratio of corresponding sides is equal to the ratio in which P divides AB:
AP/PB=AT/PU=TP/UB=m/n
or
PM/MQ=PS/MB=MS/QB=m/n
Let's use the 21 notation:
PS=AN'=ON'-0OA'=x-x1
MB=NR'=OR'-ON'=x>-x
MS=MN'-SN'=y -y
QB=R'Q-RB=y:-y
From the ratios:
m/n=PS/MB=(x-x1)/(X2-X)
m(Xz - X) = n(x - X1)
mxz - MX = NX - NX1
mxz + nX: = mx + nx
x(m + n) = mxz + nx
X = (mxz2 +nxi) / (m+n) 19
Similarly,
m/n=MS/QB=(y-y1)/(y2-Y)
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m(yz -y) =n(y - y1)
my: - my = ny - nyi
myz + ny: = my + ny
y(m +n) =my:2 + ny:
y = (my: + ny1)/(m + n)
Formula: The coordinates of the point P(x, y) dividing the line segment joining A(xi, y1) and
B(x2, y2) internally in the ratio m:n are:
P(x, y) = [(mx2 + nx:1)/(m+n), (my2 + ny:1)/(m+n)]
Example: Find the coordinates of the point P which divides the line segment joining A(4, 6) and
B(-5, -4) internally in the ratio 3:2.
Here, (x1, y1) = (4, 6), (X2, y2) =(-5,-4), m=3,n=2.
x=[3(-5)+2(4)]/(3+2)=(-15+8)/5=-7/5
y=[3(-4)+2(06)]/3+2)=(-12+12)/5=0/5=0
So, the coordinates of P are (-7/5, 0).

4.3.2 External Division

Problem: Given two points A(x1, y1) and B(xz, y2), find the coordinates of a point P(x, y) that
lies on the extension of the line segment AB such that the ratio AP : BP =m : n.

Derivation:
The derivation is similar to the internal division case, using similar triangles formed by
constructing parallels to the axes. However, the point P lies outside the segment AB. The
resulting similar triangles 19 lead to slightly different expressions for the lengths of the segments
parallel to the axes.
For instance, using the construction from 19 adapted for external division, AM = x - x1 and BN =
X - X2. The ratio of corresponding sides from similar triangles gives:

AP/BP=AM/BN=CM/DN=m/n

m/n=AM/BN=(x-x1)/(X - X2)

m(X - X2) = n(x - X1)

mx - mx: = nx - nxa

MX - NX = MX2 - NX1

Xx(m - n) = mxz - nX1

X = (mxz - nx1) / (m - n)
Similarly for the y-coordinate:

m/n=CM/DN=(y-y1)/(y-y2)

m(y - y2) =n(y - y1)

my - myz =1ny - ny:

my - ny = my2 - ny:

y(m - n) = my2 - ny:

y = (my2 - ny1)/(m - n)
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Formula: The coordinates of the point P(x, y) dividing the line segment joining A(xi, y1) and
B(x2, y2) externally in the ratio m:n are:
P(x, y) = [(mx2 - nx1)/(m-n), (my:2 - ny:1)/(m-n)]
Example: Find the coordinates of the point Y which divides the line segment ZX joining Z(4, 5)
and X(7, — 1) externally in the ratio 4:3.
Here, (x1, y1) = (4, 5), (x2, y2) =(7,-1),m =4, n=3.
x=[4(7)-3(4)]/(4-3)=(28-12)/1=16
y=[4(-1)-3(5)]/(4-3)=(-4-15)/1=-19
So, the coordinates of Y are (16, -19).

4.3.3 Mid-point Formula

Explanation: The midpoint M of a line segment AB is the point that divides the segment
internally in the ratio 1:1 (i.e., m=1and n=1).

Derivation:
We can obtain the midpoint formula by substituting m = 1 and n = 1 into the internal section
formula:

x=(Ixx+1x1)/ (1 +1)=(x1+x2)/2

y=y2+1y)/ (I +1)=(y1+y2)/2
Formula: The coordinates of the midpoint M(x, y) of the line segment joining A(x1, y1) and B(xa,
y2) are:

M(x, y) = [(x1 + X2)/2, (y1 + y2)/2]
The midpoint coordinates are simply the average of the corresponding coordinates of the
endpoints.10
Example: Find the midpoint of the line segment joining A(1, 2) and B(7, 2).
Here, (x1, y1) = (1, 2), (x2, y2) = (7, 2).

x=(1+7)/2=8/2=4

y=02+2)/2=4/2=2
So, the midpoint is (4, 2).
The section formula provides an algebraic method to determine the coordinates of a point based
on its relative position along a line segment, translating the geometric concept of ratio division
into precise algebraic coordinates. The midpoint formula emerges as a straightforward and
important special case.

4.4 SLOPE (GRADIENT) OF A STRAIGHT LINE

The slope, or gradient, of a straight line is a fundamental concept in coordinate geometry that
quantifies the line's steepness and direction. It describes how much the y-coordinate changes for
a unit change in the x-coordinate.

4.4.1 Definition as Measure of Steepness (tan 0)
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Geometrically, the slope of a line is related to the angle it makes with the positive direction of the
x-axis. This angle, measured counter-clockwise from the positive x-axis to the line, is called the
angle of inclination, often denoted by 6.

The slope (m) is defined as the tangent of the angle of inclination:
m=tan 0 17
The value of tan 0 directly reflects the steepness:

e If 0 is acute (0° <6 < 90°), tan 0 is positive, indicating the line rises from left to right. A
larger positive slope means a steeper rise.

e If 0 is obtuse (90° <6 < 180°), tan 0 is negative, indicating the line falls from left to right. A
more negative slope (larger absolute value) means a steeper fall.

e [If0=0°, the line is horizontal, and tan 0° = 0, so the slope is 0.

e If 0 =90° the line is vertical. Since tan 90° is undefined, a vertical line has an undefined
slope.

4.4.2 Formula using Two Points

The slope can also be calculated algebraically if the coordinates of any two distinct points on the
line, say Pi(x1, y1) and P2(x2, y2), are known.

Consider the right-angled triangle formed by the points Pi, P2, and the point (x2, y1). The vertical
change (rise) between P1 and P2 is Ay = y2 - yi1, and the horizontal change (run) is Ax = X2 - Xu.

The slope 'm' is the ratio of the rise to the run:

m = Rise/Run=Ay/Ax=(y2-y1)/ (X2 - X1)
This formula is consistent with the m = tan 6 definition, as tan 0 in the constructed right triangle
is the ratio of the opposite side (Ay) to the adjacent side (Ax).

Example 1: Find the slope of the line passing through (3, 4) and (8, 14).28
m=(14-4)/(8-3)=10/5=2.

Example 2: Find the slope of the line passing through (0, 4) and (5, 0).28
m=(0-4)/(5-0)=-4/5.

4.4.3 Slopes of Horizontal and Vertical Lines

e Horizontal Line: As established from the tan 0 definition, a horizontal line has 6 = 0°.
Using the two-point formula, any two points on a horizontal line will have the same y-
coordinate (y1 =Yy2), so y2 - y1 = 0. Therefore, m = 0/ (x2 - x1) = 0 (assuming Xi # X2).

e Vertical Line: A vertical line has 6 = 90°. Using the two-point formula, any two points on a
vertical line will have the same x-coordinate (x1 = x2), so X2 - X1 = 0. Division by zero is
undefined. Thus, the slope of a vertical line is undefined.
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4.4.4 Slopes of Parallel Lines

Two distinct non-vertical lines are parallel if and only if they have the same slope.
Condition: For two parallel lines with slopes m: and mz, m: = m..

Justification: Parallel lines make the same angle of inclination with the positive x-axis (8: = 02).
Since the slope is defined as m = tan 6, if 6: = 02, then tan 6: = tan 0., which implies m: = ma.
Conversely, if mi = mz, then tan 0: = tan 0., which (for non-vertical lines where 0° < 6 < 180°)
implies 01 = 02, meaning the lines are parallel.

Example: The lines y = 5x + 10 and y = 5x + 3 are parallel because both have a slope m = 5. The
line passing through (2, 4) and (4, 8) has slope m: = (8-4)/(4-2) = 2. The line passing through (3,
20) and (9, 32) has slope mz = (32-20)/(9-3) = 2. Since m: = m2, these lines are parallel.

4.4.5 Slopes of Perpendicular Lines

Two non-vertical lines are perpendicular if and only if the product of their slopes is -1.

Condition: For two perpendicular lines with slopes m: and mz, m: * mz = -1. This also means
that the slope of one line is the negative reciprocal of the slope of the other (m: = -1/mz2).

Justification: Let the angles of inclination be 6: and 0.. If the lines are perpendicular, the angle
between them is 90°. We can assume, without loss of generality, that 62 = 0: + 90° (or 6: = 02 +
90°).
Then m2 = tan 62 = tan(0: + 90°).
Using the trigonometric identity tan(A + 90°) = -cot A = -1/tan A, we get:

mz=-cot0:=-1/tan 61 =-1/m.
Therefore, m: * m2 = -1.17 The converse can also be shown. This condition encapsulates the
geometric property of perpendicularity (a 90° intersection) into a simple algebraic relationship
between the slopes.
Example: The lines y = 7x + 2 (m: = 7) and y = -(1/7)x + 14 (m2 = -1/7) are perpendicular
because m: * mz =7 * (-1/7) = -1. The line through (4, 6) and (8, 12) has slope mi = (12-6)/(8-4)
= 6/4 = 3/2. The line through (12, 4) and (6, 8) has slope mz = (8-4)/(6-12) = 4/-6 = -2/3. Since
m: * mz = (3/2) * (-2/3) = -1, these lines are perpendicular.

4.5 EQUATIONS OF A STRAIGHT LINE

A straight line in the Cartesian plane can be represented algebraically by a linear equation
relating the x and y coordinates of all points lying on the line. Various forms of this equation
exist, each emphasizing different geometric properties of the line, such as its slope, intercepts, or
relation to a specific point. Understanding these forms and how to convert between them is
essential.

4.5.1 Slope-Intercept Form (y = mx + ¢)
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Formula: y=mx +c¢

Explanation: This is arguably the most commonly used form. It explicitly states the slope
of the line as 'm' and the y-intercept as 'c' (sometimes written as 'b'). The y-intercept is the
y-coordinate of the point where the line crosses the y-axis, i.e., the point (0, c).

Example: The equation y = 2x + 4 represents a line with a slope of 2 and a y-intercept of 4
(crossing the y-axis at (0, 4)).

4.5.2 Point-Slope Form (y - y1 = m(X - x1))

Formula: y - yi = m(x - x1)

Explanation: This form is useful when the slope 'm' and the coordinates of one point (x,
y1) on the line are known. It directly incorporates these known values. Any point (X, y) on
the line, other than (xi, y:), must satisfy the slope definition m = (y - y1) / (x - x1),
rearranging which gives the point-slope form.

Example: Find the equation of the line with slope 1/3 passing through (2, -1).?” Using the
formula: y - (-1) = (1/3)(x - 2) Simplifying: y + 1 = (1/3)(x - 2).%’

4.5.3 Two-Point Form

Formula: y - yi = [(y2-y1) / (X2 - x1)] (X - X1)

Explanation: This form is used when the coordinates of two distinct points (xi, y1) and (x2,
y2) on the line are known. It essentially calculates the slope m = (y2 - y1) / (X2 - X1) using the
two points and then substitutes this slope into the point-slope form using one of the points
(here, (x1, y1)).

Example: Find the equation of the line passing through (1, 3) and (-2, 4). First, find the
slope: m=(4-3)/(-2-1)=1/-3=-1/3. Using the two-point form (with (1, 3) as (x1, y1)):
y-3=(-1/3)(x-1).

4.5.4 Intercept Form (x/a +y/b=1)

Formula: x/a+y/b=1

Explanation: This form directly reveals the x-intercept 'a' (the point (a, 0)) and the y-
intercept 'b' (the point (0, b)), provided neither intercept is zero. It is particularly useful
when these intercepts are known or need to be found quickly. This form is not applicable for
lines passing through the origin or lines parallel to the axes.

Example: Find the equation of the line with x-intercept 6 and y-intercept 5. Here, a = 6 and
b = 5. Using the intercept form: x/6 +y/5 = 1.

4.5.5 Normal Form (x cos a +y sin a = p)

Formula: x cosa+ysina=p

Explanation: This form describes the line in terms of its relationship to the origin. 'p'
represents the length of the perpendicular (normal) segment drawn from the origin to the
line (p must be non-negative). 'a' (alpha) is the angle this normal segment makes with the
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positive direction of the x-axis.

e Example: Find the equation of a line if the perpendicular distance from the origin is p = 5
and the normal makes an angle a = 60° with the positive x-axis. cos 60° = 1/2, sin 60° =
3/2. Substituting into the normal form: x(1/2) + y(¥3/2) = 5 Simplifying: x + Y3y = 10.

4.5.6 General Form (Ax + By + C =0 or Ax + By = C)

e Formula: Ax+By+C=00orAx+By=C

e Explanation: This form represents any straight line, where A, B, and C are constants, and
A and B are not both zero. It is versatile as it can represent vertical lines (where B=0, e.g., x
= -C/A) and horizontal lines (where A=0, e.g., y = -C/B). Often, A, B, and C are preferred
to be integers, and A is non-negative.

e Example: The equation 3x - 4y - 12 =0 (or 3x - 4y = 12) is in general form.

4.5.7 Conversion Between Forms

The ability to convert between these forms is crucial for utilizing the most convenient
representation for a given problem.

e General to Slope-Intercept: Given Ax + By + C =0, if B # 0, solve for y:
By=-Ax-C
y = (-A/B)x + (-C/B)
Thus, m =-A/B and ¢ = -C/B.
Example: Convert 2x - 3y = 6 to slope-intercept form.38

3y=-2x+6
y = (-2/-3)x + (6/-3)
y=(2/3)x - 2.

e Slope-Intercept to General: Given y = mx + ¢, rearrange:
mx -y + ¢ =0 or mx - y =-c. Often multiplied to clear fractions and make the coefficient of
X positive.
Example: Convert y = (4/7)x - 9 to standard form (Ax + By = C).
Multiply by 7: 7y =4x - 63
Rearrange: -4x + 7y = -63
Multiply by -1: 4x - 7y = 63.
e Point-Slope to Slope-Intercept: Given y - y1 = m(X - X1), distribute m and isolate y:
Yy =mx - mx: + yi
Here, ¢ = y1 - mxu.
Example: Convert y + 1 = (1/3)(x - 2) to slope-intercept form.
y+1=(1/3)x-2/3
y=(1/3)x-2/3-1
y = (1/3)x - 5/3.
e Point-Slope to General: Given y - y1 = m(x - x1), expand and rearrange terms.
Example: Convert y + 1 = (1/3)(x - 2) to standard form (Ax + By = C).
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Multiply by 3: 3(y +1)=x-2
dJy+3=x-2

Rearrange: -x + 3y =-5
Multiply by -1: x - 3y = 5.

e General to Intercept: Given Ax + By + C = 0 (where A, B, C # 0), move C to the right and

divide by -C:

Ax+By=-C

Ax/(-C) + By/(-C) =1

x/(-C/A) +y/(-C/B) =1

So,a=-C/A and b =-C/B.

Example: Convert 3x - 4y = 12 to intercept form.
Divide by 12: (3x/12) - (4y/12) = 12/12

x/4 +y/(-3)=1.

4.5.8 Summary Table of Line Equations

The various forms provide different perspectives on the same geometric object. Choosing the
appropriate form depends on the information given and the properties to be highlighted.

Form Name Formula Key Information Typical Use Case
Provided
Slope-Intercept y=mx-+c Slope (m), y-intercept | Given slope and y-
() intercept
Point-Slope y-yir=m(X - Xi) Slope (m), a point Given slope and one
(X1, y1) point
Two-Point y - y1 = [(y2-y1)/(Xz- Two points (X1, y1), Given two points
x1)](X - X1) (X2, y2)
Intercept x/a+y/b=1 x-intercept (a), y- Given x and y
intercept (b) intercepts
Normal X Ccosot+ysina=p Normal length (p), Given perpendicular
Normal angle (o) distance from origin
General (Std.) Ax+By+C=0or | Coefficients A, B, C General
Ax+By=C representation,
includes all lines

4.6 THE CIRCLE: GEOMETRIC DEFINITION

Transitioning from straight lines, we consider another fundamental geometric shape: the circle.
Its definition is based on the concept of a locus of points satisfying a specific distance condition.

4.6.1 Definition as a Locus of Points
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A circle is formally defined as the locus (set) of all points in a plane that are equidistant from a
single fixed point within that plane. This means if we trace all the points that maintain a constant
distance from this fixed point, the resulting shape is a circle.

4.6.2 Center and Radius
The two key components arising from this definition are:

e Center: The fixed point from which all points on the circle are equidistant is called the
center of the circle. It is typically denoted by C(h, k) in coordinate geometry.

e Radius: The constant, fixed distance from the center to any point on the circle is called the
radius, usually denoted by 'r'. All radii of the same circle are equal in length.

Other related terms include the diameter (a chord passing through the center, equal to twice the
radius), chord (a line segment joining any two points on the circle), and circumference (the
distance around the circle). This geometric definition, based purely on the property of
equidistance, serves as the direct foundation for deriving the algebraic equations that represent a
circle in the coordinate plane.

4.7 EQUATION OF A CIRCLE

The geometric definition of a circle can be translated into an algebraic equation using the tools of
coordinate geometry, specifically the distance formula.

4.7.1 Standard Form: (x - h)* + (y - k)> =r?

Derivation:
Let the center of the circle be C(h, k) and let P(x, y) be any arbitrary point on the circumference
of the circle. By the definition of a circle, the distance between the center C and any point P on
the circle must be equal to the radius, r.
Using the distance formula, d = \[(xz - x1)? + (yz - y1)*], to find the distance CP:
Distance CP = V[(x - h? + (y - k)?]
Since this distance must equal the radius r, we have:
r=[(x - h)? + (y - k)?]
Squaring both sides of this equation to eliminate the square root gives the standard form of the
equation of a circle:
(x-hy+(y-kp=r
Explanation:
This equation holds true for every point (X, y) on the circle.
e (h, k) represents the coordinates of the center of the circle.
e r represents the radius of the circle. This form is highly intuitive as it directly incorporates
the circle's defining geometric properties: its center and radius.

Special Case: Center at Origin (0, 0):
If the center of the circle is at the origin, then h = 0 and k = 0. Substituting these into the standard
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equation gives:
(x-0y+(y-07=r
x2 + yz =2
This is the equation of a circle centered at the origin with radius r.

4.7.2 General Form: x> +y*>+2gx + 2fy + ¢ =0

Derivation:

The general form can be derived by expanding the standard form equation (x - h)* + (y - k)>*=1*:
x? - 2hx + h* + y? - 2ky + k> =2

Rearranging the terms to group x?, y?, X, y, and constant terms:
x2+y?-2hx - 2ky + (h2 +k?-12)=0

To obtain the conventional general form, substitutions are made:
letg=-h,f=-k,andc=h>+k>- 1%

Substituting these gives:
xX2+y*+2gx+2fy+c=0

This is the general second-degree equation in x and y representing a circle, characterized by

equal coefficients for x? and y? (usually 1 after normalization) and the absence of an xy term.

Finding Center and Radius from General Form:

While the general form is less geometrically intuitive than the standard form, the center and

radius can be extracted by relating the coefficients g, f, and ¢ back to h, k, and r.

e Center: From the substitutions g = -h and f = -k, we get h = -g and k = -f. Therefore, the
Center = (-g, -f). The center's coordinates are the negative halves of the coefficients of the x
and y terms, respectively.

e Radius: From the substitution ¢ = h*> + k*> - 2, we can solve for r: 1> = h? + k® - ¢
Substituting h = -g and k = -f: 1> = (-g)* + (-f)* - ¢ = g + 2> - ¢ Therefore, the Radius r =
V(g2 + f2 - ¢).

Conditions for a Real Circle:
The nature of the circle depends on the value of g + f> - ¢:
o [fg?+ f2-c >0, the radius is real and positive, representing a standard circle.
o [fg?+f>-c =0, the radius is zero. The equation represents a single point, the center (-g, -f),
sometimes called a point circle.
o If g?+ f2- ¢ <0, the radius is imaginary. The equation does not represent a real geometric
circle in the plane.

Converting the general form back to the standard form is achieved by completing the square for
the x and y terms, which essentially reverses the algebraic expansion used in the derivation and
makes the geometric parameters (center and radius) explicit again.

4.7.3 Summary Table of Circle Equations
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Form Name Equation Center Coordinates Radius Formula

Standard Form (x-h?+(y-kpP=r? (h, k) r
General Form X2 +y*+2gx + 2fy + (-g, - V(g2 + 2 - ¢)
c=0

4.8. EXAMPLES: FINDING THE EQUATION OF A CIRCLE

Applying the derived formulas allows for determining the equation of a circle given different sets
of information.

4.8.1 Given Center and Radius

This is the most straightforward case, directly utilizing the standard form (x - h)* + (y - k)* =%

Example: Find the equation of the circle with center (3, 5) and radius 4 units.
Given: (h, k) =(3,5)and r=4.
Substitute into the standard form:
(x-3P+(y-Sp=4
(x-3y+(y-50=16
This can also be expanded into the general form:
(x2-6x+9)+ (y*- 10y +25)=16
x>+ y*-6x-10y+34-16=0
x> +y*-6x-10y+18=0
4.8.2 Given General Form

When the general form x? + y? + 2gx + 2fy + ¢ = 0 is given, the primary task is often to find the
center and radius. This involves identifying g, f, and ¢ and applying the formulas derived earlier,
or converting to standard form by completing the square.

Example: Find the center and radius of the circle given by x> + y? - 4x - 6y - 87 = 0.
Method 1: Using Formulas
Compare with x>+ y>+ 2gx + 2fy + ¢ =0:
20=-4=>g=-2
2f=-6=>1=-3
c=-87
Center = (-g, -) = ((2), (3)) = (2, 3)
Radius = V(g2 + 2 - ¢) = V((-2)2 + (-3)* - (-87)) = V(4 + 9 + 87) =100 = 10

Method 2: Completing the Square

(x* - 4x) + (y* - 6y) = 87
(X2-4x+4)+(y?-6y+9)=87+4+9
(x-2)*+(y-3)*=100
(x-2)*+(y-3)*=10%53
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Comparing with (x - h)*> + (y - k)> =12, we get center (h, k) = (2, 3) and radius r = 10.

4.8.3 Given Endpoints of a Diameter

If the endpoints of a diameter are given, say A(xi, y1) and B(xz, y2), we can find the equation by
first determining the center and radius.

Steps:

1.

Find the Center (h, k): The center of the circle is the midpoint of its diameter. Use the
midpoint formula: (h, k) = [(x1 + x2)/2, (y1 + y2)/2]

Find the Radius (r): The radius is the distance from the center to either endpoint of the
diameter. Use the distance formula between the center (h, k) and one endpoint (e.g., (X1,
yi1)): 1= \/[(xl - h)? + (y1 - k)?] Alternatively, calculate the length of the diameter using the
distance formula between A and B, and the radius is half of this length.

Write the Equation: Substitute the found center (h, k) and radius r into the standard form:
(x-hy+(y-kp=r

Example: Find the standard equation of the circle with endpoints of a diameter at (-3, 8) and (7,

6).

1.
2.

3.

Find Center: h=(-3+7)/2=4/2=2k=(8+6)/2=14/2 =17 Center (h, k) = (2, 7).
Find Radius: Using the distance formula between the center (2, 7) and endpoint (-3, 8): r =
V[(-3 - 22+ (8 - 7] r=[(-3)* + (1)?] r =N(25 + 1) = 26.

Write Equation: (x - 2)2 + (y - 7)2 = (V26)? (x - 2)* + (y - 7)* = 26.

These examples illustrate how the fundamental definitions and formulas of coordinate geometry
—distance, midpoint, and the definition of a circle—interconnect to allow the determination of a
circle's equation from various initial conditions.

4.9 CHECK YOUR PROGRESS - A

Q1. What do you understand by the distance formula?

Q2. Answer the following MCQs: -

1) The coordinates of the origin are:
a) (0, 1)
b) (1, 0)
¢) (0, 0)
d)(,1)
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2)

3)

4)

S)

6)

7)

8)

9

Which quadrant does the point (-4, 3) lie in?

a)l

b) II

c) III

d)1v

The formula to calculate distance between two points (X1, y1) and (X2, y2) is:
a) [x2—xi| + |y2 -y

b) V[(x2 — x1 + (y2 = y1)’]

¢) (X2 — x1)(y2 — y1)

d) None of these

The slope of a line perpendicular to a line with slope 3 is:
a)3

b) -3

c)—1/3

d)-1/3

Which of the following is the slope-intercept form of a line?
a)y—yir=m(X —Xi)

b) Ax+By+C=0

c)y=mx+c¢

d)x/a+y/b=1

The midpoint of a line joining (2, 4) and (6, 8) is:

a) (4, 6)

b) (2, 8)

) (3,5

d) (6,4)

The general form of the equation of a circle is:

a) X2 +y*=r2

b) x>+ y?+2gx+2fy+¢c=0

¢)(x—hy+(y-ky=r

d) None of the above

If the slope of one line is 2, then the slope of a line perpendicular to it is:
a)—1/2

b) 2

c) 12

d)2

The x-intercept of the line 2x + 3y = 6 is:

a)0

b) 3

c)-3

d) 6

10) A circle with center (0, 0) and radius 5 has the equation:

a)x2+y>=25
b) (x -0y +(y-0=>5
C)xX*+y*=35
d) (x=5P+(y—-5)2=25
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4.10 SUMMARY

This unit has introduced the foundational principles of coordinate geometry, demonstrating its
power in unifying algebraic and geometric concepts. The establishment of the Cartesian
coordinate system provides a framework for representing points numerically using ordered pairs
(x, y) and dividing the plane into four quadrants based on the signs of these coordinates. Building
upon this system, key formulas were derived using fundamental geometric principles. The
distance formula, derived from the Pythagorean theorem, allows for the algebraic calculation of
the length between any two points. The section formula, derived using similar triangles, provides
the coordinates of a point dividing a line segment in a given ratio, with the midpoint formula as a
significant special case.

The concept of slope was introduced as an algebraic measure of a line's steepness and
direction, defined both through the angle of inclination (m = tan 0) and using the coordinates of
two points (m = Ay/Ax). Crucially, the conditions for parallel lines (m: = m2) and perpendicular
lines (m: * m2 = -1) translate essential geometric relationships into simple algebraic rules.
Various forms of the equation of a straight line (Slope-Intercept, Point-Slope, Two-Point,
Intercept, Normal, General) were presented. Each form highlights different geometric properties,
and the ability to convert between them provides flexibility in problem-solving.

Finally, the circle was defined geometrically as the locus of points equidistant from a
fixed center. This definition, combined with the distance formula, directly leads to the standard
equation of a circle, (x - h)> + (y - k)*> = r>. Expanding this yields the general form, x> + y? + 2gx
+ 2fy + ¢ = 0, from which the center (-g, -f) and radius \/(g2 + {2 - ¢) can be extracted. Examples
demonstrated how to find the equation of a circle given its center and radius, its general equation,
or the endpoints of its diameter, showcasing the practical application of the concepts covered.
The tools and methods of coordinate geometry presented here form a vital foundation for further
studies in mathematics, including calculus and linear algebra, and have wide-ranging
applications in science, engineering, and technology.

4.11 GLOSSARY

+ Cartesian Plane — A two-dimensional plane defined by perpendicular x- and y-axes.

¢ Origin — The point of intersection of the axes, denoted as (0, 0).

*» Quadrants — The four regions into which the Cartesian plane is divided.

% Distance Formula — A formula to compute the distance between two points: V[(x2 - x1)?

+(y2-y1)’].

¢ Section Formula — A formula to find the coordinates of a point dividing a line in a given
ratio.

+ Midpoint Formula — A special case of the section formula for ratio 1:1: [(x1 + x2)/2, (y1
+y2)/2].

« Slope (m) — The measure of a line's inclination: (y2 - y1)/(x2 - X1).
«» Parallel Lines — Lines with equal slopes.
¢ Perpendicular Lines — Lines whose slopes’ product is —1.
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Slope-Intercept Form — Equation of a line: y = mx + c.

Point-Slope Form — Equation using slope and a point: y - y1 = m(X - x1).
Intercept Form — Line equation using x- and y-intercepts: x/a + y/b = 1.
Standard Equation of a Circle — (x - h)> + (y - k> =12

General Equation of a Circle — x> + y> + 2gx + 2fy + ¢ = 0.

Radius — The fixed distance from the center to any point on the circle.

4.12 ANSWERS TO CHECK YOUR PROGRESS

Check Your Progress — A
Q2. Answers of MCQs: -

1)
2)
3)

Answer: ¢) (0, 0)

Answer: b) II

Answer: b) V[(xz — x1)? + (y2 — y1)?]
Answer: d) —1/3

Answer: ¢) y =mx + ¢

Answer: a) (4, 6)

Answer: b) x> +y*+2gx +2fy +¢c =0
Answer: a) —1/2

Answer: b) 3

10) Answer: a) x> + y> =25
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4.15 TERMINAL QUESTIONS

Nownbk L=

Define the Cartesian coordinate system. What are its key components?

Derive the distance formula using the Pythagorean theorem.

State and prove the section formula for internal division.

Explain the significance of the slope of a line. How is it interpreted geometrically?
How can we determine if two lines are parallel or perpendicular using their slopes?
Derive the standard form of the equation of a circle.

How do you find the equation of a circle given its general form?
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10.

What are the conditions under which a circle equation represents a real, point, or
imaginary circle?

Explain the differences among slope-intercept, point-slope, and general forms of line
equations.

How can the midpoint formula be derived from the section formula?
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Learning Objectives

After reading this unit learners will be able to learn:

The formal definition of a function using set theory and Cartesian products.

How to distinguish between domain, codomain, and range of a function.

To identify and classify functions as injective, surjective, bijective, or many-to-one.

To perform arithmetic and composite operations on functions and determine their
domains.

To find inverse functions and understand their graphical and algebraic properties.
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5.1 INTRODUCTION
The concept of a function stands as a cornerstone in modern mathematics and its applications,
particularly within computer science. Intuitively understood as a rule or relationship that

associates elements from one set with elements of another, functions provide a fundamental
mechanism for modeling dependencies between quantities. Their significance extends across
various mathematical disciplines and forms the bedrock for topics such as algorithms, data
structures, formal language theory, and database theory within computer science.

While an intuitive grasp of functions is often sufficient for introductory applications , a rigorous
understanding necessitates a formal definition grounded in set theory. This formal approach,
moving beyond naive conceptions, is essential for avoiding the ambiguities and paradoxes that
can arise from less precise definitions. The development of axiomatic set theory provides the
robust framework within which functions, and indeed much of modern mathematics, can be
consistently defined and studied.

This unit delves into the formal definition of functions, exploring their core components, various
representations, and classifications based on their mapping properties. It will introduce common
types of algebraic and transcendental functions, examine operations that combine functions, and
conclude with the concept of inverse functions. Throughout this exploration, the emphasis will
be on precise definitions, standard mathematical notation, and illustrative examples to solidify
understanding.

The precision afforded by the formal definition, particularly the conditions of totality and
uniqueness, distinguishes functions from more general relations. This predictability makes
functions indispensable tools for modeling deterministic processes and algorithms. An
understanding of their properties, classifications, and operations is therefore fundamental for
further study in mathematics, computer science, and related quantitative fields.

5.2 FORMAL DEFINITION OF A FUNCTION
The formal definition of a function is rooted in the concepts of set theory, specifically Cartesian
products and relations.

5.2.1 Function as a Special Relation (Set Theory Basis)

To formally define a function, we first need the concept of a Cartesian product. Given two sets,
A and B, their Cartesian product, denoted as A x B, is the set consisting of all possible ordered
pairs (a, b) where the first element 'a' is from set A (a € A) and the second element 'b' is from set
B (b € B).1 Formally:

AxB={(ab)|aeAandb € B}.1

Next, a relation R from set A to set B is defined as any subset of the Cartesian product A x B.
We write R € A x B. If an ordered pair (a, b) is an element of the relation R, denoted (a, b) € R,
we say that 'a' is related to 'b' by R.
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A function f from set A to set B is then defined as a special type of relation that adheres to two
specific, stringent conditions: totality and uniqueness. As a relation, a function f'is fundamentally
a set of ordered pairs {(a,b) |a € A, b € B}.

5.2.2 Domain, Codomain, and Mapping Rule
In the context of a function f from set A to set B:

e The set A is called the Domain of the function. It comprises all the permissible input values
for the function.

e The set B is called the Codomain of the function. It is the set that contains all potential
output values. It is crucial to recognize that the codomain is an integral part of the function's
definition, specifying the target set for the outputs.

e The function itself acts as a rule or assignment that maps each element from the domain A
to a specific element within the codomain B.

5.2.3 Conditions for a Function: Totality and Uniqueness (Well-definedness)

For a relation R © A x B to qualify as a function f: A — B, it must satisfy the following two
conditions, which together ensure the function is well-defined :

e Totality: Every element in the domain A must be related to at least one element in the
codomain B. Formally, for every a € A, there must exist some b € B such that (a, b) € f'(or
equivalently, f{a) = b). This ensures the function yields an output for every possible input
within its specified domain.

o Counter-example: Consider the assignment g: R — R defined by g(x) = 1/(x—1). This
assignment fails the totality property because g(1) is undefined within the codomain R;
there is no element in R assigned to the input 1. Therefore, g as defined is not a function
from R to R. It would be a function if the domain were restricted to R \ {1}.

e Uniqueness (Well-defined): Every element in the domain A must be related to exactly one
element in the codomain B. Formally, for every a € A, if (a, bi) € fand (a, b2) € f; then it
must be that b1 = b.. This condition guarantees that each input maps to a single,
unambiguous output.

o Counter-example: Consider a relation from A = {1, 2, 3} to B = {1, s, t, u} represented
by the pairs {(1, s), (2, t), (3, 1), (3, u)}. This relation is not a function because the input
element 3 is mapped to two different output elements, r and u, violating the uniqueness
condition.

These strict requirements of totality and uniqueness elevate functions beyond general relations.
While a relation simply indicates connections between elements of two sets, a function provides
a predictable, deterministic mapping where every input has a defined and unique output. This
predictability is fundamental to their role in mathematical modeling and computation. Failure to
meet either condition results in a mapping that is merely a relation, lacking the precise input-
output correspondence characteristic of a function.
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5.2.4 Formal Notation
Standard mathematical notation is used to represent functions and their properties concisely:

e f: A — B: This denotes that f'is a function with domain A and codomain B.

e f(a) = b: This indicates that the function f maps the element a from the domain A to the
element b in the codomain B. Here, b is termed the image of @ under f, and a is termed a
preimage of b under /. Note that while the image » must be unique for a given a, an element
b in the codomain may have multiple preimages or no preimages.

e f: x »y: An alternative notation indicating that f maps x to y.

5.3 DOMAIN, CODOMAIN, AND RANGE

Understanding the distinction between the domain, codomain, and range is essential for
analyzing function properties.

5.3.1 Defining the Domain

The domain of a function f/: A — B is the set A, which comprises all permissible input values for
the function. The function rule must be applicable to every element within the domain (as per the
totality condition).

e Examples:

o For the function f{x) = x?, the domain could be specified as the set of all real numbers
(R), the set of integers (Z), or the set of natural numbers (N). The choice of domain
significantly impacts the function's characteristics, such as its range and injectivity.

o For f(x) = 1/x, the maximal domain within the real numbers is R \ {0}, as division by
zero is undefined.

o For f{x) = \x, assuming real-valued outputs, the domain is restricted to non-negative
real numbers, [0, ).

5.3.2 Defining the Codomain

The codomain of a function /i A — B is the set B. It represents the set containing all potential or
allowable output values. Critically, the codomain is explicitly specified as part of the function's
definition; it defines the "target space" for the function's outputs.

e Examples:

o For the function f(x) = 2x, if we define it as f; Z — Z, the codomain is the set of all
integers. If we define it as f: Z — R, the codomain is the set of all real numbers. The
choice of codomain affects whether the function is surjective.

o For f(x) = x? the codomain could be defined as R or as the set of non-negative real
numbers
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Formally, the range can be expressed using set-builder notation:
Range(f) = {f(a) |[a€ A} 5
Alternatively:
Range(f) = {y € B| 3a € A such that f(a) =y} 5
An important property is that the range is always a subset of the codomain: Range(f) € B.

5.3.3 Distinguishing Codomain and Range with Examples

The difference between the codomain and the range is subtle but important. The codomain is the
set of possible outputs declared in the function's definition, while the range is the set of actual
outputs the function produces.

e Example 1: Consider f: Z — Z defined by f{x) = 2x.

o Domain = Z (all integers)

o Codomain = Z (all integers, as specified)

o Range={..,-4,-2,0,2,4,..} (the set of all even integers)

o In this case, the Range is a proper subset of the Codomain (Range € Codomain).
e Example 2: Consider g: {1, 2,3} — {a, b, ¢} defined by g(1)=c, g(2)=a, g(3)=a.

o Domain = {1, 2, 3}

o Codomain = {a, b, c}

o Range = {a, ¢} (the actual outputs)

o Here again, Range c Codomain, as 'b' is in the codomain but not in the range.
e Example 3: Consider #: R — R defined by A(x) = x°.

o Domain=R

o Codomain=R

o Range =R (every real number is the cube of some real number)

o In this instance, Range = Codomain.

The distinction between codomain and range is fundamental for understanding the property of
surjectivity. The codomain establishes the target set of potential outputs specified in the
function's definition, whereas the range identifies the set of outputs actually achieved by the
function operating on its domain. A function is classified as surjective precisely when these two
sets coincide — that is, when every potential output (every element in the codomain) is indeed an
actual output (is present in the range).

5.4 REPRESENTING FUNCTIONS

Functions can be represented in various ways, each offering different insights into the
relationship between inputs and outputs.

5.4.1 Set of Ordered Pairs

Stemming directly from the formal definition, a function can be represented as the specific set of
ordered pairs (input, output) that constitute the relation. This method explicitly lists every
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input-output mapping defined by the function.

e Example: The function f: {1, 2, 3} — {a, b} defined by f{(1)=a, f(2)=b, f(3)=a can be
represented by the set of ordered pairs: {(1, a), (2, b), (3, a)}. This representation clearly
shows the function as a subset of the Cartesian product {1, 2, 3} x {a, b}.

5.4.2 Table of Values

A function can be represented using a table that explicitly lists inputs from the domain alongside
their corresponding outputs from the range. This format is particularly useful for functions with
finite domains or for illustrating the function's behavior at specific, discrete points.

e Example: The function f(x) = x? for the domain x € {0, 1, 2, 3} can be represented by the
following table:

f(x)

~

WIN|— O
[a—

N

Tables clearly show the input-output relationship for the listed values. A complete table for a
finite function can verify if a relation is indeed a function (each input appears with only one
output). However, for infinite domains, a table can only provide a partial view of the function's
behavior.

5.4.3 Graphical Representation (Cartesian Plane)

Functions, especially those involving numerical domains and codomains, are often visualized by
plotting their ordered pairs (x, f(x)) on a Cartesian coordinate system. The horizontal axis (x-axis)
typically represents the domain, and the vertical axis (y-axis) represents the codomain. The graph
itself is the set of all points (X, y) in the plane that satisfy the equation y = f(x).

e Examples: Linear functions like y = mx + ¢ produce straight lines, while quadratic
functions like y = ax? + bx + ¢ produce parabolas.

5.4.4 The Vertical Line Test

The Vertical Line Test provides a simple graphical method to determine if a curve on the
Cartesian plane represents a function.

e Test: A graph represents a function if and only if no vertical line can be drawn that
intersects the graph at more than one point.

e Reasoning: A vertical line corresponds to a single, constant x-value (input). If such a line
intersects the graph at multiple points, it implies that this single input x corresponds to
multiple different y-values (outputs). This directly contradicts the uniqueness condition
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required for a relation to be a function. If every possible vertical line intersects the graph at
most once, then each input has a unique output, satisfying the function definition.

e Examples: A circle fails the vertical line test and is not a function of x. A parabola opening
upwards or downwards passes the vertical line test and represents a function of x. A
sideways parabola fails the test.

5.4.5 Formula or Equation

Perhaps the most common way to represent functions involving numbers is through an algebraic
formula or equation. This rule explicitly defines how to compute the output y (or f(x)) for any
given input x.

e Examples: f(x) =x%,y=2x+1,g(t) = I/.

e Implicit Domain: When a function is defined solely by a formula, its domain is often
implicitly taken to be the largest subset of real numbers (or another relevant universal set)
for which the formula yields a well-defined output within the specified codomain. For
example, the domain of f{x) = V(x-1) is assumed to be x > 1 if the codomain is R.

Each representation offers distinct advantages. Ordered pairs connect directly to the set-theoretic
definition. Tables provide concrete values. Graphs offer visual intuition about the function's
behavior (e.g., increasing/decreasing, continuity). Formulas provide a compact and computable
rule. The Vertical Line Test is a powerful visual tool derived directly from the uniqueness
requirement fundamental to the definition of a function. Its validity stems from the fact that a
function must assign exactly one output to each input; multiple intersections on a vertical line
signify multiple outputs for a single input, thus disqualifying the relation as a function.

5.5 CLASSIFICATION OF FUNCTIONS BY MAPPING PROPERTIES
Functions can be further classified based on how elements from the domain are mapped to
elements in the codomain. These classifications — injective, surjective, and bijective — describe
fundamental properties of the mapping.

5.5.1 Injective (One-to-one) Functions

e Definition: A function f© A — B is injective (or one-to-one) if distinct elements in the
domain A always map to distinct elements in the codomain B. Formally, this can be stated
in two equivalent ways:

1. Forall a1, a2 € A, if fla1) = f(az), then a1 = az.
2. For all ai, a2 € A, if a1 # a2, then f{a1) # f(a2). This means that each element in the
codomain B is the image of at most one element from the domain A.

e Proof Technique: To prove a function f is injective, assume f(ai) = f(a2) for arbitrary
elements ai, a2 in the domain, and then algebraically demonstrate that this necessarily
implies a1 = a..

e Horizontal Line Test: A graphical test for injectivity. A function is injective if and only if
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every horizontal line intersects its graph at most once.” The reasoning is that a horizontal

line represents a constant output value (y). If it intersects the graph multiple times, it

signifies that multiple distinct input values (x) map to that same output value, thus violating
the definition of injectivity.

Examples:

o f(x) = 2x + [ defined from R to R is injective. If f{ai) = f(az2), then 2a: + 1 = 2a, + 1,
implying 2a: = 2a2, so a1 = a.. Its graph (a non-horizontal line) passes the Horizontal
Line Test.

o f(x) = x?defined from R to R is not injective because, for instance, f(-2) = 4 and f(2) =
4, but -2 # 2.° Its graph (a parabola) fails the Horizontal Line Test. However, if the
domain is restricted to [0, ), then f(x) = x? becomes injective on that restricted
domain.’

5.5.2 Many-to-one Functions

Definition: A function that is not injective is called a many-to-one function. This means

there exists at least one element in the codomain that is the image of two or more distinct

elements from the domain.’

Examples:

o f(x) = x?defined from R to R is many-to-one.’

o Consider g: {1, 2, 3} — {a, b, ¢} defined by g(1)=c, g(2)=a, g(3)=a. This is many-to-
one because both 2 and 3 map to 'a'.

o Any constant function f(x) = ¢ where the domain contains more than one element is
many-to-one, as all inputs map to the single output 'c'.

5.5.3 Surjective (Onto) Functions

Definition: A function f: A — B is surjective (or onto) if every element in the codomain B

is the image of at least one element in the domain A. Formally: For every b € B, there exists

at least one a € A such that f{a) = b.

Range vs. Codomain: A function is surjective if and only if its Range is equal to its

Codomain (Range(f) = B). Every potential output is an actual output.

Proof Technique: To prove surjectivity, take an arbitrary element b from the codomain B

and demonstrate that there exists an element a in the domain A (often expressed in terms of

b) such that f{a) = b.

Examples:

o f(x) = x? defined from R to R is surjective. For any b € R (codomain), we can choose a
= 5\b € R (domain), and f{a) = (\Nb)? = b.

o f(x) = 2x defined from N to N is not surjective because odd numbers (which are in the
codomain N) are not in the range (which consists only of even numbers).
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5.5.4 Into Functions

e Definition: A function that is not surjective is sometimes referred to as an into function. For
an into function f: A — B, its range is a proper subset of its codomain (Range(f) € B). This
means there is at least one element in the codomain B that is not the image of any element in
the domain A.

e Examples:

o f(x) = 2x from N to N is an into function (Range = {even naturals}, Codomain = N).

o f(x) =x?from R to R is an into function (Range = This establishes a perfect pairing, or a
one-to-one correspondence, between the elements of the domain A and the elements
of the codomain B. Every element in B is the image of exactly one element in A.

e Examples:

o f(x) =x + 5 defined from R to R is bijective. It's injective (if xi+5 = x2+5, then x1=x2)
and surjective (for any yER, choose x=y-5, then f(x)=y).
o f(x) = 2x defined from R to R is bijective.

e Significance: Bijectivity is a crucial property because a function possesses an inverse
function if and only if it is bijective. Furthermore, if A and B are finite sets, a bijection
between them can only exist if they have the same number of elements, i.e., |A| = |B|.

Injective -~ .
o i r- Definition
Definition -1 ! ! ! .
Proof Techni b 1 r- Rangevs. Codomain
roof Technique - =
N = - '~ Proof Technique

Horizontal Line Test --' 5

- i@ Functions N z‘l Bijective
Many-to-one Y e

:r— Definition

Definition —1:

]
|
' |
! ! r- Examples
Examples -- . !
|
]

i—- Definition

'~- Significance

\
~- Examples

Figure 5.1. Classification of functions of mapping properties

Summary Table of Function Classifications

The following table summarizes the key characteristics of injective, surjective, and bijective
functions:

101



Table 5.1 Function Classification

Function Type Definition (Mapping Range vs. Horizontal Key
Property) Codomain Line Test Implication
Injective Each element in Codomain | Range(f) € Intersects Uniqueness of
(One-to-one) is mapped to by at most Codomain | graph at most | preimages (if
one element from Domain. once they exist)
(Distinct inputs map to
distinct outputs)
Surjective Each element in Codomain | Range(f) = Intersects Every element in
(Onto) is mapped to by at least Codomain | graph at least | codomain is an
one element from Domain. once (for y in output
Codomain)
Bijective (One- | Each element in Codomain | Range(f) = Intersects Existence of an
to-one is mapped to by exactly one | Codomain | graph exactly | inverse function
Correspondence) element from Domain. once

(Both Injective and
Surjective)

5.6 COMMON TYPES OF FUNCTIONS

Functions are often categorized based on the nature of the mathematical expressions used to
define them. The two broadest categories are algebraic and transcendental functions.

5.6.1 Algebraic Functions

Algebraic functions are constructed using a finite number of basic arithmetic operations
(addition, subtraction, multiplication, division), exponentiation involving rational exponents

(powers and roots).

(a) Constant Function:

[ ]
e Formula: f(x) = ¢
e Example: f(x) = 7. For any input x, the output is 7.
e Graph: A horizontal line passing through the point (0, ¢).
(b) Identity Function:
e Definition: A function that maps every input element to itself.
e Formula: f(x) = x
o Example: /(5) =35, f(-r) = -=.
[ ]

Definition: A function whose output value is the same constant ¢ for all input values x.

Graph: A straight line passing through the origin with a slope of 1 (the line y = x).
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(¢) Linear Function:

Definition: A polynomial function of degree one.

Formula: f(x) = mx + ¢, where m is the slope and c is the y-intercept.
Example: f{x) = -3x + 4.

Graph: A non-vertical straight line.

(d) Quadratic Function:

Definition: A polynomial function of degree two.

Formula: f(x) = ax? + bx + ¢, where a # 0.

Example: f(x) = x?- 4x + 3.

Graph: A parabola opening upwards (if @ > 0) or downwards (if a < 0).

(e) Polynomial Function:

e Definition: A function defined by a polynomial expression.

n-1

e Formula: f(x) = a,x" + a,-1x""" + . + a;x + ao, where n is a non-negative integer (the degree) and a; are

constant coefficients.

e Example: f(x) = 2x7-x°+ 7x - I.

e Graph: Smooth, continuous curves whose shape depends on the degree n. Constant, linear,
and quadratic functions are specific types of polynomial functions.

(f) Rational Function:
e Definition: A function defined as the ratio of two polynomial functions, P(x) and QO(x).
e Formula: f(x) = P(x) / O(x), where Q(x) # 0.
e Example: f(x) = (x*+ 1)/ (x-3).
e Graph: Can have vertical asymptotes where the denominator is zero and potentially

horizontal or slant asymptotes depending on the degrees of P(x) and Q(x). The domain
excludes values of x that make Q(x) = 0.

(g) Absolute Value Function:

e Definition: A function that returns the non-negative magnitude of the input.
e Formula: f{x) = |x|, which is equivalent to the piecewise definition:
ftx) =xif x>0, and f{x) = -x if x <O0.
e Example: f/(5) =5, f(-5) = 5.
e Graph: A characteristic V-shape with its vertex at the origin.

5.6.2 Transcendental Functions

Transcendental functions are those that are not algebraic; they cannot be expressed using a finite
combination of arithmetic operations, powers, and roots.
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(h) Exponential Function:

Definition: A function where the input variable x appears as an exponent.

Formula: f(x) = a*, where the base a is a positive constant, a # 1.

Example: f{x) = 2%, f(x) = e* (natural exponential function).

Graph: Exhibits rapid growth (if @ > 1) or decay (if 0 < a < 1). Has a horizontal asymptote
aty = 0.

(i) Logarithmic Function:

e Definition: The inverse of the exponential function. It determines the exponent to which a
fixed base @ must be raised to produce a given input x.

e Formula: f(x) = log.x, where a >0, a # 1, and x > 0. y = log,x is equivalent to a” = x.

e Example: f(x) = log:ox (common logarithm), f(x) = In x (natural logarithm, base e).

e Graph: Characterized by slow growth. Has a vertical asymptote at x = 0. It is the reflection
of the corresponding exponential function y = a* across the line y = x.

Recognizing these common function types is essential because their definitions dictate inherent
properties and characteristic graphical shapes. Algebraic functions, rooted in polynomial
operations, contrast with transcendental functions like exponential and logarithmic types, which
model phenomena such as growth, decay, and intensity scales often encountered in scientific
applications.

5.7 OPERATIONS ON FUNCTIONS

Just as numbers can be combined using arithmetic operations, functions can also be combined to
create new functions. We primarily consider operations on real-valued functions, typically /i A
— Rand g: B — R.

5.7.1 Arithmetic Operations

The four basic arithmetic operations can be applied to functions pointwise. For the resulting
function to be defined at an input x, x must be in the domain of both original functions. Thus, the
domain of the sum, difference, and product of f and g is the intersection of their individual
domains: Domain(f) N Domain(g).

(a) Addition:

e Notation: (f+ g)(x)

e Definition: (f+ g)(x) = f(x) + g(x)
e Example: If f(x) =x?and g(x) =x + I, then (f+ g)(x) =x*+x + 1.

(b) Subtraction:

e Notation: (- g)(x)
e Definition: (/- 2)(x) =f{x) - g(x)
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e Example: If f(x) = 3x + 2 and g(x) = 4 - 5x, then (f- g2)(x) = (3x +2) - (4 - 5x) = 8x - 2.

(¢) Multiplication:

e Notation: (£ * g*)(x) or (f2)(x)
e Definition: (f* g*)(x) = f{x) * g(x)
e Example: If i(x) = 2x - 4 and k(x) = -3x + I, then (h - K)(5) = h(5) * k(5) = (6)(-14) = -84.

(d) Division:

e Notation: (f/ g)(x) or (f7 g)(x)

e Definition: (f/ 2)(x) =f(x) / g(x)

e Domain Consideration: Division introduces an additional constraint: the denominator
function, g(x), cannot be zero. Therefore, the domain of (f / g) is {x € Domain(f) N
Domain(g) | g(x) # 0}. Division by zero is undefined.

e Example: If f(x) = 3x + 2 and g(x) = 4 - 5x, then (f/ g)(x) = (3x + 2) / (4 - 5x). The domain
excludes x = 4/5, since that value makes the denominator zero.

5.7.2 Composition of Functions (f o g)
Function composition represents the sequential application of functions.

e Definition: The composition of f with g, denoted (f 0 g), is defined by the rule (f o g)(x) =
f(g(x)). This means the input x is first processed by the function g, and the output of g, g(x),
then becomes the input for the function f.

e Domain Requirements: For (f o g)(x) to be well-defined, two conditions must be met:

* x must be in the domain of the inner function, g.
* The output of the inner function, g(x), must be in the domain of the outer function, f.
Therefore, the domain of fo g is {x € Domain(g) | g(x) € Domain(f)}.

e Non-Commutativity: Function composition is generally not commutative; that is, (f o g)(x)
is usually different from (g o f)(x).

e Examples:

o Letf{x) =x?-xand g(x) =x + 3.
m (fo))=/fgl) =flx +3)=(x+3P-(x+3)=(x*+6x+9)-(x +3)=x+5x+
6.
n (20/)00)=g(fx) =g’ -x) = (¢ -x) +3=x*-x + 3.
o Evaluate (a o b)(3) where a(x) = x?-2x + [ and b(x) = x - 5. First, b(3) =3 - 5 =-2.
Then, a(-2)=(-2)?-2(-2)+1=4+4+1=9.So, (a 0 b)(3)=9.

These operations allow for the construction of complex functions from simpler building blocks.
Arithmetic operations combine function outputs directly, while composition represents a
fundamental process of sequential processing or nested dependencies. Understanding the domain
restrictions associated with division (avoiding division by zero) and composition (ensuring the
output of the inner function is a valid input for the outer function) is crucial for correctly defining
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and applying the resulting combined functions.

5.8 INVERSE FUNCTIONS

The concept of an inverse function relates to "reversing" or "undoing" the mapping performed by

a given function.

5.8.1 Definition of an Inverse Function (f?)

An inverse function, denoted by f/, reverses the mapping of the original function f. If a function
fmaps an element a from its domain A to an element b in its codomain B (i.e., f(a) = b), then its
inverse function /7 maps the element b back to the element a (i.e., f/(b) = a).

Formally, if /i A — B is an invertible function, its inverse f/: B — A must satisfy the following
conditions for all @ € A and all b € B:

e (f"of)a)=f"(f(a)) = a (The composition yields the identity function on A)
o (fof")b)=f(f"(b)) = b (The composition yields the identity function on B).

The notation £/ should not be confused with the multiplicative inverse (1/f).

5.8.2 Condition for Existence: Bijectivity

A function f: A — B possesses an inverse function f/: B — A if and only if f'is bijective (i.c.,
both injective and surjective).

e Why Injectivity is Required: If / were not injective, there would be at least two distinct
elements a: and a: in A such that f{a1) = f(az) = b. If an inverse f/ existed, then //(b) would
have to map to both a: and a», violating the uniqueness property required for f/ to be a
function. Injectivity ensures that each element b in the range of f'has a unique preimage a.

e Why Surjectivity is Required: If /' were not surjective, there would be at least one element
b in the codomain B that is not in the range of /. This means there is no @ € A such that f(a)
= b. If an inverse f existed with domain B, then /() would be undefined, violating the
totality property required for /7 to be a function. Surjectivity ensures that every element b in
the codomain B (which becomes the domain of /) has at least one preimage a.

Therefore, bijectivity guarantees that for every b € B, there is exactly one a € A such that f(a) =
b, allowing ™' to be a well-defined function mapping each b back to its unique a. The Horizontal
Line Test, which checks for injectivity, is thus a necessary (but not sufficient, as surjectivity also
depends on the codomain) condition for the existence of an inverse function.

5.8.3 Domain and Range Relationship (f vs. )

There is a direct swap between the domain and range of a function and its inverse:
e Domain(f”') = Range(f)
e Range(f’) = Domain(f).
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This follows directly from the definition: 7 takes outputs of f as its inputs and produces the
original inputs of fas its outputs.

5.8.4 Algebraic Method for Finding the Inverse

For a bijective function defined by an equation y = f{x), the inverse function /”(x) can typically
be found using the following algebraic steps:

v Replace f(x) with y: Start with the equation y = f(x).

v Swap x and y: Interchange the variables x and y in the equation to get x = f{y). This step
conceptually represents the reversal of input and output roles.

v Solve for y: Rearrange the equation x = f{y) algebraically to isolate y.

v Replace y with f7(x): The resulting expression for y is the formula for the inverse function,

S
Example: Find the inverse of f(x) = 2x + 3.
" y=2x+3

= x=2y+3(Swapxandy)
" x-3=2yy=(x-3)/2(Solve fory)
= fix)=(x-3)/2.

Example: Find the inverse of f(x) = (x+7)/35.

“ y=©x+7)/5

= x=0O+7)/5

" Sx=y+7y=5x-7
" fx)=5x-7.

5.8.5 Graphical Relationship (Reflection across y=x)

The graphs of a function y = f{x) and its inverse y = f/(x) are reflections of each other across the
line y = x. This geometric relationship arises directly from the algebraic step of swapping x and
y. If a point (a, b) lies on the graph of f (meaning f(a) = b), then the point (b, a) must lie on the
graph of f (since f7(b) = a). The transformation from (a, b) to (b, a) is precisely a reflection
across the line y = x.

5.8.6 Examples

e Linear Function: Let f{x) = 4x - 1. This is bijective (injective and surjective from R to R).
o Algebraic Inverse: y =4x -1 —>x=4y-1—->x+1=4 —->y=(x+1)/4.S0,f(x) =
(x+1)/4.
o Domain/Range: Domain(f) = R, Range(f) = R. Domain(f™') = R, Range(f™') = R.
o GQGraph: The graphs of y = 4x - [ and y = (x + 1) / 4 are reflections across y = x.
e Quadratic Function (Restricted Domain): Let f(x) = x? with domain x > 0 and codomain y
> 0. On this restricted domain, fis bijective.
o Algebraic Inverse: y = x> — x = y?. Since the original domain was x > 0 (meaning the
range of /7 must be y > 0) and the original range was y > 0 (meaning the domain of /7 is
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@)

x > 0), we take the positive square root when solving for y: y = x. So, /(x) = \x.

Domain/Range: Domain(f) =

5.9 CHECK YOUR PROGRESS - A

Q1. What is function?

Q2. Provide answers of the following MCQs: -

1)

2)

3)

4)

5)

6)

7)

A function must assign:

a) One input to multiple outputs

b) Multiple inputs to one output

c¢) One input to one output

d) No input to any output

The vertical line test is used to check:
a) Injectivity

b) Bijectivity

c) Whether a relation is a function

d) Domain size

If f(x) = 2x + 3, then f'(x) =
a)x/2+3

b) (x —3)/2

c)2x-3

d) 1/(2x + 3)

Which of the following functions is not injective on R?
a) f(x) =x*

b) f(x)=2x +1

c) f(x) = x?

d) f(x) =ex

The function f(x) = x? is:

a) Injective only

b) Surjective only

c) Bijective

d) Not a function

Which of the following is an algebraic function?
a) f(x) =log x

b) f(x) = e*

o) f(x)=x*+3x+2

d) f(x) = sin x

Composition of functions (f o g)(x) is defined as:
2) g(f(x))

b) f(x) x g(x)
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¢) f(g(x))

d) f(x + g(x))
8) Which of the following functions is not defined at x = 0?
a) f(x) = I/x
b) f(x) =x2
¢) f(x) = Vx
d) fx)=x+1

9) If the range of a function is equal to its codomain, the function is:
a) Injective
b) Surjective
¢) Bijective
d) Constant
10) The inverse of the identity function f(x) = X is:
a) —x
b) 1/x
c) x?
d) x

5.10 SUMMARY

This unit has provided a formal, set-theoretic foundation for the concept of functions. Beginning
with the definition of a function as a special type of relation satisfying totality and uniqueness,
we distinguished between the crucial concepts of domain, codomain, and range. Various
representations — ordered pairs, tables, graphs (validated by the vertical line test), and formulas —
offer different perspectives on function behavior. Classifying functions based on their mapping
properties (injective, surjective, bijective) using tools like the horizontal line test allows for a

deeper understanding of how inputs relate to outputs. Familiarity with common algebraic
(constant, identity, linear, quadratic, polynomial, rational, absolute value) and transcendental
(exponential, logarithmic) functions provides a vocabulary for describing diverse mathematical
relationships.

Furthermore, the ability to combine functions through arithmetic operations and composition,
while carefully considering the resulting domains, enables the construction of more complex
models. Finally, the concept of an inverse function, existing only for bijective functions,
highlights the importance of one-to-one correspondence and provides a mechanism for reversing
functional processes, visualized graphically as a reflection across the line y = x. A rigorous
understanding of these foundational aspects of functions is indispensable for advanced studies in
mathematics, computer science, and any field employing quantitative modeling.

5.11 GLOSSARY

7/
°

Function — A relation where each input maps to exactly one output.

» Domain — The set of all permissible input values.

» Codomain — The set of possible outputs as defined in the function's declaration.
Range — The set of actual output values produced by the function.

DS

DS

L X4

109



Injective (One-to-One) — Every element in the range is mapped to by at most one input.
Surjective (Onto) — Every element in the codomain is mapped to by at least one input.
Bijective — Both injective and surjective; guarantees invertibility.

Ordered Pair — A representation (a, b) showing input-output mapping.

Vertical Line Test — A method to check if a graph represents a function.

Horizontal Line Test — A method to check if a function is injective.

Inverse Function — A function that reverses the mapping of another function.
Arithmetic Operations — Addition, subtraction, multiplication, division on functions.
Composition (f o g) — A function where the output of g is input to f.

Algebraic Functions — Functions built using basic operations (e.g., linear, quadratic).
Transcendental Functions — Functions not algebraic, such as exponential or logarithmic
functions.

5.12 ANSWERS TO CHECK YOUR PROGRESS

Check Your Progress — A

Q2. Answers of MCQs: -

1)
2)
3)
4)
5)
6)
7)
8)
9)

Answer: ¢) One input to one output
Answer: c) Whether a relation is a function
Answer: b) (x —3)/2

Answer: ¢) f(x) =x2

Answer: c) Bijective

Answer: ¢) f(x)=x*+3x+2

Answer: ¢) f(g(x))

Answer: a) f(x) = 1/x

Answer: b) Surjective

10) Answer: d) x
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5.13 TERMINAL QUESTIONS

1.
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Define a function formally using set theory. What conditions must a relation satisfy to be
a function?

Differentiate between domain, codomain, and range with suitable examples.

Explain the significance of the vertical line test in determining whether a relation is a
function.

What is the difference between injective, surjective, and bijective functions?

Describe how the horizontal line test is used to test injectivity.

Explain function composition. How does it differ from function multiplication?

State and prove the condition under which a function is invertible.

What are algebraic and transcendental functions? Give two examples of each.

How are inverse functions graphically represented?

0 What domain restrictions arise when performing function division and composition?
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Learning Objectives

After reading this unit learners will be able to learn:

The intuitive and formal (epsilon-delta) definitions of a limit.
To evaluate limits graphically, numerically, and analytically.
The conditions for continuity at a point and over intervals.
To identify and classify different types of discontinuities.

The application of limit laws in simplifying and solving limit expressions.
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6.1 INTRODUCTION TO LIMITS: AN INTUITIVE APPROACH

The concept of a limit is a fundamental pillar upon which the edifice of calculus is built. While

seemingly simple, it provides the rigorous foundation needed to define continuity, derivatives,
and integrals. Intuitively, the limit of a function describes the value that the function's output
approaches as its input gets arbitrarily close to a specific point. It is crucial to understand that the
limit is concerned with the behavior of the function near a point, not necessarily at the point
itself.

6.1.1 Motivation for Limits

Why do we need the concept of a limit? Consider evaluating a function (f(x)) at a specific point
(x=a). In many straightforward cases, particularly with polynomial functions, the value the
function approaches as (x) nears (a) is simply (f(a)). However, complications arise frequently in
calculus. For instance, when trying to find the slope of a tangent line or the instantaneous
velocity, we often encounter expressions that result in an undefined form, such as 0/0, if we
simply substitute the value (a) into the function.

A classic example is the function f(x) = (x? — 4)/(x — 2). If we try to evaluate this function at x =
2, we get (22 — 4)/(2 — 2) = 0/0, which is undefined. However, we can observe the behavior of
f{x) for values of x very close to 2. Algebraically, for x # 2, we can simplify the function:

f(x)=(x—2)x+2)/(x—2)=x+2 (forx+2)

This simplified form suggests that as (x) gets closer and closer to 2, (f(x)) should get closer and
closer to (2 + 2 = 4). The limit concept allows us to formalize this prediction about the function's
behavior near (x = 2), even though the function itself is not defined at that exact point.1 The limit
essentially predicts the value the function should have at (x = a) based on the trend of its values
nearby.

1.2 Limit Notation

The concept of a limit is expressed using specific notation. We write:
lim f(z) =L

I—ra

This is read as "the limit of f(x) as x approaches a equals L". Here, x — a indicates that x gets
arbitrarily close to a from both sides (values less than a and values greater than a), but x does not
actually equal a. L represents the single, finite numerical value that f(x) approaches as x nears a.

1.3 Estimating Limits: Numerical and Graphical Approaches

While the intuitive idea helps grasp the concept, estimating the value of a limit often involves
numerical or graphical methods. These methods provide evidence for the limit's value but lack
the rigor of a formal proof.
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* Numerical Approach (Tables): We can create tables of values for f(x) as x approaches a
from both the left side (x < a) and the right side (x > a). By choosing values of x
progressively closer to a, we observe the trend in the corresponding f{x) values. If the f(x)
values appear to converge towards a single number L from both sides, we estimate that

lim f(z) =L
T—ra
Example: Estimate
: 2244z
lim #=20
(x) (approaching f(x)) (x) (approaching (f(x))
2 from left) 2 from right)

1.9 4.1579 2.1 3.8571
1.99 4.0151 2.01 3.9851
1.999 4.0015 2.001 3.9985
1.9999 4.0002 2.0001 3.9999

As x approaches 2 from both sides, f(x) appears to approach 4. Thus, we estimate the limit to be
4.

Example: Estimate
sin @
T

lim
z—0
(with x in radians).

(x) (approaching f(x) (x) (approaching f(x)
0 from left) 0 from right)
-0.1 0.99833 0.1 0.99833
-0.01 0.99998 0.01 0.99998
-0.001 1.00000 0.001 1.00000

As x approaches 0, f(x) appears to approach 1.

e Graphical Approach: The graph of a function provides a visual way to estimate limits. To
find

lim f(z),
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we examine the graph near x = a. We trace the curve from the left side towards (x=a) and

observe the (y)-value the graph approaches. We do the same from the right side. If the graph

approaches the same (y)-value, (L), from both sides, then we estimate the limit to be (L).

o Consider the graph of f{x) = (x? — 1)/(x — 1). This graph looks identical to y = x + [
except for a hole at x = /. As x approaches 1 from the left or the right along the graph,
the y-value approaches 2. Therefore,

lin} f(z) =2,
Tr—r
even though f(1) is undefined.
o Consider the function g(x) from earlier, which is identical to

z?+de—12
z2-2r
for x # 2, but g2) = 6. Graphically, this is the line

y = (x + 6)/x with a hole at (2, 4) and a separate point defined at (2, 6). As x approaches
2 from either side, the graph approaches the y-value 4 (the hole). Thus,
Iirr% g(z) =4,

despite g(2) = 6.

o If'the graph jumps at (x=a), approaching different (y)-values from the left and right (like
the Heaviside function at (x=0) ), or if it oscillates infinitely near (x=a), or
increases/decreases without bound, the limit does not exist.

1.4 The Importance of the Approach: Limit vs. Function Value

A recurring theme in the intuitive understanding of limits is the distinction between the function's
behavior around a point and its value at the point. The limit

lim f(x)

r—a

is determined solely by the values of f{x) for x near a, but not equal to a.

The actual value (f(a)) is irrelevant to the existence or value of the limit itself. This is evident in
examples where the function is undefined at (a) (a hole in the graph) or where (f(a)) exists but
has a different value than the one the function approaches (a hole with a separate point defined).
This distinction is fundamental for understanding continuity and various types of discontinuities,
which are explored later in this unit.

nn

The intuitive approach, using phrases like "approaches," "close to," or "near," provides a
valuable conceptual starting point. However, these terms lack mathematical precision. To
rigorously prove limit properties and handle more complex functions where intuition might be
misleading, a formal definition is required. This leads us to the epsilon-delta definition of a limit.
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6.2 THE FORMAL DEFINITION OF A LIMIT: EPSILON-DELTA (E-A)

The intuitive notion of a limit, while helpful for initial understanding, relies on imprecise
language like "gets arbitrarily close to" or "approaches". To establish a rigorous foundation for
calculus, particularly for proving theorems like the limit laws, a precise, algebraic definition is
necessary. This is provided by the epsilon-delta (¢ - o) definition, attributed primarily to
Augustin-Louis Cauchy and Karl Weierstrass in the 19th century.

2.1 The Epsilon-Delta Definition

Let f(x) be a function defined on an open interval containing ¢, except possibly at c itself. The
limit of f(x) as x approaches c is L, denoted by
lim f(z) = L

T—rC
if, for every real number & > 0, there exists a real number & > 0 such that for all x,
if 0 < [x—c| <39, then If(x) — L| <e.

2.2 Interpretation of € and o

e Epsilon (¢): Represents an arbitrarily small positive number. It defines the desired degree of
closeness to the limit L on the y-axis. The condition
[f(x)—Ll<e
means that the distance between the function's value f{x) and the limit L is less than €, or
equivalently,

L—-—e< f(z)<L+e

Epsilon is the "challenge" tolerance for the output.

e Delta (5): Represents a positive number that defines a range of closeness to ¢ on the x-axis.
The condition
X —cl <o
means the distance between x and c is less than J, or
c—0<x<c+Jd.
Delta is the "response" tolerance for the input.

e The (0 < |x - ¢|) Condition: This crucial part of the definition explicitly excludes the case
where (x = ¢). It ensures that the limit is determined by the function's behavior near (c), not
at (c).

The definition states that no matter how small a tolerance € is chosen for the output (f(x) being
close to L), we must be able to find some input tolerance 6 such that all x values within d of ¢
(but not equal to ¢) produce function values f{x) that are within € of L.
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2.3 Geometric Interpretation

Geometrically, the ¢ - 0 definition can be visualized using intervals or "boxes". For any
arbitrarily small horizontal band around the limit L on the y-axis (specifically, the interval (L — ¢,
L + ¢)), there must exist a vertical band around ¢ on the x-axis (the interval (¢ — 8, ¢ + 9),
excluding c) such that the portion of the function's graph within this vertical band lies entirely
within the horizontal band.

2.4 The Epsilon-Delta "Game"

An intuitive way to understand the definition is through a game between two players, Alice and
Bob. Alice challenges Bob by choosing an arbitrarily small € > 0. Bob wins if he can find a 6> 0
such that for all x satisfying 0 < |x — ¢| < 9, the condition [f(x) — L| < ¢ holds. If Bob has a
strategy to find such a d for every possible € Alice chooses, no matter how small, then the limit is
proven to be L. If Alice can find even one ¢ for which Bob cannot find a corresponding 9, the
limit is not L (or does not exist).

2.5 Proving Limits using the -6 Definition

The process of proving a limit using the €-6 definition typically involves two parts:

e Scratch Work (Finding 6): Start with the inequality [f(x) — L| < € and algebraically
manipulate it to express it in the form [x — c| < expression involving €. This expression
gives a candidate for 6. Sometimes, this requires making an initial assumption to bound x
(e.g., assuming o < 1) to handle extra terms involving x.

e Formal Proof: Formal Proof: Start by stating "Let (¢ > 0) be given." Choose 6 based on
the scratch work (e.g., 6 = ¢/k) or (6 = min (1, &/k). Assume (0 < [x - ¢| < §). Then, work
forwards algebraically from (|x - ¢| < ) to show that (|f(x) - L| <¢).

Example 2.1: Prove
Iirr%(&'r —4)=6
T—r

e Scratch Work: We want
|(bx —4) — 6| <&

|br — 10| < e
|5(x —2)| <e
Sle —2| <e

lz —2| <e/5

This suggests choosing § = £/5.

Formal Proof: Let ¢ > 0 be given. Choose 0 = ¢/5. Assume 0 < |x—2| < 3. Then
[x — 2| <e&/5.

Multiply by 5:
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Slz—2l<e
|5z — 10| < &
|(5z —4) — 6| <€
Thus, by definition,
lirg(fm —4)=6
Example 2.2: Prove
limz? =4
z—+2
e Scratch Work:
We want
|332 — 4| <€
[(x—2)(z+2)| <e
o2/ o +2<e
We need to bound the |x + 2| term. Assume 6 < 1
If [x—2] < 1 then —1< x—2 <1, which means 1 <x < 3. Adding 2 to all parts gives:
3<xt2<5

Therefore, |x+2] < 5.
Now we have:

|z —2]- |z +2| <5|z—2|

We want this to be less than g, so we need

Sla—2|<e

or

|z —2| <e/5

To satisfy both |z — 2| < 1 and |z — 2| < /5, we choose
d = min(1,&/5)

e Formal Proof: Let € > 0 be given. Choose 6 = min (1, €/5). Assume 0 < [x—2| <. Since é <
1, we have |x—2| < I, which implies 1 < x < 3, and thus |x+2| < 5. Also, since 6 < &/5, we
have |x—2| < &/5. Now consider

|332—4|=\(33—2)(:{3+2)|=|m—2|-|m+2|

Using our derived inequalities:

|z —2|-lz+2 < (¢/5)-5=¢

So, |z% — 4| < €.
Thus, by definition,
lim 2% = 4

r—2
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2.6 The Rigor and Utility of the Formal Definition

The &-6 definition provides the necessary rigor to move beyond intuitive arguments. It allows for
the formal proof of the Limit Laws (discussed in Section 5) and is essential for establishing
fundamental theorems in calculus, such as those related to continuity and derivatives. While the
intuitive approach is sufficient for many introductory calculations, the €-6 definition underpins
the entire theoretical structure.

It highlights that the choice of 6 (the input tolerance) depends on the chosen & (the output
tolerance). This dependence reflects the function's local behavior near the point c. For functions
that change rapidly (steeper slope), a smaller 6 will be needed for a given & compared to
functions that change more slowly. The need, in some proofs (like for x?), to explicitly bound &
first (e.g., 6 < 1) before finding the relationship with ¢ further demonstrates that the connection
between the input and output tolerances is tied to the specific function and the point being
approached.

6.3 ONE-SIDED LIMITS

While the standard (two-sided) limit requires a function to approach the same value as (x)
approaches (c) from both the left and the right, there are situations where this is not the case, or
where we are only interested in the behavior from one side. This leads to the concept of one-
sided limits.

3.1 Motivation and Definition

Consider a function like the Heaviside step function, (H(t)), defined as (H(t) = 0) for (t < 0) and
(H(t) = 1) for (t \ge 0). As (t) approaches 0 from the left (i.e., through negative values), (H(t)) is
constantly 0. As (t) approaches 0 from the right (i.e., through positive values), (H(t)) is
constantly 1. The function approaches different values depending on the direction of approach.
Similarly, a function might only be defined for (x \ge c), making a limit from the left
meaningless. One-sided limits provide the tools to describe these situations precisely.

e Left-Hand Limit: The limit of f{x) as x approaches a from the left is L, written as
lim f(z) =L

r—a-

This means we can make f(x) arbitrarily close to L by taking x sufficiently close to a such
that x < a. The notation x — a" signifies approach from the left (negative side). Formally
(using ¢ - 0), for every € > 0, there exists 0 > 0 such that if

a—-0<x<a,

then

If(x) — LI <e.

e Right-Hand Limit: The limit of f{x) as x approaches a from the right is L, written as
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lim f(z) =1L

z—at

This means we can make f(x) arbitrarily close to L by taking x sufficiently close to a such
that x > a. The notation x |to a” + signifies approach from the right (positive side). Formally
(using € - 0), for every € > 0, there exists 6 > 0 such that if

a<x<a+tyd,
then
[f(x) — Ll <e.

3.2 Existence of a Two-Sided Limit
The connection between one-sided limits and the standard two-sided limit is fundamental.

Theorem 3.1: The two-sided limit
lim f(x)

r—ra
exists and equals L if and only if both the left-hand limit and the right-hand limit exist and are
equal to L. That is,
limf(z) =L <=  lim f(z)=Land lim f(z)=1L
r—ra’

r—a T—ra

This theorem implies that if
lim f(z) # lim f(z),
r—ra T—ra’

or if either one-sided limit fails to exist, then the two-sided limit
lim f(x)

r—ra
does not exist.

3.3 Examples

Example 3.1: Consider the Heaviside function (H(t)) defined earlier.
o lim H (t) =0

t—0—

o lim H(t) =1

=0+
Since the left-hand limit (0) and the right-hand limit (1) are not equal, the two-sided limit
%H}r{} H(t)
does not exist.

Example 3.2: Consider the function g(x) from Example 1.3, defined as
g(z) = L forz # 2

and g(2) = 6.

123



e lim g(z) = lim 28 = 28 —4
T—27 z—2- %

e lim g(z) = lim 28 = 28 —4
T2+ z2t+ *

Since both one-sided limits exist and are equal to 4, the two-sided limit exists:

limg(z) =4

z—2

Example 3.3: Consider the function f{x) defined by the graph in Figure 2.6.2 or Figure 2.5.2. Let
the jump occur at x = a.

e From the graph, lim f(2) exists (let's call it L).
T—ra—

e From the graph, lim f(z) exists (let's call it Ly).
Ir—ra~

e However, L; # Ly. Therefore, the two-sided limit lim f(z) does not exist.
r—ra

3.4 Significance

One-sided limits are essential for analyzing the behavior of functions at points where the
function might change its definition (like in piecewise functions) or where the two-sided limit
might not exist. They are the primary tool for identifying and characterizing jump discontinuities,
a type of discontinuity where the function "jumps" from one finite value to another. As stated in
Theorem 3.1, the very existence of a standard (two-sided) limit hinges on the agreement of the
corresponding left-hand and right-hand limits. This connection is fundamental to the concept of
continuity at a point, as will be discussed in Section 6.

6.4 LIMITS INVOLVING INFINITY

The concept of limits can be extended to describe the behavior of functions as the input variable
(x) or the output variable (f(x)) (or both) approach infinity (o0 or —o0). It is crucial to remember
that (o0) and (—o0) are not real numbers; they represent the idea of unbounded growth or decrease.
These types of limits are closely related to the graphical features of asymptotes.

6.4.1 Limits at Infinity (End Behavior and Horizontal Asymptotes)

Limits at infinity describe the long-term behavior of a function as the input (X) increases or
decreases without bound.

124



Definition:

O We write lim f(z) = L if the values of f(x) can be made arbitrarily close to the finite number L by taking
T—+00

x sufficiently large and positive.

O We write lim f(x) = L if the values of f(x) can be made arbitrarily close to the finite number L by
r——00

taking x sufficiently large in magnitude and negative.

O Formal Definition using e-/\:

lim, o f(z) =L
means that for every ¢ > (), there exists an N > 0 such thatif z > N, then |f(z) — L| < €. A similar

definition exists for @ — —o0, using << N for some N < 0.

Horizontal Asymptotes: The line y = L is a horizontal asymptote of the graph of y = f(x) if

either
lim f(z) =L or lim f(z)=1L
T—00 T——00

A horizontal asymptote describes the value the function settles towards as x becomes very
large or very small. A function can have at most two horizontal asymptotes.

Evaluating Limits at Infinity:

Basic Principle: For any positive rational number 7 and any constant c,

lim = =0
T—1Iod
(provided x" is defined for negative x when considering x — —o0). This is because as x

becomes very large, X" becomes very large, making the fraction very small.

Rational Functions: To evaluate the limit of a rational function

f(z) = % asx — +00,

divide both the numerator and the denominator by the highest power of (x) present in
the denominator. Then apply the basic principle above. The result depends on the
degrees of the polynomials (p(x)) and (q(x)):

m If degree(numerator) < degree(denominator), the limit is 0.

Example:

2
. t"—5t—9

m [f degree(numerator) = degree(denominator), the limit is the ratio of the leading

coefficients.

Example:

. 2m4—m2+8.r 2
lime oo “5,m7 = —§

m [f degree(numerator) > degree(denominator), the limit is o or —oo, depending on the
signs of the leading coefficients and whether x — oo or x — —c0.
Example:
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. 422420
]-lmz—}co 15,3 — X

o Functions with Radicals
When dealing with radicals, especially square roots, remember that v/ 22 = |z|. This means /22 = z if
x > 0 (relevant forz — 00) and vVz2 = —z if £ < 0 (relevant for z — —oc). Divide numerator and

denominator by the appropriate power of &, being careful when bringing z inside or outside the radical.

Example:

fa-3 A /_
: vV 3r+6 V3
lim, . F5 - = 2
: /32216 V3
lim,. o 55, 2

This function has two different horizontal asymptotes.

O Other Functions:
lim, . e* =00, lim,. e*=0
lim, ..,e* =0

lim, ., arctan(z) = 3, lim,, . arctan(z) = —35

6.4.2 Infinite Limits (Vertical Asymptotes)

Infinite limits describe situations where the function's output grows without bound (positively or
negatively) as the input approaches a specific finite value (a).

e Definition:
o We write

lim f (z) = oo

if the values of f(x) can be made arbitrarily large and positive by taking x sufficiently
close to a (but not equal to a).
o We write

lim f(z) = —oo

if the values of f{x) can be made arbitrarily large and negative by taking x sufficiently
close to a (but not equal to a).

o These definitions can be adapted for one-sided limits (x — a~ or x — a*).

o Formal Definition using M—d:
lim, ., f(z) = o0
means that for every M > 0, there exists a 6 > 0 such that if 0 < |x—a| <9, then f(x) > M.
Similar definitions exist for —oo and one-sided limits.

o Important Note: When we write
lim f(z) = +o0,
r—a
we are describing unbounded behavior. Technically, the limit does not exist as a finite
real number.
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Vertical Asymptotes: The line (x = a) is a vertical asymptote of the graph of (y=f(x)) if at
least one of the following is true:
lim f(z) =4+o0 or lim f(z)=+o0

T—a r—a’

A vertical asymptote indicates where the function's magnitude grows without bound.

Finding Vertical Asymptotes for Rational Functions: Vertical asymptotes for rational

functions (f(x) = p(x)/q(x)) typically occur at values (x = a) where the denominator (q(a) =

0) and the numerator (p(a) # 0). If both (p(a) = 0) and (q(a) = 0), then (x=a) might be a

vertical asymptote or a hole (removable discontinuity); further analysis (like factoring and

canceling) is needed.

Evaluating Infinite Limits:

o Analyze the sign of the numerator and the denominator as (x) approaches (a) from the
left and right.

o If the numerator approaches a non-zero constant and the denominator approaches 0, the
limit will be (o) or (—w). The sign is determined by the signs of the numerator and
denominator near (a).

o Example:

2r

lim, .3+ 7—3

Numerator approaches (2(3)=6) (positive). Denominator approaches 0 through positive
values (e.g., (3.01 -3=0.01)). So,

positive constant

> — 00
small positive

o Example:

. 2z
111]11-_}3— 7—3

Numerator approaches 6 (positive). Denominator approaches 0 through negative values
(e.g.,2.99 -3 =-0.01). So,

positive constant

small negative -

Since the one-sided limits differ,

. 2z
lim, .3 =5

does not exist, but x=3x = 3x=3 is a vertical asymptote.
o Example:

: 6
lim, . 5

As x — 0" or x — 0~ approaches 0 through positive values. Numerator is positive. So,
positive constant
small positive

Thus,

. 6 _
lim, .9 3 = 00

— 00

x = 0 is a vertical asymptote.
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o Other Functions:
lim, .o+ Inz = —0

lim,_,(;/9)- tanz = oo

6.4.3 Asymptotes and Indeterminate Forms

Asymptotes, both horizontal and vertical, are graphical manifestations of specific limit behaviors
involving infinity. Horizontal asymptotes arise from finite limits as (x \to \pm \infty), describing
the function's end behavior. Vertical asymptotes arise from infinite limits as (x \to a), describing
unbounded behavior near a specific point.

When evaluating limits, especially those involving infinity or points where functions are
undefined, we often encounter indeterminate forms like

] ]

, 2 00— 00,0 - 00,
(s w]

etc. These forms are signals that the limit cannot be determined by simple substitution or
arithmetic with infinity. Algebraic techniques, such as factoring and canceling

(for g)

or dividing by the highest power of (x)

(for ),

are necessary to transform the expression into a determinate form where the limit can be
evaluated.

6.5 LIMIT LAWS

While the € - d definition provides the rigorous foundation for limits, it can be cumbersome for
evaluating limits of complex functions. Fortunately, based on this definition, a set of properties
known as the Limit Laws have been proven. These laws allow us to compute limits algebraically
by breaking down complex functions into simpler components whose limits are known.

6.5.1 Statement of the Limit Laws

Assume that (c) is a constant and that the limits
lim f(z) = Land lim g(z) = M
exist (meaning (L) and (M) are finite real numbers). Then the following laws hold:

=  Sum Law: The limit of a sum is the sum of the limits.
lim [f(2) + g()] = lim f(2) + lim () = L+ M

= Difference Law: The limit of a difference is the difference of the limits.
lim [f(z) — g(z)] = lim f(z) — limg(z) = L — M
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» Constant Multiple Law: The limit of a constant times a function is the constant times the
limit of the function.
lim[c- f(z)] =c¢-lim f(z) = cL
r—a

Tr—a

* Product Law: The limit of a product is the product of the limits.
lim [£(2) - g(2)] = (lim f(2)) - (lim g(x)) = L- M

* Quotient Law: The limit of a quotient is the quotient of the limits, provided the limit of the
denominator is not zero.

lim f(z)
lim £&) — == — L provided M #0

2o 9(@) — Dmg(z) = M’

= Power Law: The limit of a function raised to a positive integer power (n) is the limit of the
function raised to that power.

mqﬂmr=@mﬂmr=Lﬂ
r—a T
(This law can often be extended to any real number » for which L" is defined.)
» Root Law: The limit of the n' root of a function is the n root of the limit of the function.

lim §/7() = ¢/lim () = VT

(For this law to hold, we require (L > 0) if (n) is an even positive integer).
6.5.2 Basic Limits

Two fundamental limits form the basis for applying the laws:
e lim ¢ = ¢ (The limit of a constant function is the constant itself).
r—a

e lim & = a (The limit of  as = approaches a is a).
r—a

6.5.3 Applying the Limit Laws

These laws allow us to evaluate limits of more complex functions by breaking them into sums,
differences, products, quotients, powers, and roots of simpler functions.

Example 5.1: Evaluate
m%wf+ﬁm—m.
r——
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Using the Sum/Difference Laws, Constant Multiple Law, Power Law, and the basic limits:

lim (32 + 5z — 9) = lim (3z*) + L 2(55!:) - limQ(Q) (Sum/Difference Law)
T T

z—+—2 r——2
=3 lim 22 +5 lim z — lim 9 (Constant Multiple Law)
r——2 r——2 Tz——2

2
=3 ( lim2 lE) +5 lim ¢ — lim 9 (Power Law)

z——2 T——
=3(-2)+5(-2)-9 (Basic Limits)
=3(4)—10—-9
=12-10—-9= -7

Example 5.2: Evaluate

: 6-32+102°
EE}} B

First, evaluate the limit of the denominator:
lin%(—2z4 +7224+1)=-21)*+71)3+1=-2+7+1=6
z—

Since the denominator's limit is not 0, we can apply the Quotient Law:

. 2

Lo 6= 324107 lim (6 — 3z + 10z°)

im =

1 =224+ 723 + 1 lin}(—2z4 +723+1)
z—

—3(1 10(1)2
= 0 3,( ) +1001) (Limit Laws for Polynomials)
(1) +7(1p + 1
6-3+10 13

247+1 6

(Quotient Law)

6.5.4 Direct Substitution Property
A significant consequence of the limit laws is the Direct Substitution Property for polynomials
and rational functions.

e If p(x) is a polynomial function, then

lim p(z) = p(a)

r—a

olf f(z) = % is a rational function and a is in the domain of f(z) (meaning g(a) # 0), then

lim f(z) = f(a) = 53}

This property arises directly from applying the limit laws step-by-step, as demonstrated in
Example 5.1. It greatly simplifies the evaluation of limits for these common function types,
allowing us to simply substitute the value (a) into the function, provided the function is defined
at (a) (and, for rational functions, the denominator is not zero at (a)).
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6.5.5 Important Caveat

It is essential to remember that the Limit Laws (Sum, Difference, Product, Quotient, Power,
Root) can only be applied if the limits of the individual component functions ((L) and (M)) exist
and are finite real numbers. If any component limit does not exist or is infinite, the laws cannot
be directly applied, and other techniques (like algebraic manipulation, discussed in the context of
continuity and discontinuities) may be required.

Summary Table of Limit Laws

Law Name Formula Condition(s)
Sum Law lim[f(z) + g(z)] = L+ M lim f(x) =L, lim g(x) =M
e exist (finite)
Difference Law lim[f(z) — g(z)] = L — M lim f(x) =L, lim g(x) =M
e exist (finite)
Constant Multiple Law limle- f(z)] =¢- L lim f(x) = L exists (finite), ¢
o 1s constant
Product Law im|f(z)-g(z)] =L-M lim f(x) =L, lim g(x) =M
o exist (finite)
Quotient Law lim % =L lim f(x) = L, lim g(x) = M)
' exist, (M # 0)
Power Law lim[f(z)]" = L™ lim f(x) = L exists, L" is
e defined
Root Law lim {/f(2) = VI lim f(x) = L exists, VL is
' defined
Constant Limit }}1}{11 c=c c is constant
Identity Limit li1}n T=a

6.6 CONTINUITY AT A POINT

The concept of continuity formalizes the intuitive idea of a function's graph being "unbroken" at
a specific point. While limits describe the behavior of a function near a point, continuity
connects this behavior to the function's actual value at the point.

6.6.1 Intuitive Idea

A function is continuous at a point (x=a) if you can draw its graph through that point without
lifting your pencil from the paper. There should be no holes, jumps, or vertical asymptotes at

(x=a).
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6.6.2

Formal Definition (The Three Conditions)

Mathematically, a function (f(x)) is defined as continuous at a point (x=a) if and only if all
three of the following conditions are met:

(f(a)) is defined: The function must have a defined output value when (x=a). The point (a)
must be in the domain of (f). If (f(a)) is undefined (e.g., due to division by zero), the
function is discontinuous at (a).

lim /(=) exists: The two-sided limit of the function as (x) approaches (a) must exist as a
finite real number. This implies that the left-hand limit and the right-hand limit must both
exist and be equal

(lim_f(a:) = lim f(a:))
If the limit does not exist (e.g., due to a jump or oscillation), the function is discontinuous at

(a).

lim f(2) = J(9), The value that the function approaches as (x) gets close to (a) (the limit) must

be equal to the actual value of the function evaluated at (a). This is the crucial condition that
links the limit behavior to the function's value at the point.

If any one of these three conditions fails, the function (f(x)) is said to be discontinuous at (x=a).

6.6.3

Let's

Examples of Discontinuity at a Point

examine how failure of each condition leads to discontinuity:

e Failure of Condition 1 (f(a) undefined):

Cons

2

ider f(z) = “;:,j atx = 2.

Here, f(2) = % which is undefined. Thus, f(x) is discontinuous at z = 2. Graphically, this corresponds to
a hole at (2,4).*

e Failure of Condition 2 (lim,._., f(z) DNE):

Cons

g(z)

ider the piecewise function

B z+1 ifz <2
I ifz > 2
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atx = 2.
1. g(2) = —2is defined.
2. lim, .5~ g(z) = lim, - (z 4+ 1) = 3,
lim, 5+ g(z) = lim, 9+ (—x) = —2.
Since the left and right limits (3 and -2) are not equal, lim,, .5 g(z) does not exist. Thus, g(z) is

discontinuous at & = 2.

Graphically, this is a jump discontinuity.

e Failure of Condition 3 (lim,. ., f(z) # f(a)):
Consider the function
2_4 .
Z f 2
hz)={ =2 LT
6 ife=2
atx = 2 (similar to g(x) in 5).

1. h(2) = 6 is defined.
2. lim, .5 h(z) = lim, ., % = lim, _,o(x + 2) = 4. The limit exists.

3. However, lim, 5 h(z) = 4 and h(2) = 6. Since 4 # 6, the third condition fails.
Thus, h(z) is discontinuous at z = 2.

Graphically, this is a hole at (2, 4) with the function value defined separately at (2, 6).

The definition of continuity elegantly fuses the concept of a limit (describing behavior near a point) with the
function's actual value at the point. Condition 3, lim, ., f(z) = f(a), ensures that the value the function
is heading towards is precisely the value it attains at the destination point, guaranteeing a smooth, unbroken

graph at that location.

6.7 CONTINUITY ON AN INTERVAL

Building upon the definition of continuity at a single point, we can define continuity over an
entire interval. This concept is crucial for many theorems in calculus, such as the Intermediate
Value Theorem and the Extreme Value Theorem.

6.7.1 Continuity on an Open Interval

A function (f(x)) is said to be continuous on an open interval ((a, b)) if it is continuous at every
point (¢) within that interval (i.e., for all (c) such that (a < ¢ <b)). This aligns with the intuitive
idea of being able to draw the graph of the function over the interval ((a, b)) without lifting the
pencil.
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6.7.2 Continuity on a Closed Interval

Defining continuity on a closed interval ([a, b]) requires considering the endpoints (a) and (b).
Since the function may not be defined outside the interval, we use one-sided limits for the
endpoints.

A function (f(x)) is said to be continuous on a closed interval ([a, b]) if it satisfies the
following three conditions:

R/
0.0

7
0'0

R/
0.0

(f) is continuous on the open interval ((a, b)).

(f) is continuous from the right at (x=a). This means
lim f(z) = f(a).

(f) is continuous from the left at (x=b). This means

lim f(z) = f(b).

The one-sided continuity conditions at the endpoints ensure that the graph connects smoothly to
the function values at (a) and (b) from within the interval. If, for instance, the limit from the right
at (a) did not equal (f(a)), there would be a break at the very start of the interval when tracing the
graph.

Continuity on other types of intervals (e.g., ((a, b]), ([a, »)) is defined similarly, requiring
continuity on the interior and appropriate one-sided continuity at any included endpoints.

6.7.3 Examples

Polynomials: A polynomial function (p(x)) is continuous at every real number. Therefore, it
is continuous on any open interval ((a, b)) and any closed interval ([a, b]).

Rational Functions: A rational function (f(x) = p(x)/q(x)) is continuous at every point in its
domain, which excludes values where (q(x) = 0). Thus, it is continuous on any open or
closed interval that does not contain a value where the denominator is zero. For example,

1
f(z) = 72
is continuous on (—o0, 2) and (2, o), but not on any interval containing (x = 2).

Root Functions: /(¢) = vZ is continuous on its domain (0, ). It is continuous on the open
interval (0, o0) and continuous from the right at (x = 0) since

liI]l_E_m— \/E =0= f(O)

Piecewise Functions: To determine continuity on an interval for a piecewise function, one
must check continuity within each piece (often using properties of known continuous
functions like polynomials) and also check the continuity at the points where the function
definition changes, using the three conditions for continuity at a point (requiring the one-
sided limits to match the function value).

The concept of continuity over an interval relies directly on the definition of continuity at each
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point within that interval. For closed intervals, the definition is carefully extended using one-
sided limits to handle the behavior at the boundary points, ensuring the function is connected
throughout the entire specified range.

6.8 TYPES OF DISCONTINUITIES

When a function (f(x)) fails to meet one or more of the three conditions for continuity at a point
(x=a), it 1s said to be discontinuous at (a). These discontinuities can be classified based on the
nature of the failure. The main types are removable, jump, and infinite discontinuities.

6.8.1 Removable Discontinuity

e Definition: A function f has a removable discontinuity at z = a if lim f(z) exists (and is a finite value L
r—a
), but either f(a) is undefined or lim f(z) # f(a). In terms of the three conditions for continuity,
r—a

Condition 2 (limit exists) holds, but Condition 1 (f(a) defined) or Condition 3 (limit equals function value)

fails.

e Graphical Feature: This type of discontinuity appears as a "hole" or a single missing point
in the graph at (x = a).

e Why "Removable': The discontinuity can be "removed" by defining (or redefining) the
function value at (x = a) to be equal to the limit (L). That is, creating a new function (g(x))
such that (g(x) = f(x)) for (x # a) and (g(a) = L) results in a function (g(x)) that is continuous
at (a).

e Common Cause: Often occurs in rational functions where a factor (x - a) cancels out from
both the numerator and denominator.

e Example: f(z) = ”;2__;

2) = 4. Since the limit exists but f(2) is undefined, it's a removable discontinuity. We could remove it by
defining f(2) = 4.

atx = 2. Here, f(2) is undefined. However, lim, .5 f(z) = lim,_,o(x +

6.8.2 Jump Discontinuity
e Definition: A function f has a jump discontinuity at z = a if both the left-hand limit (L~ = lim f(x))

r—a -

and the right-hand limit (L™ = lim f(z)) exist as finite values, but they are not equal (L™ # L™).

e Graphical Feature: The graph "jumps" from one (y)-value to another at (x = a).
e Common Cause: Frequently occurs in piecewise-defined functions at the points where the

definition changes.
e Example:
r+1 ifx <2
fz) {5 ifz>2° "
lim, .5 f(z) =lim, .»-(x +1) =3
lim, .o+ f(z) = lim, .»+(5) =5

Since the left limit (3) and right limit (5) exist but are not equal, there is a jJump discontinuity at z = 2.
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6.8.3 Infinite Discontinuity (Essential Discontinuity)

e Definition: A function f has an infinite discontinuity at z = a if at least one of the one-sided limits (

lim f(z)or lim f(z))is infinite (0o or —oo). Condition 2 for continuity fails because the limit is not a
—a- r—a’

finite real number. The term “essential discontinuity” is sometimes used synonymously or as a broader

category including infinite and oscillatory discontinuities.

e Graphical Feature: Typically corresponds to a vertical asymptote at (x=a) on the graph.

e Common Cause: Often occurs in rational functions where the denominator is zero at (x=a)
but the numerator is non-zero. Also occurs for functions like (\tan(x)) or (\In(x)) at the edges
of their domains.

e Example:
flz)=-Yatz =2
lim,_,5- ﬁ = —0G,
lim, .o+ ﬁ = 00

Since the one-sided limits are infinite, there is an infinite discontinuity (and a vertical asymptote) at z = 2.

6.8.4 Summary Table of Discontinuities

Type of Condition(s) Limit Behavior Graphical Removable?
Discontinuity Failed lim, ., f(z) Feature
Removable lor3 Exists (Finite (L)) Hole Yes
Jump 2 (and maybe | DNE (L-# L"), both | Jump / Step No
3) finite)
Infinite 2 (and maybe | DNE (At least one Vertical No
1, 3) side is (& o) Asymptote

Jump and infinite discontinuities are classified as non-removable discontinuities because the
fundamental issue (differing one-sided limits or unbounded behavior) cannot be fixed by simply
assigning a value to (f(a)). Removable discontinuities are unique in that the limit (L) exists,
providing a clear target value to "patch" the function and make it continuous at that point.
Understanding these classifications is crucial for analyzing function behavior, particularly when
considering differentiability, as functions are not differentiable at points of discontinuity.

6.9 PROPERTIES OF CONTINUOUS FUNCTIONS

Functions that are continuous exhibit predictable behavior when combined using standard
arithmetic operations or composition. These properties are direct consequences of the limit laws
and the definition of continuity.
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6.9.1 Algebra of Continuous Functions

If two functions, (f(x)) and (g(x)), are both continuous at a point (x=a), then the following
combinations are also continuous at (x=a):

O0Sum: f(z) + g(z)

O Difference: f(z) — g(x)

0 Product: f(z) - g(x)

0 Constant Multiple: ¢ - f(x) (where ¢ is a constant)

0 Quotient: %, provided that g(a) # 0

These properties hold because continuity at (x=a) means

lim, ., f(z) = f(a) and lim, ., g(z) = g(a)

The limit laws (Section 5) state that the limit of a sum is the sum of the limits, etc. For example,
for the sum:

lim(f(z) + 9(a)) = lim f(2) + lim g(z) = f(a) + 9(a) = (£ + 9)(@)

Since the limit of the sum equals the function value of the sum at (a), the sum function (f + g) is
continuous at (a). Similar arguments apply to the difference, product, and quotient (with the (g(a)
# 0) condition ensuring the limit of the denominator is non-zero, allowing the use of the Quotient
Limit Law).

6.9.2 Continuity of Elementary Functions

Based on the limit laws and the definitions of the functions themselves, it can be shown that
many common types of functions are continuous wherever they are defined (i.e., continuous on
their domains). This includes:

e Polynomial Functions: Continuous everywhere (-o, o).
e Rational Functions: Continuous everywhere except where the denominator is zero.
¢ Root Functions: Continuous on their domains

This theorem can be understood by considering the limit definition of continuity. Since (g) is
continuous at (a),

lim, .o 9(3:) = g(a]

Since (f) is continuous at (g(a)), we can use the property related to the limit of composite
functions (often derived alongside the limit laws or continuity theorems):

lim f(g(z)) = 7 (lim g(z) ) = f(g(a)) = (f 0 9)(a)

Because the limit of the composite function at (a) equals its value at (a), the composite function
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is continuous at (a).

Example 9.1: Show that (h(x) = sin(x?)) is continuous everywhere.

Let g(x) = x? and f(u) = sin(u).

g(x) is a polynomial, so it is continuous everywhere.

f(u) is a trigonometric function, so it is continuous everywhere.

Since (g) is continuous for all (a), and (f) is continuous at g(a) = a? (which is always true as (f) is
continuous everywhere), the composite function h(x) = f(g(x)) = sin(x?) is continuous
everywhere.

Example 9.2: Determine where H(x) = In(1 + cos x)) is continuous.

Let g(x) =1 + cos x) and f(u) = In u.

g(x) is continuous everywhere (sum of continuous functions).

f(u) is continuous for (u > 0).

The composite function (H(x) = f(g(x)) = In(1 + cos x)) is continuous wherever (f) is continuous
at g(x). This requires the input to the logarithm, g(x) = 1 + cos X, to be strictly positive.

Since (-1 <cos x < 1), we have (0 <1 + cos x <2).

The input (1 + cos x) is only zero when (cos x = -1), which occurs at (x =+ n, #3 ©, 57, .....).

Therefore, H(x) is continuous for all (x) except x = (2n+1)n where (n) is an integer.

These properties significantly simplify the analysis of continuity. By recognizing that basic
elementary functions are continuous on their domains, and that continuity is preserved under
arithmetic operations and composition, we can conclude that a vast array of functions built from
these basic blocks are also continuous on their respective domains without needing to explicitly
verify the three continuity conditions at every point. This is fundamental for applying theorems
that require continuity, such as the Intermediate Value Theorem.

6.10 CHECK YOUR PROGRESS - A

Q1. What do you understand by concept of limit?

Q2. Answer the following MCQs: -

1. What is the intuitive meaning of the limit of a function at a point x = a?
A. The value of the function exactly at x =a
B. The average value of the function near x = a
C. The value the function approaches as x gets arbitrarily close to a
D. The maximum value of the function on an interval around a

2. Which of the following statements is true regarding the limit laws?
A. They can be applied even if individual limits do not exist.
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B. The quotient law applies even when the denominator limit is zero.
C. They simplify limit calculations using known component limits.
D. They are applicable only for trigonometric functions.
3. What type of discontinuity is present when both one-sided limits exist but are not equal?
A. Removable
B. Jump
C. Infinite
D. Oscillatory

6.11 SUMMARY

This unit presents the foundational concept of limits in calculus, beginning with an intuitive
understanding and progressing to the rigorous epsilon-delta definition. A limit describes the
value a function approaches as the input nears a specific point, independent of the function’s
actual value at that point. The unit explores estimation methods using numerical tables and
graphs, emphasizing the importance of behavior around the point rather than at it. The formal
epsilon-delta definition is introduced to provide mathematical precision, accompanied by
examples and geometric interpretations. The concept of one-sided limits is then presented,
essential for functions defined on restricted domains or exhibiting jumps. It is shown that a two-
sided limit exists only if both one-sided limits exist and are equal. The unit expands on limits
involving infinity, describing vertical and horizontal asymptotes and techniques for
evaluating these limits. Discontinuities—removable, jump, and infinite—are discussed in the
context of the three conditions required for continuity at a point. Finally, limit laws are
explained, providing algebraic tools for simplifying complex expressions, and the algebra of
continuous functions is explored to understand function behavior in composition and arithmetic
operations.

6.12 GLOSSARY

Limit — The value a function approaches as its input approaches a certain point.

Epsilon (¢) — A small positive number representing desired output precision in limits.

Delta (8) — A small input interval ensuring function outputs are within ¢ of the limit.

One-sided Limit — A limit evaluated from either the left or right side of a point.

Infinite Limit — A limit where the function grows without bound as input nears a point.

Horizontal Asymptote — A horizontal line that the graph of a function approaches as x

— 00,

Vertical Asymptote — A vertical line where the function’s value becomes unbounded.

¢ Removable Discontinuity — A gap in the function that can be “patched” by redefining a
value.

e Jump Discontinuity — A sudden change in function value, where left and right limits
differ.

¢ Infinite Discontinuity — A point where the function becomes unbounded on approach.

e Continuous Function — A function without breaks, holes, or jumps over an interval.

e Limit Laws — Algebraic rules for simplifying limit expressions.
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e Direct Substitution — Evaluating limits by direct input when no discontinuity is present.
e Asymptote — A line that the graph of a function approaches but never touches.
e Continuity on an Interval — Unbroken function behavior across an entire range.

6.14 ANSWERS TO CHECK YOUR PROGRESS
Check Your Progress — A
Q2. Answers of MCQs: -

1. Answer: C
2. Answer: C
3. Answer: B
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6.17 TERMINAL QUESTIONS
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Define the limit of a function intuitively and provide one example.

Explain the epsilon-delta definition of a limit and demonstrate it with a basic linear
function.

What are one-sided limits? How are they used to evaluate discontinuities?

Describe three types of discontinuities with suitable examples.

State and explain the three conditions for a function to be continuous at a point.

What is the difference between a removable and an infinite discontinuity?

How do you determine a function’s horizontal asymptote using limits?

Describe the process of evaluating limits at infinity for rational functions.

Explain the significance of the Direct Substitution Property in limits.

0. Use limit laws to evaluate: limx——2(3x2+4x—5)\lim_{x \to -2} (3x"2 + 4x -

S)limx——2(3x2+4x-5)
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Learning Objectives

After reading this unit learners will be able to learn:

v The meaning and properties of indices, including positive, negative, zero, and rational

exponents.
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change of base formula.

The fundamental laws of exponents for simplifying expressions and solving equations.
The concept of logarithms as the inverse operation of exponentiation.

The laws of logarithms and their applications in solving logarithmic equations.
Techniques for solving exponential and logarithmic equations using properties and



7.1 INTRODUCTION TO INDICES (EXPONENTY)

Exponentiation is a foundational concept in mathematics, providing a concise notation for
repeated multiplication. This section defines the core concepts of indices, including integer and
rational exponents, laying the groundwork for understanding their properties and applications.

7.1.1 Definition: Base Raised to a Power (Index/Exponent)

Exponentiation involves two numbers: a base, denoted by b, and an exponent (also known as a
power or index), denoted by n. The expression b” represents the operation of multiplying the
base b by itself n times.

Formally, for any number b and a positive integer n, exponentiation is defined as:

b»=b-b-...- b (ntimes).l

This expression is typically read as "b raised to the nth power" or "b to the power n". For
instance, 3° signifies 3 multiplied by itself five times: 3° =3 -3 - 3 - 3 - 3 =243. Similarly, 7* =7
-7-7-7=2401.

It is crucial to understand the role of parentheses in exponentiation, particularly when dealing
with negative bases. The exponent applies only to the quantity immediately to its left unless
parentheses dictate otherwise. Consider the expressions (—2)* and —2*:

o (2)*=(-2) x (—2) x (—2) x (—2) = 16. Here, the base is —2, and it is multiplied by itself
four times.

o —24=—(2%=—(2x2x2x2)=-16. Here, the base is 2. The exponent 4 applies only to the
2, and the negative sign indicates the additive inverse of the result.

7.1.2 Integer Exponents: Positive, Negative, and Zero

The concept of exponentiation extends beyond positive integers to include zero and negative
integers, forming a cohesive system governed by consistent rules.

e Positive Integer Exponents: As defined previously, 4" for a positive integer n represents n
factors of the base b multiplied together. Example: 5* =5 x 5 x 5 =125.

e Zero Exponent: For any non-zero base a, the zero exponent is defined as:
a’ =1 (provided a # 0).
The condition a # 0 is essential because 0° is an undefined expression.2 This definition
ensures consistency with the exponent laws, particularly the quotient rule (am/am™ = am» ™ = a°
= 1).1 It can also be understood through the empty product convention, where a product of
no factors is defined as the multiplicative identity, 1.1 Example: (—1268)° =13, 7°=1.2

e Negative Integer Exponents: For any non-zero base a and any positive integer n, the
negative exponent is defined as:
a ™= 1/ar (provided a # 0).
A negative exponent indicates repeated division by the base or, equivalently, the
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multiplication of the reciprocal of the base.2 The requirement a # 0 is necessary to prevent
division by zero.3 Examples:

o 52=1/52=1/25.

o (-4)32=1/(-4)*=1/-64=-1/64.

o T'=1T"=1/7.

The definitions for zero and negative exponents are not arbitrary choices but are necessary
consequences of extending the fundamental laws of exponents, such as the product rule a”a” =
a™™, to encompass all integers. If this product rule is to hold universally, then setting n = 0
necessitates a”a’ = a™" = a™, which implies a® = I (for a # 0). Similarly, requiring the rule to
hold for n and -n leads to a’a™ = a"” = a° = I, which implies a” = [/a". This consistent
framework allows for algebraic manipulation of expressions involving any integer exponents
using a single, unified set of rules.

7.1.3 Rational Exponents: Fractional Powers and Roots

Rational exponents extend the concept of exponentiation to include fractional powers, seamlessly
integrating the notion of roots. A rational exponent m/n (where m, n are integers, n > 0) applied
to a base a involves both powering and rooting operations.

The fundamental connection is established by defining the nth root of a as a raised to the power of 1/n:
a’(1/n) = ™a.

This definition arises naturally from the desire to maintain consistency with the power rule (a™)* = a™, If
this rule is to hold for fractional exponents, then (a*(1/n))» must equal a*((1/n)xn) = a' = a. This precisely
matches the definition of the nth root: the number which, when raised to the nth power, yields a.

For a general rational exponent m/n, there are two equivalent interpretations, both stemming
from the laws of exponents :

o a’(m/n) =™ (a): First, raise the base  to the power m, then take the nth root of the result.
This follows from a”(m/n) = (a™)"(1/n).

o a’N(m/n) = ("a)": First, take the nth root of the base a, then raise the result to the power m.
This follows from a(m/n) = (a’\(1/n))".

Note that if # is even, the base @ must be non-negative (a > 0) for the root to be a real number.

Examples:
e 167(3/2) can be calculated as (V16)* = 4° = 64, or as \(16%) = V4096 = 64.
o 27°2/3)=(\272=32=09.
o 8Y(1/3)=*8=2.
o x(1/2) =1x.

The introduction of rational exponents provides a powerful unification of powers and roots under
a single notational system. This system adheres to the same fundamental laws that govern integer
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exponents, allowing for consistent algebraic manipulation of a wider range of expressions. This
consistency highlights the logical structure underpinning exponentiation rules.

7.2 THE FUNDAMENTAL LAWS OF INDICES (EXPONENT RULES)

The manipulation of expressions involving exponents is governed by a set of fundamental rules
known as the Laws of Indices or Exponent Rules. These laws are derived from the basic
definition of exponentiation as repeated multiplication and its consistent extension to integer and
rational exponents. Understanding and applying these laws is essential for simplifying algebraic
expressions and solving equations. The following laws hold true, assuming the bases a and b are

non-zero real numbers and the exponents m and » are real numbers for which the expressions are
defined.

e Product Rule: a™ - a" = a™™

o Explanation: When multiplying exponential expressions with the same base, the
exponents are added. For positive integers m and n, this arises from combining m
factors of @ with n factors of a, resulting in a total of m + n factors.

o Example: x? -x*=x?3=x’.a*a*=a**=a".

e Quotient Rule: a”/a* = a" (for a # 0)

o Explanation: When dividing exponential expressions with the same base, the exponent
of the denominator is subtracted from the exponent of the numerator. This follows from
canceling common factors in the numerator and denominator.

o Example: x/x?=x?=x%a*/a'" =a*"" =a"".

e Power Rule (Power of a Power): (a”)" = a™

o Explanation: When raising an exponential expression to another power, the exponents
are multiplied. This involves having n groups, each containing m factors of the base.

o Example: (x?)3 = x?3 =x% (a’)? = a™ = a?.

e Product to a Power Rule: (ab)" = a"b"

o Explanation: To raise a product to a power, each factor within the product is raised to
that power. This results from rearranging factors in repeated multiplication.

o Example: (xy)® = x%3 (3x%)3 = 33(x?)3* = 27x%7°.

e Quotient to a Power Rule: (a/b)" = a"/b" (for b # 0)

o Explanation: To raise a quotient (fraction) to a power, both the numerator and the
denominator are raised to that power.

o Example: (x/v)? = x?)? (a/b)® = a¥/b’.

e Zero Exponent Rule: ¢’ = ] (for a # 0)
o Explanation: Any non-zero base raised to the power of zero equals 1.
o Example: 7°=1.12a°=12(1) = 12.

e Negative Exponent Rule: a” = //a" (for a # 0)

o Explanation: A base raised to a negative exponent is equivalent to the reciprocal of the
base raised to the corresponding positive exponent. This rule also implies //a™ = a”
and (a/b) ™ = (b/a)" = b/a".
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o Example: x? = I/x% 272 = 1/22 = 1/4. (a/b) " = (b/a)"® = b'%a’

e Fractional Exponent Rule: a*(m/n) = "\(a") = ("a)” (conditions apply for negative a)

o Explanation: A rational exponent indicates taking the nth root (denominator) and raising

to the mth power (numerator), in either order.
o Example: x(2/3) = 3x? = (Wx)2. 47(1/2) =4 = 2.

Negative Exponent Rule @-\

a®=1fa" -

Example: x * = 1/x® -

Product Rule —% -~

1
'
'
'
'
'
'
'
'
'
'
'
'
'
'

amn - N = gmth -’\
\

_  Laws of

Product to a Power Rule @"" Indices

@)" = a"b"
Example: (xy)® = x*y? 9

'
'
'
'
'
'
'
\

Quotient to a Power Rule @”

@/o)" = a"fbo"

Example: (x/y)? = x*fy? 9

f']((x) Fractional Exponent Rule

ooa(mfn) = V(o)
"~ Example: x~(2/3) = */x?

1 \ U
Example: x? - x*> = x5 ~ 3 @ §

*=01 zero Exponent Rule

.- & Quotient Rule

‘
! |
' .

' n — -n
! ,r 0«“‘/0\ = oam

~ Example: x¢ [ x* = x*

1
s ()" = qun
/

~ Example: (x?)® = x°

roa’=1

"~ Example: 2° = 1

Figure 7.1. Laws of indices

Summary Table of Exponent Rules:

Law Name Formula Example
Product Rule am - gn=amn x?-x*=x°
Quotient Rule am/ar=amm(a#0) x¢/x*=x*
Power Rule (am)r = amn (x?)* =x°
Product to a Power (ab)» = anb» (xy)? =x%y?
Quotient to a Power (a/b)» = a/b" (b # 0) (x/y)? = x*y?
Zero Exponent a®=1(a#0) 7°=1
Negative Exponent ar=1/a"(a#0) x?=1/x?
Fractional Exponent a™(m/n) = ™(am) = (Wa)» XN2/3) = Ax? = (Vx)?
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These laws provide a consistent framework for manipulating exponential expressions,
simplifying complex calculations, and form the basis for understanding related concepts like
logarithms. Their validity across different types of exponents (integer, rational, real) underscores
the logical coherence of the mathematical system.

7.3 INTRODUCTION TO LOGARITHMS
Logarithms represent the inverse operation to exponentiation. Understanding this inverse
relationship is fundamental to grasping the definition, properties, and applications of logarithms.

7.3.1 Definition: Logarithms as the Inverse of Exponentiation

Just as subtraction reverses addition, and division reverses multiplication, the logarithm reverses
exponentiation. If an exponential function f(x) = b~ takes an input x (the exponent) and produces
an output N (the result of exponentiation), its inverse function, the logarithm base b, takes the
input N and returns the original exponent x.

The logarithm essentially answers the question: "To what exponent must we raise the base b to
obtain the number N?". For instance, since 2* = 8, the logarithm base 2 of 8 is 3. This inverse
relationship is captured by the following identities:

o bNlog<OxE2><0x82><0x90> N) = N (Exponentiation undoes the logarithm)
o Jog<OxE2><0x82><0x90> (b*) = x (Logarithm undoes the exponentiation).

7.3.2 Equivalence of Logarithmic and Exponential Forms

The core definition of a logarithm lies in its equivalence to an exponential statement. The logarithmic
equation:

log,gN ==z

is precisely equivalent to the exponential equation:

ax=N.

These two forms represent the exact same relationship between the base a, the exponent x (which
is the logarithm), and the result N. Being able to convert fluently between these forms is crucial.

Examples of Conversion:

e Exponential to Logarithmic:

o 10°=1000 is equivalent to logio 1000 = 3.

o 2%*=161s equivalent to log. 16 =4.

o 52=25isequivalent to logs 25 = 2.

o e*=151is equivalent to log<OxE2><0x82><0x91> 5 = x (or In 5 = x).
e Logarithmic to Exponential:

o logs (1/9) =-2 is equivalent to 372 = 1/9.

o logs 125 =3 is equivalent to 5% = 125.
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o Iny=2isequivalentto e*=y.

7.3.3 Terminology: Base, Argument, Logarithm; Conditions

In the expression:

log,,N ==z

a is the base of the logarithm.

N is the argument of the logarithm (the number whose logarithm is being taken).

x is the logarithm itself, which represents the exponent to which the base @ must be raised
to obtain V.

For 19810V to be a well-defined real number, certain conditions must be met, arising directly

from the nature of the corresponding exponential function a* = N :

v

4

Base a must be positive (a > 0): Exponentiation is typically defined for positive bases
when dealing with real exponents.

Base a must not equal 1 (a # 1): If the base were 1, then 1* would always equal 1,
regardless of x (for x # 0). This would mean log: N could only potentially exist for N=1, and
even then, the exponent x could be any real number, violating the uniqueness requirement
for inverse functions.

Argument N must be positive (N > 0): A positive base raised to any real power x always
yields a positive result. Therefore, logarithms are only defined for positive arguments.

7.3.4 Examples: Conversion Between Forms

Further examples illustrating the conversion process:

Convert 4° = 64 to logarithmic form: The base is 4, the exponent is 3, and the result is 64.
Thus, logs 64 = 3.

Convert logz 32 = 5 to exponential form: The base is 2, the logarithm (exponent) is 5, and
the argument is 32. Thus, 2° = 32.

Convert In 1 = 0 to exponential form: The base is e, the logarithm is 0, and the argument is
1. Thus, e° = 1.

This equivalence between logarithmic and exponential forms is the cornerstone of understanding
and manipulating logarithms. The properties and laws governing logarithms are direct
consequences of the established laws of exponents, viewed through this inverse relationship.
This connection provides a logical framework rather than a set of arbitrary rules.

7.4 COMMON AND NATURAL LOGARITHMS

While logarithms can theoretically have any positive base other than 1, two bases are
predominantly used in mathematics, science, and engineering: base 10 (common logarithms) and
base e (natural logarithms).
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7.4.1 Common Logarithms (Base 10)

Common logarithms are logarithms with a base of 10. The common logarithm of a number x
answers the question: "To what power must 10 be raised to obtain x?"

The standard notation for the common logarithm of x is simply log x, with the base 10 being
implied. This convention is widely adopted in scientific and engineering fields, partly due to its
historical use with logarithm tables and slide rules for simplifying calculations involving the
decimal system.

Examples:

e log 100 =2, because 10> = 100.
e log 1000 = 3, because 10° = 1000.
e log0.01 =log (1/100) =log (107%) = -2, because 102 =0.01.

7.4.2 Natural Logarithms (Base ¢)

Natural logarithms are logarithms with the base e, where e is Euler's number, a fundamental
mathematical constant. The constant e is an irrational and transcendental number, approximately
equal to 2.71828.... The natural logarithm of x answers the question: "To what power must e be
raised to obtain x?"

The standard notation for the natural logarithm of x is In x. This notation is almost universally
used in mathematics and physics.

Examples:

In e =1, because e! = e.

In 1 =0, because ¢°= 1.

In (€*) = 3.

In 7.5 = 2.0149, because e*-°'¥... = 7.5.

7.4.3 The Significance of the Base e

The prevalence of the natural logarithm stems from the unique properties of its base, e,
particularly in the context of calculus. The constant e arises "naturally" in mathematics for
several reasons:

e Calculus Properties: The exponential function f{x) = e* has the remarkable property that it
is its own derivative: d/dx(e*) = e*. This means the rate of change of the function e* at any
point is equal to the value of the function at that point. Consequently, its inverse function,
the natural logarithm g(x) = In x, has a very simple derivative: d/dx(In x) = 1/x. These
simple derivative rules make e and In x exceptionally convenient bases for calculus
operations compared to other bases. For any other base b, d/dx(b*) = b* In b, and
d/dx(log<0xE2><0x82><0x90> x) = 1/(x In a).
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e Integral Definition: The natural logarithm can be defined as the area under the hyperbola y
=1/t from ¢ =1 to ¢ = x: In x = [* (1/¢) dz. From this definition, e is the unique number such
that the area under y = 1/f from 1 to e is exactly 1 (i.e., Ine=1).

e Modeling Natural Phenomena: Exponential functions with base e naturally model
processes involving continuous growth or decay, such as population growth, radioactive
decay, and compound interest calculations where interest is compounded continuously.

While base 10 is convenient for calculations tied to our decimal system, base e possesses more
fundamental mathematical properties, making the natural logarithm the preferred choice in

theoretical mathematics, physics, and many areas of science.

Comparison Table:

Feature Common Logarithm Natural Logarithm
Base 10 e~2.71828...
Notation log x (or logio x)

Inz (or log, )

Inverse Function

10~

eX

Key Property

log 10=1

Ine=1

Primary Use

Science, Engineering,
Calculations

Calculus, Physics, Higher
Mathematics

7.5 THE FUNDAMENTAL LAWS OF LOGARITHMS

Analogous to the laws of indices, there are fundamental laws governing logarithms. These laws
are not independent rules but are direct consequences of the exponent laws, stemming from the
inverse relationship between logarithms and exponentiation. These rules allow for the
manipulation and simplification of logarithmic expressions, provided the same base is used

consistently throughout a calculation.

Let a be the base, where a > 0 and a # 1. Let M and N be positive real numbers, and let p be any

real number.

e 7.5.1 Product Rule: /og, (MN) = log, M + log, N

o Explanation: The logarithm of a product of two numbers is equal to the sum of the
logarithms of those numbers. This mirrors the exponent rule a*a” = a*".

o Derivation Idea: If log. M = x and log, N =y, then a*x = M and a¥ = N. Multiplying these

gives MN = a*a¥ = a». Converting this exponential form back to logarithmic form

yields log,(MN) = x + y, which equals log, M + log, N.
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o Example: logio(5 % 4) =logie 20. Applying the rule: logio 5 + logio 4.
e 7.5.2 Quotient Rule: log, (M/N) = log, M - log, N
o Explanation: The logarithm of a quotient of two numbers is equal to the logarithm of
the numerator minus the logarithm of the denominator. This corresponds to the
exponent rule a”/a" = a™™.
o Derivation Idea: Using the same substitutions as above, M/N = a*/ay = a*¥. Converting
back gives log.(M/N) =x -y =log, M - log, N.
o Example: log<OxE2><0x82><0x91> (12/2) = log<0xE2><0x82><0x91> 6. Applying
the rule: log<O0xE2><0x82><0x91> 12 - log<0xE2><0x82><0x91> 2.
e 7.5.3 Power Rule: log, (M?) =p -log. M
o Explanation: The logarithm of a number raised to a power is equal to the power
multiplied by the logarithm of the number. This relates to the exponent rule (a9 = a*.
o Derivation Idea: If log, M = x, then ax = M. Raising both sides to the power p gives Mp
= (a*)» = a*r. Converting back to logarithmic form yields log.(MP) = xp =p - log. M.
o Example: logio 5° = 3 logio 5.
e 7.5.4 Special Logarithms: /og, a = I and log, 1 = 0
o Explanation: The logarithm of a number to the same base is always 1, because a’ = a.
The logarithm of 1 to any valid base is always 0, because a° = 1.
o Example: logio 10=1,lne=1.logs 1 =0.

Summary Table of Logarithm Laws:

Law Name Formula Example
Product Rule log. (MN) = log, M + log, N In(5x)=In5+Inx
Quotient Rule log. (M/N) =log, M - log. N | log2(16/2) =logz 16 - log: 2 =
4-1=3
Power Rule log. (MP) =p - log. M logs (x°) =5 logs x
Logarithm of Base log.a=1 log: 7=1
Logarithm of 1 log.1=0 logio 1 =0

These laws are fundamental for simplifying logarithmic expressions and solving logarithmic
equations. Their direct derivation from exponent rules highlights the deep connection between
these two inverse operations and reinforces the logical structure of mathematics. Logarithms
effectively transform multiplication into addition, division into subtraction, and exponentiation
into multiplication, which was historically crucial for simplifying complex calculations.
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7.6 THE CHANGE OF BASE FORMULA

While logarithms can be defined for any valid base, practical computation often relies on
common (base 10) or natural (base e) logarithms, as these are typically available on calculators.
The Change of Base Formula provides a crucial mechanism for converting logarithms between
different bases.

6.1 Derivation and Explanation

The Change of Base Formula states that for any valid logarithmic bases a and ¢ (a, ¢ > 0, a, ¢ # 1), and
any positive number N (N > 0):
log N4g

log, N = 2w

log,,a
This formula allows the calculation of a logarithm to any base @ using logarithms of a different,
potentially more convenient, base c.

Derivation:

e Start with the definition: Let y = log, N.
e Convert to exponential form: a” = N.
» Take the logarithm base ¢ of both sides of the exponential equation: log,.(a¥) = log, N.

- Apply the Power Rule for logarithms to the left side: y - log. a = log. V.

» Solve for y by dividing both sides by log. a (assuming log. a # 0, which is true since a # 1):
_ log, N
~ log.a-

« Substitute the original definition of y back into the equation:
loga N — ].Og!: N

log.a -

6.2 Practical Utility (Calculator Use)

The primary utility of the Change of Base Formula lies in computation. Most standard
calculators provide functions only for the common logarithm (log, base 10) and the natural
logarithm (In, base e). To evaluate a logarithm with a different base, such as logs 6, one must
convert it using a base available on the calculator.

The two most common applications are:
e Converting to base 10: log. N = log N/ log a
e Converting to base e: log, N =In N/ In a.

6.3 Examples

e Evaluate logs 6:
o Using common logs: logs 6 =log 6 /log 3 =0.77815/0.47712 = 1.631.
o Using natural logs: logzs 6 =In6/1n3~=1.79176 / 1.09861 =~ 1.631.
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e Evaluate logs 64:
o Using common logs: logs 64 = log 64 / log 4 = 1.80618 / 0.60206 = 3. (Note: This can
be solved directly as 4° = 64).
e Convert logs 125 to base 2:
o logs 125 = logz 125 / log: 5. Using a calculator for base 2 logs (or converting again to
base 10 or e), this ratio evaluates to 3. (Note: This can be solved directly as 5° = 125).

The Change of Base Formula reveals an important theoretical point: all logarithmic functions are scalar

multiples of one another. The formula
log, N = (10;;1 a) -log, N

shows that log, N is simply log,. N multiplied by a constant factor (

i ) since a and ¢ are fixed bases.
og. a

This implies that the graphs of logarithmic functions to different bases are vertical stretches or compressions
of one another. This inherent similarity justifies the focus on common and natural logarithms, as any other

base can be related back to these through this formula.

7.7 SOLVING EXPONENTIAL EQUATIONS

Exponential equations are equations where the variable appears in the exponent. While some can
be solved by finding a common base (e.g., 2x = 16 = 2x = 2* = x = 4), many require the use of
logarithms, leveraging their inverse relationship with exponentiation.

7.1 Application of Logarithms

The general strategy for solving exponential equations using logarithms involves the following
steps:

e Isolate the Exponential Term: Manipulate the equation algebraically to isolate the term
containing the variable in the exponent (e.g., isolate b<sup>cx</sup> in an equation like a -
b = d).

e Take the Logarithm of Both Sides: Apply a logarithm to both sides of the equation. While
any valid base can be used, applying the common logarithm (log, base 10) or the natural
logarithm (In, base e) is often most practical due to calculator availability. Alternatively,
using the logarithm with the same base as the exponential term can simplify the process if
feasible.

e Apply the Power Rule: Utilize the power rule of logarithms (log.(MP) = p - log. M) to
move the exponent (which contains the variable) to the front as a multiplier. This transforms
the exponential equation into a linear or algebraic equation.

e Solve for the Variable: Solve the resulting algebraic equation for the unknown variable.

7.2 Examples

e Example 1: Solve 2x=12.
= The exponential term is already isolated.
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» Take the natural logarithm of both sides: In(2¥) = In(12).
= Apply the power rule: x In 2 =1n 12.
= Solve forx: x=1In12/1In2=2.4849 /0.6931 = 3.585. (Alternatively, taking log base 2
gives x = log: 12, then use change of base: x = log 12 /log 2 = 3.585).
e Example 2: Solve 8 - 10x=3.
= [solate the exponential term: 10* = 3/8 = 0.375.
» Take the common logarithm (base 10) of both sides: log(10%) = log(0.375).
* Apply the power rule (and logio 10 =1): x - 1 =10g(0.375).
» Solve for x: x =10g(0.375) = -0.426.
e Example 3: Solve 5 - %!t = 20.
» Isolate the exponential term: e*!t=20/5=4.
» Take the natural logarithm of both sides: In(e®!t) = In 4.
= Apply the power rule (and Ine=1): 0.1t - 1 =1n 4.
= Solvefort:t=1In4/0.1=1.386/0.1=13.86.
e Example 4: Solve 123 = 17>
» The exponential terms are already isolated on each side.
» Take the common logarithm of both sides: log(12*?) = log(17%).
*  Apply the power rule to both sides: (x - 3)log 12 = (2x)log 17.
= Solve the linear equation for x:
m xlogl2-3logl12=2xlog17
x log 12 - 2x log 17=3log 12
X (log12-21log 17)=3log 12
x=(Blog12)/(log12-21log17)
x = (3 x1.079)/(1.079 - 2 x 1.230) = 3.237 / (1.079 - 2.460) = 3.237 / -1.381 = -
2.344.

Logarithms provide the indispensable algebraic tool to solve for variables located within
exponents. The process relies fundamentally on the inverse relationship between exponentiation

and logarithms, specifically utilizing the power rule to convert the exponential equation into a
more manageable algebraic form.

7.8 SOLVING LOGARITHMIC EQUATIONS

Logarithmic equations involve logarithms containing the variable. Solving these equations
typically involves using the properties of logarithms and the inverse relationship between
logarithms and exponents. A critical aspect of solving logarithmic equations is verifying the
solutions due to the domain restrictions of logarithms.

8.1 Application of Index Laws and Logarithm Properties

The primary strategies for solving logarithmic equations aim to either equate the arguments of
logarithms with the same base or convert the logarithmic equation into an exponential form:
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e Condense Logarithmic Terms: If the equation contains multiple logarithmic terms, use the
logarithm properties (Product Rule, Quotient Rule, Power Rule) to combine them into a
single logarithm on one or both sides of the equation.

o Example: logs(x + 2) + logs(x — 3) = 1 becomes logs[(x + 2)(x —3)] = 1.
o Example: log(5x) + log(x — 1) = 2 becomes log[5x(x — 1)] = 2.

¢ Equate Arguments (One-to-One Property): If the equation can be written in the form /og,
M = log, N, then because logarithmic functions are one-to-one, we can equate the
arguments: M = N. Solve the resulting algebraic equation.

o Example: logs[3x(2x — 1)] = logz(16x — 10) implies 3x(2x — 1) = 16x — 10.

e Convert to Exponential Form: If the equation can be written in the form /log, M = ¢
(where ¢ is a constant), rewrite it in its equivalent exponential form: a¢ = M. Solve the
resulting algebraic equation.

o Example: logs[(x +2)(x — 3)] = 1 becomes (x + 2)(x — 3) = 6.
o Example: log2(x + 5) = 9 becomes x + 5 = 2°.

8.2 Importance of Checking for Extraneous Solutions

A crucial final step when solving logarithmic equations is to check for extraneous solutions.
These are solutions that arise correctly from the algebraic manipulation but are invalid when
substituted back into the original logarithmic equation.

Extraneous solutions occur because the domain of a logarithmic function log, M requires the
argument M to be strictly positive (M > 0). Algebraic steps, such as combining logarithms using
the product or quotient rules or converting to exponential form, can sometimes mask this original
domain restriction. For example, combining log M + log N into log(MN) is only valid if M > 0
and N > 0, whereas log(MN) itself only requires MN > 0. Similarly, converting log. M = ¢ into a¢
= M removes the explicit requirement that M must be positive in the original logarithmic context.

Therefore, it is mandatory to substitute each potential solution back into the original equation and
verify that all logarithmic arguments remain positive. Any potential solution that results in the
logarithm of zero or a negative number must be discarded as extraneous.

8.3 Examples

e Example 1: Solve logz(x + 1) = 3.
o Convert to exponential form: x + 1 =23
o Solve:x+1=8=x=7.
o Check: logz(7 + 1) = logz 8 = 3. The argument (8) is positive. Solution x = 7 is valid.
e Example 2: Solve logs x +logs(x - 2) = 1.
o Combine logs (product rule): logs[x(x - 2)] = 1.
o Convert to exponential form: x(x - 2) =3'= 3.
o Solve quadratic: x*-2x =3 = x?>-2x-3=0= (x - 3)(x + 1) = 0. Potential solutions: x
=3, x=-1.
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o Check solutions in original equation:
m x=3:logs(3)+1logs(3-2)=1logs3+logs1=1+0=1.(Valid arguments 3 and 1).
m x=-1:logs(-1) +logs(-1 - 2) =logs(-1) + logs(-3). (Invalid arguments -1 and -3).
o Final solution: x = 3. x = -1 is extraneous.
e Example 3: Solve log(x? - x - 5) = 0. (Common log, base 10)
o Convert to exponential form: x> - x - 5=10°= 1.
o Solve quadratic: x> -x - 6 =0 = (x - 3)(x + 2) = 0. Potential solutions: x =3, x =-2.
o Check solutions in original argument (x* - X - 5):
m x=3:(3)-3)-5=9-3-5=1. (Positive argument, log(1)=0. Valid).
m x=-2:(—2)-(-2)-5=4+2-5=1. (Positive argument, log(1)=0. Valid).
o Final solutions: x =3, x =-2.
e Example 4: Solve In(2x - 3) - In(x + 5) = 0.
o Combine logs (quotient rule): In[(2x - 3)/(x + 5)] = 0.
Convert to exponential form: (2x - 3)/(x +5) =e° = 1.
Solve: 2x -3=x+5=x=8.
Check: In(2(8) - 3) - In(8 + 5) =1In(13) - In(13) = 0. (Valid arguments 13 and 13).
Final solution: x = 8.

O O O O

The necessity of checking for extraneous solutions is a direct consequence of the domain
constraints inherent in logarithmic functions. This step ensures that the solutions obtained
through algebraic manipulation are mathematically valid within the context of the original
logarithmic equation.

7.9 CHECK YOUR PROGRESS

Q1. Describe the fundamental laws of indices in brief.

Q2. Provide answers to the following MCQs: -
1) Whatis 273 equal to?
a) 8
b) 1/8
c)—8
d)o
2) Which of the following is equivalent to logs 125?
a) 25
b) 3
c)5
d)2
3) The logarithmic form of 10> =100 is:
a) log 100 =10
b) log 10 =100
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c) log 100 =2
d) log2 =100
4) What is logi0(1000)?
a)l
b) 2
c)3
d)o
5) Which rule is used in this simplification: log.(xy) = log. x + log, y?
a) Power Rule
b) Quotient Rule
¢) Product Rule
d) Base Rule
6) The expression x° is equal to:
a)0
b) x
c)1
d) Undefined
7) Which of the following is the base of the natural logarithm?
a)2
b) 10
omn
d)e
8) logs 64 is equal to:
a)2
b) 3
c)4
d) 6
9) To solve 5¢ =20, we apply logarithm to:
a) Convert to a power of 5
b) Eliminate 20
¢) Move x to the front
d) Bothaand c
10) The change of base formula is given by:
a) log.b=1logb—loga
b) log.b=1loga/loghb
c)log.b=1logb/loga
d)log.b=a/b

7.10 SUMMARY

Indices (exponents) and logarithms are fundamental concepts in mathematics, representing
inverse operations that are deeply interconnected. Exponentiation provides a concise way to
express repeated multiplication, extending logically from positive integers to zero, negative
integers, and rational numbers through a consistent set of laws. Logarithms reverse this process,

allowing us to determine the exponent required to achieve a certain value from a given base. The
laws of logarithms directly mirror the laws of indices, a consequence of this inverse relationship.
While any positive base (not equal to 1) can be used, common (base 10) and especially natural
(base e) logarithms are prevalent due to historical computational convenience and the
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fundamental role of e in calculus, respectively. The change of base formula highlights that all
logarithmic functions are fundamentally related, differing only by a constant scaling factor.
Understanding these concepts and their governing laws is crucial for simplifying expressions
and, notably, for solving exponential and logarithmic equations, which frequently model
phenomena in science, engineering, and finance. Careful attention must be paid to domain
restrictions, particularly when solving logarithmic equations, to avoid extraneous solutions.

7.11 GLOSSARY

Exponent — The power to which a base is raised.

Base — The number that is repeatedly multiplied in an exponential expression.
Logarithm — The inverse operation of exponentiation.

Zero Exponent Rule — Any non-zero number raised to the zero power is 1.
Negative Exponent — Indicates reciprocal: a™ = 1/an.

Rational Exponent — An exponent in fractional form, indicating roots.
Product Rule (Exponents) —am - a» = am*2,

Quotient Rule (Exponents) —a™/ a» = am™,

Power Rule (Exponents) — (a™)» = a™,

Product Rule (Logarithms) — log.,(MN) = log, M + log, N.

Quotient Rule (Logarithms) — log,(M/N) = log, M — log, N.

Power Rule (Logarithms) — log,(M?) =p - log, M.

Common Logarithm — A logarithm with base 10.

Natural Logarithm — A logarithm with base e (In).

Change of Base Formula — log, N =log N / log a.
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7.12 ANSWERS TO CHECK YOUR PROGRESS
Check Your Progress — A
Q2. Answers of MCQs: -

1) Answer: b) 1/8

2) Answer:b)3

3) Answer: c¢) log 100 =2

4) Answer: c) 3

5) Answer: ¢) Product Rule

6) Answer:c) 1

7) Answer: d)e

8) Answer: b) 3

9) Answer: d) Bothaandc

10) Answer: ¢) log.b=1ogb/loga
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7.15 TERMINAL QUESTIONS
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Define indices and explain the laws of exponents with suitable examples.

How do you interpret negative and zero exponents in mathematical expressions?
What are rational exponents and how are they related to roots?

Define a logarithm. How is it related to exponentiation?

Convert the exponential form 34 = 81 to logarithmic form.

State and explain the three fundamental laws of logarithms.

What is the difference between common and natural logarithms?

Derive the change of base formula for logarithms and demonstrate its use.

How do you solve an exponential equation like 2* = 10 using logarithms?

. What precautions should be taken when solving logarithmic equations to

extraneous solutions?

avoid
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8.1 INTRODUCTION TO SEQUENCES AND SERIES

The study of progressions begins with the fundamental concepts of sequences and series. These
mathematical structures provide the framework for understanding patterns of change over
discrete intervals, which is essential for modeling various phenomena in business and economics.

8.1.1 Defining Sequences: Ordered Lists and Patterns

A sequence is formally understood as an ordered list of objects, which are referred to as the
terms or elements of the sequence. Typically, these objects are numbers. The defining
characteristic of a sequence is that the elements are arranged in a specific order, and this order is
integral to the structure of the sequence. This contrasts with mathematical sets, where the order
of elements is irrelevant. For example, the set {1, 2, 3} is identical to the set {3, 1, 2}, but the
sequence (1, 2, 3) is distinct from the sequence (3, 1, 2). Furthermore, unlike sets, sequences
allow for the repetition of terms.

Sequences can be classified based on their length:

e Finite Sequence: A sequence with a specific, countable number of terms, meaning it has a
last term.
o Infinite Sequence: A sequence that continues indefinitely without a final term.

Each term in a sequence occupies a unique position, identified by an index, typically denoted by
a subscript integer n (e.g., a), usually starting from n=1 for the first term. For instance, in the
sequence a;, as, as,..., a; represents the first term, a» the second, and a, the nth term.

Often, sequences are generated according to a specific pattern or rule. This rule dictates how
each term relates to its position in the sequence or to the preceding terms. Such rules allow for
the determination or prediction of any term within the sequence. For example, the sequence {3,
5,7,9,...} follows the rule "start at 3 and add 2 to get the next term". This rule can be expressed
explicitly as a formula depending on the term number n, such as a, = 2n + [ for n > [. This
ordered, rule-based structure is fundamental; it forms the basis for defining specific types of
sequences known as progressions, where the relationship between consecutive terms (terms that
follow each other in order) is constant.

8.1.2 Defining Series: The Sum of Sequence Terms

While a sequence is an ordered list of terms, a series is the sum derived from the terms of a
sequence. For a series to be mathematically meaningful, there typically exists a defined
relationship or pattern among the terms of the underlying sequence.
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If we have a finite sequence a1, as, as, . . . , ay, the corresponding finite series is the sum of these terms":
Sy=a1+aytazt...+ay'

This sum is often expressed compactly using summation notation:

Sy = fo:l a,’

If the sequence is infinite, ai, as, as, . . ., the corresponding infinite series is the sum of all the terms in the
sequence':

a;+ax+az+..."

This is denoted as:
S-x- = Z?:l a"n1

For infinite series, a critical concept is convergence. An infinite series is said to converge if the
sum of its terms approaches a specific finite value as the number of terms increases indefinitely.
If the sum does not approach a finite value (e.g., it grows without bound or oscillates), the series
is said to diverge.

The transition from an ordered list (sequence) to a cumulative sum (series) is a key operation in
many fields, particularly in finance and business. Applications often involve calculating the total
value accumulated from a stream of discrete events over time, such as payments, interest
accruals, or depreciation amounts, which naturally form sequences. The series provides the
mathematical mechanism to aggregate these individual values into a meaningful total, such as the
future or present value of an annuity.

8.1.3. Illustrative Examples: Finite and Infinite Sequences and Series
To solidify the distinction between sequences and series, consider the following examples:

e Finite Sequence: The sequence of the first 5 positive integers: {1, 2, 3, 4, 5}. This sequence
has a clear order and a final term.

e Finite Series: The sum corresponding to the sequence above: 1 +2+3 +4+5=15.

e Infinite Sequence (Arithmetic): The sequence of positive even numbers: {2, 4, 6, §,...}.
This sequence follows the rule a, = 2n for n > I and continues indefinitely.

e Infinite Series (Arithmetic, Divergent): The sum of positive even numbers: 2 +4 + 6 + 8
+... This sum grows without bound and thus diverges.

e Infinite Sequence (Geometric, Convergent): The sequence {1, 1/3, 1/9, 1/27,...}. This
follows the rule a, = (1/3),.; for n > 1. As n increases, the terms get progressively closer to
0; the sequence converges to 0.

o Infinite Series (Geometric, Convergent): The sum 1 + 1/3 + 1/9 + 1/27 +... This series
converges to a finite value, which is 3/2.

The following table summarizes the key differences between sequences and series:

Feature Sequence Series
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Definition An ordered list of elements The sum of the elements of a

following a specific rule. sequence.
Order The order of elements is The order of summation is
crucial. typically not important (for

convergent series).

Representation | List notation, e.g., {a;, as...}. | Summation notation, e.g., a,
+a>+...or X a.

Focus Individual terms and the The cumulative value
pattern of progression. obtained by adding terms.
Example {1,2,3,4,5} 1+2+3+4+5

Understanding these fundamental definitions and distinctions is essential before delving into the
specific types of progressions: Arithmetic and Geometric.

8.2 ARITHMETIC PROGRESSION (AP)

Arithmetic progressions represent one of the simplest and most fundamental types of sequences,
characterized by a constant additive change between terms.

8.2.1. Definition: The Concept of Common Difference (d)

An Arithmetic Progression (AP), also referred to as an arithmetic sequence, is a sequence of
numbers where each term, after the first, is generated by adding a fixed, constant value to the
preceding term. This constant value is known as the common difference and is universally
denoted by the symbol d.

The common difference can be determined by subtracting any term from its immediate
successor:

d=a, - a, foranyn> 1

The general structure of an arithmetic progression is given by:

a,a+d,a+2d,a+3d,..

Here, a represents the first term of the sequence (often denoted as ay).

The nature of the progression depends on the sign of the common difference d:

e Ifd> 0, the terms of the sequence increase. Example: 1, 4, 7, 10,... (d = 3).
e Ifd <0, the terms of the sequence decrease. Example: 91, 81, 71,... (d = -10).
e Ifd=0, all terms in the sequence are the same (a constant sequence).

The defining characteristic of an AP is this constant additive change. When the terms of an AP
(a<sub>n</sub>) are plotted against their term number (%), the points lie on a straight line. This
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inherent linear relationship is fundamental to many of its applications, most notably in the
modeling of simple interest, where a constant amount of interest is added in each period.

8.2.2. The nth Term Formula: a, =a + (n-1)d

A key tool for working with arithmetic progressions is the formula for the nth term, denoted a,.
This formula provides a direct method to calculate the value of any specific term in the sequence
without needing to compute all the terms before it.

The formula for the nth term of an AP is:
an=a+(n-1)d

where:
e a,is the nth term.
e q is the first term (a;).
e 1 is the position of the term in the sequence (term number).
e dis the common difference.

The logic behind this formula stems directly from the definition of an AP. Starting with the first
term a, to reach the second term (a.), we add d once. To reach the third term (as3), we add d twice
(a + 2d). Following this pattern, to reach the nth term (a,), we must add the common difference
d a total of (n - 1) times to the first term a. This explicit formula provides a significant advantage
over the recursive definition (a, = a,; + d), especially when dealing with terms far into the
sequence, as it allows for direct computation.

8.2.3. Sum of the First n Terms (S,): Formulas and Derivations

The sum of the first #» terms of an arithmetic progression is referred to as an arithmetic series.
There are two primary formulas for calculating this sum, denoted by S,.

Formula 1: Using the First and Last Terms
When the first term (a) and the last term (I, which is the nth term a<sub>n</sub>) are known, the
sum is given by:

Shp=n/2 [a+1]
This formula has an intuitive interpretation: the sum of an arithmetic series is equal to the
number of terms (n) multiplied by the average (arithmetic mean) of the first and last terms, (a +
) /2.

Formula 2: Using the First Term and Common Difference
When the last term is not known, but the first term (a), common difference (d), and number of
terms (n) are known, the sum is given by:

Sh=n/2 [2a+ (n-1) d]
This second formula is derived directly from the first by substituting the formula for the last
term, 1 = a,=a+ (n-1)d, into S, =n/2 [a +1].
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Sh=n/2[a+ (a+ (n-1)d)] =n/2 [2a+ (n-1)d]

Derivation of the Sum Formula (Formula 1):

A common method for deriving the sum formula, often attributed to Gauss, involves writing the
series in its natural order and then in reverse order, and adding the two equations.

LetS,=a+ (atd) + (a+2d) +... + (I-d) +1

Writing in reverse: S, =1+ (I-d) + (I-2d) +... + (a+d) + a

Adding these two equations term by term:

2S, = [a+]] + [(a+d)+(1-d)] + [(a+2d)+(1-2d)] +... + [(I-d)*+(a+d)] + [I+a]

2S, = [at]] + [a+]] + [a+]] +... + [a+]] + [a+]]

Since there are n terms in the series, there are n instances of (a+1) being added:

2S,=n(a+1)

Dividing by 2 yields the formula:

Shp=n/2 [a+1]

These closed-form formulas are highly valuable as they allow for the efficient calculation of the
cumulative sum of terms in an AP without needing to add each term individually. This is
particularly useful in business contexts for calculating totals over multiple periods, such as the
total simple interest accrued or paid.

8.2.4. Arithmetic Mean (AM)

The Arithmetic Mean (AM), commonly known as the average, is a fundamental measure of
central tendency. For a dataset of » numbers, the arithmetic mean is calculated by summing all
the numbers in the set and dividing by the count ».

Formula:

AM = (Sum of observations) / (Number of observations)

Specifically, the arithmetic mean between two numbers, a and b, is given by:
AM=(a+b)/2

Relationship with Arithmetic Progression:

The concept of the arithmetic mean is intrinsically linked to arithmetic progression.

e Mean of Neighbors: Any term in an AP (except the first and last, if finite) is the arithmetic
mean of its immediate preceding and succeeding terms. If ax.;, ax, ar+; are consecutive terms
in an AP, then ax - ar.; = d and ax+; - ax = d. Thus, ax - ar.; = ar+1 - ar, which rearranges to
2ax = g1 + ak+1, OF ax = (a1 + ag+1) / 2.

¢ Sum Formula Interpretation: As noted previously, the sum formula S, = n/2 [a + /] can
be viewed as the number of terms (7) multiplied by the arithmetic mean of the first term (a)
and the last term (/).

The arithmetic mean captures the central point of data based on additive relationships. Its strong
connection to AP underscores the linear, additive structure inherent in arithmetic sequences.
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8.2.5. Worked Examples for AP

To illustrate the concepts and formulas discussed:

Example 1: Finding the 17th term of the AP §, 7, 9....

First term, a =5
Common difference, d=7-5=2
Number of terms, n =17

Using the nth term formula: a, = a + (n-1)d

a;;=5+(17-1) x2=5+(16) x2=5+32=37

Example 2: Finding the sum of the first 50 terms of the sequence 1, 3, 5, 7, 9,...

Example 3: Finding the general term and 100th term of 7, 10, 13,...

First term, a = 1
Common difference,d=3-1=2
Number of terms, n = 50

Using the sum formula: S, = n/2 [2a + (n-1)d]
S50 =502 [2(]) + (50-1) x2] =25[2+49 x2]=25[2+ 98] =25 = 2500

First term, a =7
Common difference, d=10-7=3

General term: a, =a + (n-1)d =7+ (n-1)3=7+3n-3=3n+4

100th term: a;o0 = 3(100) + 4 =300 + 4 = 304

Example 4: Evaluating the sum

Arithmetic Progression Formulas Summary Table:

35

> (10 — 4n)

n=1

This represents the sum of an AP where the terms are generated by the formula a, = 10 - 4n.

First term (n=1): a; = 10-4(1) =6

Last term (n=35): azs = 10 - 4(35) = 10 - 140 = -130

Number of terms, n = 35

Using the sum formula: S, = n/2 [a + []

S3s = 35/2 [6 + (-130)] = 35/2 [-124] = 35 x (-62) = -2170

Concept

Formula

Notes
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Common Difference d=a,-a Constant difference between
terms
nth Term a, =a+ (n-1)d a = first term, n = term
number
Sum (last term /) S<sub>n</sub> =n/2 [a + [ = last term (a,)
Ij
Sum (d known) Sy =n/2 [2a + (n-1)d]
Arithmetic Mean (AM) AM = (a +b)/2 Mean between two numbers a
and b

8.3 GEOMETRIC PROGRESSION (GP)

Geometric progressions describe sequences where the change between terms is multiplicative,
leading to exponential growth or decay patterns frequently observed in business and finance.

8.3.1. Definition: The Concept of Common Ratio (r)

A Geometric Progression (GP), also known as a geometric sequence, is a sequence of non-zero
numbers where each term after the first is obtained by multiplying the preceding term by a fixed,
non-zero constant. This constant multiplier is termed the common ratio and is denoted by r.

The common ratio can be found by dividing any term by its immediately preceding term:
r=ay/an foranyn>1

The general form of a geometric progression is:
a, ar, ar, ars,...

Here, a represents the first term (a;).

The behavior of the GP is determined by the value of the common ratio 7 :

If || > 1, the absolute value of the terms increases, leading to exponential growth.

If || < 1, the absolute value of the terms decreases, approaching zero (exponential decay).
If =1, all terms are the same (constant sequence).

If » = -1, the terms alternate between a and -a.

If » <0 (and r # -1), the terms alternate in sign.

The defining characteristic of a GP is this constant multiplicative change. When plotted, the
terms of a GP exhibit exponential behavior (growth if |#>1, decay if |r|<1). This inherent
exponential nature makes GPs suitable for modeling phenomena like compound interest, where
the amount grows by a fixed percentage rate each period, or reducing balance depreciation,
where the value decreases by a fixed percentage rate.
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8.3.2. The nth Term Formula: a, = ar~

Similar to arithmetic progressions, there is an explicit formula to directly calculate the nth term
(a,) of a geometric progression without needing to compute intermediate terms.

The formula for the nth term of a GP is:

an = ary.|
where:
e g, is the nth term.
e g is the first term (a;).
e ris the common ratio.
e 17 is the term number.

This formula arises because reaching the nth term from the first term a requires multiplying by
the common ratio » exactly (n - 1) times. This direct calculation is particularly useful for
analyzing exponential processes over extended periods, such as determining the future value of a
compound interest investment or the depreciated value of an asset after many years.

8.3.3. Sum of the First n Terms (S,): Formulas and Conditions

The sum of the first n terms of a geometric progression is known as a finite geometric series.

Formula (for r # 1):
The sum S, is given by:

Sh=a(m.)/(r-1)
or equivalently,

Sh=a(l-1y)/(l-1)
Conditions: These formulas are applicable only when the common ratio 7 is not equal to 1. The
choice between the two equivalent forms is often made for convenience, typically to ensure a
positive denominator (using the first form if || > 1 and the second if || < 1).

Caser=1:
If the common ratio r equals 1, the geometric progression becomes a constant sequence: a, a,
a,..., a. The sum of the first n terms is simply n times the first term:
Sh=na
Derivation of the Sum Formula (r # 1):
The formula can be derived by algebraic manipulation. Let the sum be S, =a + ar + ar, +... + ar,.
1. Multiply this equation by the common ratio r: rS,, = ar + ar, + ar3 +... + ar,. Subtracting the first
equation from the second (or vice versa) causes most terms to cancel out (a telescoping effect):
rSp- Sh=(ar+ar; +... + ary) - (a + ar +... + ary.1)
Sa(r-1)=arn.,
Sh(r-1)=a(ra-1)
Dividing by (r - 1) (which is non-zero since r # 1) gives the formula:
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Sh=a(m.,)/(r-1)
This closed-form sum formula is exceptionally important in finance, providing the mathematical
foundation for calculating the future value and present value of annuities. Annuities involve
summing streams of payments that have been adjusted for compound interest or discounting,
processes that inherently create geometric progressions.

3.4. Sum of an Infinite GP (S,): Formula and Convergence Condition (|r|<1)

An infinite geometric series is the sum of all terms in an infinite geometric sequence: a + ar +
ar> +.... Unlike finite series, infinite series do not always have a finite sum.

Convergence Condition:

An infinite geometric series converges to a finite sum if and only if the absolute value of the

common ratio r is strictly less than 1 (i.e., [r] < 1, which is equivalent to -1 <r < 1).

If |r| > 1, the terms of the sequence either do not approach zero or they oscillate, and the sum of

the series diverges (it does not approach a finite limit).

Formula for Convergent Infinite Sum:

When the condition |r| < 1 1s met, the sum of the infinite geometric series is given by:
Se=a/(1-1)

Derivation Insight:

This formula is obtained by considering the limit of the formula for the sum of the first n terms,

Sn. . a(l—r")

= —{—,— as n approaches infinity.

If |r| < 1, the term r™ approaches 0 as n becomes infinitely large. Therefore:

Nn—0oC n—0oo 1 — T 1 — T l — T

a(l —r" a(l -0 a
So = lim S5, = lim {(7)] = ( ) —
The ability to assign a finite value to the sum of infinitely many terms (under the condition |r| <
1) is fundamental in finance for valuing perpetuities — annuities that theoretically continue

forever. It allows for the calculation of a present value for an endless stream of future cash flows.

8.3.5. Geometric Mean (GM)

The Geometric Mean (GM) provides a measure of central tendency for a set of positive
numbers, particularly useful when dealing with products or rates of change. The GM of »
positive numbers is defined as the nth root of the product of these numbers.

Formula:
For a set of positive numbers X, Xa,..., Xn:
GM ="(X1 - X2 ... * Xp)
This can also be written as:
GM = (Ili=1nxi) 1/n
The geometric mean between two positive numbers, a and b, is:
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GM = \(ab)
Relationship with Geometric Progression:
The geometric mean is naturally connected to geometric progression.
Mean of Neighbors: Any positive term in a GP is the geometric mean of its immediate preceding and

succeeding terms. If a;_1, ay, a1 are consecutive positive terms in a GP, then

Qg A1
=r and — =r
a1 Qaj
Thus,
ag Qp+1 . 2
2 = P which leads to ap = Qk—1-Qk+1, O Qp = 4/Qk—1- Qk+1
k-1 k

Significance in Business and Finance:
The GM is the appropriate average to use when dealing with quantities that are multiplied
together or change by percentages over time. Unlike the arithmetic mean, which is sensitive to
extreme values, the GM tends to dampen their effect and provides a better measure of typical
multiplicative change.56 It is commonly used for:

e Averaging percentage returns on investments over multiple periods (often called the time-

weighted rate of return or compound annual growth rate, CAGR).
e (alculating average growth rates (e.g., population, sales).
e Summarizing widely varying data.

The connection between GM and GP highlights the multiplicative structure inherent in geometric
sequences, making the GM the natural choice for averaging quantities that follow such patterns,
like compound growth rates.

8.3.6. Worked Examples for GP
Example 1: Finding the 10th term of the GP 3, 6, 12,...

First term, a = 3

Common ratio, r=6/3 =2

Number of terms, n = 10

Using the nth term formula: a, = ar,.;

ap =3 X 2(1()_1) =3 x29=3x512=1536

Example 2: Finding the sum of the first 5 terms of the GP 8, -4, 2,...

e Firstterm,a=8
e Common ratio, r=-4/8=-1/2
e Number of terms, n =15
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Using the sum formula S, = a(1 - r,) /(I - r) (since |r|<1):
Ss=8[1-(-1/2)s] /[1-(-1/2)]

Ss=8[1-(-1/32)]/[1 + 1/2]

S5 =8/[33/32]/[3/2]
S5 =(8 x33/32) x(2/3) =(33/4) x(2/3) =11/2=35.5

Example 3: Finding the sum of the infinite GP 1 +1/3 + 1/9 +...

First term, a =1
Common ratio, r=(1/3) / 1=1/3

Since |r| = |1/3| < 1, the series converges.
Using the infinite sum formula: S.. =a /(1 -r)
Se=1/(1-1/3)=1/(2/3)=3/2=15

Example 4: Finding the geometric mean between 4 and 9.

e Using the formula GM = (ab):

o GM=V4x9 =36=6

Geometric Progression Formulas Summary Table:

Concept Formula Conditions

Common Ratio r=a,/anl r#0

nth Term an = ary.; a = first term, n = term

number
Sum (Finite, n terms) Sy =a(r,-1)/(r-1)or r+1
a(l -ra>)/(1-7r)
Sum (Finite, n terms) Sy =na r=1
Sum (Infinite) Se=a/(l-r) Converges only if

Sum (Infinite)

Diverges (No finite sum)

It

Geometric Mean (GM)

GM = (ab)

Mean between two
positive numbers a and

b

8.4 BUSINESS APPLICATIONS

Arithmetic and geometric progressions are not merely abstract mathematical concepts; they
provide powerful tools for modeling and analyzing various processes in business, finance, and
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economics. Understanding their properties allows for accurate calculation and forecasting in
areas involving growth, decay, and periodic payments.

8.4.1. Simple Interest as an Arithmetic Progression

Simple interest is calculated solely on the original principal amount (P) at a constant interest rate
(r) for each time period (#). The interest earned per period is I<sub>period</sub> = P x r,
which remains constant throughout the term of the loan or investment.

Consider the total amount (4) accumulated after n periods.

e After 0 periods: Ag = P

e After 1 period: Ay = P+ (P x r)

e After 2 periods: Ay = P+ (P xr)+ (P xr) =P+ 2(Pr)
e After n periods: A, = P + n(Pr)

The sequence of total amounts at the end of each period, P, P+Pr, P+2Pr, P+3Pr,..., P+nPr,
forms an arithmetic progression.

e The firsttermis a = P.
e The common difference is d = (P+Pr) - P = Pr (the constant interest amount earned each
period).

Similarly, the sequence of interest amounts earned at the end of each year (e.g., $80, $160, $240
for an 8% simple interest on $1000) also forms an arithmetic progression, in this case with the
first term a = Pr and common difference d = Pr.

This direct link arises because simple interest involves adding a fixed amount each period,
mirroring the definition of an AP. This linear growth pattern makes simple interest calculations
relatively straightforward using AP formulas.

Formula Recap:

e Simple Interest: / =P x r x ¢
e Total Amount: 4 = P(1 + rt)
e Value after n periods (AP form): 4, = P + n(Pr)

Example: A sum of Rs. 1000 is invested at 8% simple interest per annum. Calculate the interest
at the end of years 1, 2, and 3. Show this forms an AP.

e Interest year 1 (SI;): (1000 x 8 x 1) /100 = 80

e Interest year 2 (SI): (1000 x 8 x 2) /100 = 160

e Interest year 3 (SI3): (1000 x 8 x 3) / 100 = 240 The sequence of interests {80, 160, 240,...}
forms an AP with first term ¢ = 80 and common difference d = 160 - 80 = 80.
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8.4.2. Compound Interest as a Geometric Progression

Compound interest differs significantly from simple interest because interest is calculated not
only on the principal but also on the accumulated interest from previous periods. This leads to
exponential growth.

Consider an initial principal P invested at an interest rate i per compounding period.

e After 1 period: Amount A; = P + Pi = P(1+1)

o After 2 periods: Amount Ay = A; + A1i = A1(1 +i) = P(1+14)(1 +4) = P(1 +1)?
o After 3 periods: Amount Az = As(1+1i) = P(1 +1i)%(1 +1i) = P(1 +1)®

e After n periods: Amount A, = P(1 +1)"

The sequence of amounts at the end of each period, P, P(1 + i), P(1+ i), P(1 +14)3,..., P(1 +14)",

forms a geometric progression.

e The first termis a = P.
e The common ratio is » = (1+i).

This connection is fundamental: the value of an investment subject to compound interest grows
multiplicatively by a constant factor (/+i) each period, which is the definition of a GP. This
exponential growth pattern contrasts sharply with the linear growth seen in simple interest (AP).

Formula Recap:

e Compound Amount: 4 = P(I + i),
e Value after n periods (GP form): 4, = P(1+i),

Example: An investment of $1000 earns 5% interest compounded annually.

Year 0: $1000

Year 1: $1000(1.05) = $1050

Year 2: $1050(1.05) = $1102.50

Year 3: $1102.50(1.05) = $1157.63 The sequence {1000, 1050, 1102.50, 1157.63,...} is a
GP with a = 1000 and r = 1.05.

8.4.3. Depreciation (Reducing Balance Method) as a Geometric Progression

Depreciation reflects the decrease in an asset's value over time. The reducing balance method
(also called diminishing value method) applies a fixed percentage depreciation rate (i) to the
asset's current book value each period.

Let the initial value of the asset be P.
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e Value after 1 period: V;, = P — Pi = P(1 — 1)
e Value after 2 periods: Vo = V; — Vii = Vi(1 — i) = P(1 —i)?
e Value after n periods: V,, = P(1 — )"

The sequence of book values at the end of each period, P, P(1 — i), P(1 — )%, P(1 —i)3,..., P(1 —

i)™, forms a geometric progression.

e The firsttermis a = P.
e The common ratio is » = (1-i).

Since the depreciation rate i is positive (0 < i < 1), the common ratio » will be less than 1 but
greater than 0. This indicates exponential decay, where the asset's value decreases by a constant
factor each period. This contrasts with straight-line depreciation, where a fixed amount is
subtracted each period, forming an arithmetic progression.

Formula Recap:

e Book Value (Reducing Balance): 4 = P(1 - i),
e Value after n periods (GP form): V, = P(1-i),

Example: Machinery purchased for $100,000 depreciates at a constant rate of 20% per year
using the reducing balance method.

Initial Value (V<sub>0</sub>): $100,000

Depreciation Rate (i): 0.20

Common Ratio (r): 1 - 0.20=0.80

Value after 1 year (V1): $100,000(0.80) = $80,000

Value after 2 years (V2): $80,000(0.80) = $64,000

Value after 3 years (V3): $64,000(0.80) = $51,200. The sequence {100000, 80000, 64000,
51200,...} is a GP with a = 100,000 and r = 0.80.

8.4.4. Annuities and the Sum of Geometric Progressions

An annuity is defined as a series of equal payments or receipts occurring at regular intervals
over a specified period. Common examples include mortgage payments, loan repayments, and
retirement savings contributions. Calculating the Future Value (FV) or Present Value (PV) of
an annuity inherently involves summing the terms of a geometric progression.

Future Value (FV) of an Annuity:

The FV represents the total value of all annuity payments, including accumulated interest, at the
end of the annuity term. Each payment made earns compound interest until the end date. When
these future values of individual payments are summed, they form a geometric series.

For an ordinary annuity (payments at the end of each period) of R per period for n periods at
interest rate i:

The payments compounded to the end date are: R, R(1+1), R(1+i)a,..., R(1+1)n.1.
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This is a GP with first term a = R and common ratio r = (1+1).

The sum (FV) is calculated using the GP sum formula S, =a(r, - 1) / (r - 1):

FV=R[(1+i).-1]/1

Present Value (PV) of an Annuity:

The PV represents the single lump sum value today that is equivalent to the entire stream of
future annuity payments, discounted back to the present time. Each future payment is discounted,
and the sum of these discounted values forms a geometric series.

For an ordinary annuity of R per period for n periods at interest rate i:

The present values of the payments are: R/(1+1), R/(1+1)a,..., R/(1+1)n.

This is a GP with first term a = R/(1+1) and common ratio r = 1/(1+1).

The sum (PV) is calculated using the GP sum formula S<sub>n</sub> = a(1 - r<sup>n</sup>) /
(1-1):

PV =[1-1/(1+1))a] /1 - 1/(1+1)]

Simplifying this leads to:

PV =R[1-(1+i).] /1

Annuity Due: If payments are made at the beginning of each period, the formulas are adjusted
slightly, typically by multiplying the ordinary annuity formulas by (7+i).

The derivation and application of standard annuity formulas used extensively in finance,
insurance, and investment analysis are directly dependent on the formula for the sum of a
geometric progression.

Example: Calculate the Present Value of an annuity-immediate of $100 paid annually for 5
years at 9% interest.

e R=100,n=5,i=0.09
e PV=1001-(1.09)5]/0.09=100[1 -0.64993]/0.09 = 100 [0.35007] / 0.09 = $388.97

8.4.5. Other Applications in Business and Economics (Brief Overview)

Beyond the core examples above, arithmetic and geometric progressions find application in
various other business and economic contexts:

e Loan Repayment Schedules: While the total periodic payment for amortizing loans (like
mortgages) is often constant, the underlying calculations to determine this payment rely on
the present value of an annuity formula, derived from GP sums. The portion of each
payment allocated to principal and interest changes over time, though simple interest loans
would see the principal balance decrease arithmetically.

e Population Growth Models: Assuming a constant percentage growth rate, population sizes
over discrete time intervals (e.g., years) follow a geometric progression. This is useful for
forecasting market size, resource demand, or demographic shifts.

e Investment Analysis & Valuation: Geometric progressions are central to understanding
compound returns. The geometric mean is often considered a more accurate measure of
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average investment performance over time than the arithmetic mean because it accounts for
compounding. Discounting future cash flows to find their present value, a core concept in
valuation, utilizes the principles of geometric sequences (with a common ratio based on the
discount rate).” Economic growth itself is often modeled using geometric sequences.

In essence, AP and GP provide fundamental mathematical frameworks for modeling situations
involving constant additive change (linear trends) and constant multiplicative change
(exponential trends), respectively. Their applicability extends across finance, economics,
population studies, and asset management.

8.5 CHECK YOUR PROGRESS - A

Q1. Describe sequence in brief.

Q2. Provide answers to the following MCQs: -

1) Which of the following represents an AP?
a)2,4,8,16
b)1,3,5,7
¢) 5, 10, 20, 40
d) 10, 20, 40, 80
2) The nth term of an AP is given by:

a) ar"!
b)a+(n-1)d
c)axrm
dya/rm
3) The sum of the first n terms of a GP (r # 1) is:
a) na
b)a(r—1)/(r—1)
c)a+t(n—1)d

d)a(r—1)/(rm—1)
4) If the common ratio of a GP is less than 1, the GP represents:
a) Linear growth
b) Linear decay
c) Exponential decay
d) Constant sequence
5) Which of the following is the geometric mean of 4 and 16?
a) 10
b) 8
c) 12
d) 6
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6) A sequence where each term increases by a fixed value is called a:
a) Geometric series
b) Arithmetic progression
c¢) Logarithmic sequence
d) Harmonic series
7) The sum of the infinite geometric series 1 + 1/2 + 1/4 +... is:
a)l
b) 1.5
c)2
d)3
8) Compound interest follows which progression type?
a) Arithmetic
b) Linear
¢) Geometric
d) Constant
9) Which formula gives the present value of an annuity?
a) R[(1 + i) — 1]/
b) R[1 — (1 +1)™]A
c) R/(1—1v)
d) R(1 +1i)»
10) Depreciation using the reducing balance method follows:
a) AP
b) GP
c) Linear pattern
d) Random pattern

8.6 SUMMARY

Arithmetic Progressions (AP) and Geometric Progressions (GP) are fundamental types of
sequences characterized by constant patterns of change between successive terms. An AP
involves a constant difference (d), leading to linear growth or decay, while a GP involves a
constant ratio (r), resulting in exponential growth or decay.

The ability to derive explicit formulas for the nth term (a, = a + (n-1)d for AP, a, = ar,.; for GP)
and the sum of the first n terms (S, = n/2 [2a + (n-1)d] for AP, S, = a(r, - 1) / (r - 1) for GP
where 7 # 1) makes these progressions powerful tools for analysis and prediction. Furthermore,
the concept of the sum of an infinite geometric series (S = a / (I - r), valid only when |r| < 1)
allows for the valuation of perpetual streams.

These mathematical structures find direct and significant applications in business and finance.
Simple interest calculations naturally align with the additive structure of Arithmetic
Progressions. Conversely, the multiplicative nature of Geometric Progressions accurately models
phenomena involving compounding, such as compound interest accumulation and reducing
balance depreciation. Crucially, the formulas for the sum of geometric progressions form the
bedrock for calculating the present and future values of annuities, which are essential in loan
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amortization, savings plans, and investment valuation. Their relevance also extends to broader
economic modeling, including population dynamics and long-term trend forecasting. A solid
understanding of AP and GP, therefore, provides essential quantitative tools for professionals in
business, finance, and economics.

8.7 GLOSSARY

Sequence — An ordered list of numbers following a specific rule.

Series — The sum of terms in a sequence.

Arithmetic Progression (AP) — A sequence with a constant difference between terms.
Geometric Progression (GP) — A sequence where each term is multiplied by a constant
ratio.

Common Difference (d) — The fixed value added in an AP.

Common Ratio (r) — The fixed multiplier in a GP.

nth Term (a,) — The formula to find any term in the sequence.

Sum of AP (S,) — Formula to calculate the total of first n terms in an AP.

Sum of GP (S,) — Formula for the sum of the first n terms of a GP.

Convergence — The property of an infinite series to approach a finite sum.
Divergence — When an infinite series increases without bound.

Arithmetic Mean (AM) — The average of two numbers: (a + b)/2.

Geometric Mean (GM) — The mean between two numbers: V(ab).

Simple Interest — Interest calculated on the principal amount using AP.

Compound Interest — Interest calculated on accumulated amount using GP.
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8.8 ANSWERS TO CHECK YOUR PROGRESS

Check Your Progress — A
Q2. Answers of MCQs: -

1) Answer:b) 1,3,5,7

2) Answer:b)a+ (n—1)d

3) Answer:b)a(—1)/(r—1)

4) Answer: c) Exponential decay

5) Answer: b) 8

6) Answer: b) Arithmetic progression
7) Answer: c) 2

8) Answer: ¢) Geometric

9) Answer: b) R[1 — (1 +1)™]/i

10) Answer: b) GP
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TERMINAL QUESTIONS

W=
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Define a sequence and differentiate it from a series with examples.

Derive the formula for the nth term and the sum of an AP.

What is the convergence condition for an infinite geometric series? Give one business
example.

How does the geometric progression model compound interest?

[lustrate the use of AP in calculating simple interest over multiple years.

Define the arithmetic mean and geometric mean. Show their relation to AP and GP.
Calculate the present value of an annuity using the GP sum formula.

Derive the formula for the sum of an infinite GP.

Explain how depreciation using the reducing balance method forms a GP.

0 Describe the role of progressions in population and investment modeling.
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Learning Objectives

After reading this unit learners will be able to learn:
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The fundamental principles of counting, including the multiplication and addition rules.

% To compute permutations and combinations for various scenarios including with/without
repetition.

« The distinction between permutations (ordered) and combinations (unordered).

+ The concept of binomial coefficients and their role in the expansion of binomial
expressions.

« To apply the Binomial Theorem and Pascal’s Triangle in expanding algebraic

expressions.
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9.1 INTRODUCTION

Combinatorics, the branch of mathematics concerned with counting, provides essential tools for
analyzing arrangements and selections of objects. Its principles find wide application in fields
ranging from probability theory and statistics to computer science and beyond. This unit delves
into the fundamental concepts of combinatorial analysis, beginning with the foundational
principle that governs the counting of outcomes in multi-stage processes: the Fundamental
Principle of Counting. Building upon this principle, we will explore permutations, which deal
with ordered arrangements, and combinations, which concern unordered selections. Finally, the
unit culminates with the Binomial Theorem, a powerful algebraic result for expanding
expressions of the form (a + b)?, whose coefficients are intimately linked to combinatorial

concepts. Understanding these core ideas provides a systematic framework for tackling a vast
array of counting problems.

9.2 FUNDAMENTAL PRINCIPLE OF COUNTING

9.2.1 The Multiplication Principle: Definition and Explanation

The cornerstone of many counting techniques is the Multiplication Principle, also commonly
referred to as the Fundamental Principle of Counting or the Rule of Product. It provides a
straightforward method for determining the total number of outcomes when a procedure or task
can be broken down into a sequence of independent stages or sub-tasks.

Definition: If a procedure can be described as a sequence of two tasks, such that there are m
possible outcomes for the first task and, for each of these outcomes, there are n possible
outcomes for the second task, then the total number of outcomes for the two-task procedure is
the product m x n.

This principle relies on the independence of the tasks in the sequence; the number of choices
available for one task does not influence the number of choices available for any subsequent
task. This contrasts with the Addition Principle (or Rule of Sum), which applies when choosing
between mutually exclusive options (an "OR" situation). The Addition Principle states that if a
task can be done in m ways OR n ways, with no overlap between the ways, then there are m + n
total ways to do the task. The Multiplication Principle, however, applies to sequential tasks
performed one after the other (an "AND" situation).

The Multiplication Principle readily extends beyond two tasks to any finite sequence. If a
procedure involves k£ sequential tasks, where the first task can be performed in m: ways, the
second task in m: ways (regardless of the outcome of the first), the third in ms ways, and so on,
up to the k-th task which can be performed in m<OxE2><0x82><0x96> ways, then the total
number of ways to complete the entire procedure is the product of the number of ways for each
task :
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Total Outcomes = m; X m2 X ms X... X my,

For simpler scenarios involving only a few stages and choices, visual aids like tree diagrams or
grids can be helpful to illustrate the principle. A tree diagram shows each stage as a level of
branching, with the total number of outcomes corresponding to the number of paths from the root
to the final leaves. A grid can represent a two-stage process, where the rows represent the
choices for the first stage and the columns represent the choices for the second stage; the total
number of outcomes is the number of cells in the grid.

However, these visual methods quickly become impractical as the number of stages or choices
increases. Consider calculating the number of possible 4-digit PINs (10* = 10,000) or standard
license plates (often millions of possibilities). In such cases, the abstract power of the
Multiplication Principle becomes indispensable, providing an efficient counting method without
the need for exhaustive enumeration. It formalizes the intuitive process of multiplying the
options available at each step of a sequential process.

9.2.2 Examples

The following examples illustrate the application of the Multiplication Principle in various
contexts.

e Example 1: Simple Choices (Outfits/Meals)

o A person packing for a trip has 2 skirts, 4 blouses, and a sweater. How many different
skirt-blouse-sweater outfits are possible? Assuming the sweater is optional (wear or not
wear - 2 choices), the total number of outfits is 2 (skirts) x 4 (blouses) x 2 (sweater
options) = 16 possible outfits.

o A bakery offers cupcakes with 3 cake choices (vanilla, chocolate, strawberry) and 4
frosting choices (vanilla, chocolate, lemon, strawberry). The total number of different
cupcake combinations is 3 (cakes) x 4 (frostings) = 12 combinations.

o A restaurant menu offers 5 appetizers, 9 entrees, 6 desserts, and 8 beverages. The
number of different full meals (one of each) possible is 5 x 9 x 6 x § = 2160 meals.

o A basic sundae involves one scoop of ice cream (assume 15 flavors), one of 3 sauces,
and one of 8 toppings. The number of different basic sundaes is 15 x 3 x 8 = 360.

o Example 2: Codes/Passwords

o How many 3-digit codes can be formed using only the digits {0, 1, 2} if repetition is
allowed? There are 3 choices for the first digit, 3 for the second, and 3 for the third.
Total codes =3 x 3 x 3 =33=27 codes.

o How many 4-digit PINs can be formed using digits {0, 1,..., 9} if repetition is allowed?
There are 10 choices for each of the 4 digits. Total PINs = 10 x 10 x 10 x 10 = 10* =
10,000 PINSs.

o How many passwords of 3 letters followed by 2 digits are possible if letters are chosen
from the 26-letter alphabet (excluding A, E, I, O, U - leaving 21 letters) and digits are
chosen from {1,..., 9} (excluding 0), with repetition allowed? Total passwords = 21 x
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21 x21 x 9 x9=750,141.
e Example 3: License Plates

o Consider license plates consisting of 3 letters followed by 3 numbers (digits 0-9). If
repetition is allowed, how many are possible? There are 26 choices for each letter and
10 choices for each number. Total plates = 26 x 26 x 26 x 10 x 10 x 10 =263 x 10° =
17,576,000.

o How many are possible if repetition is not allowed? The choices decrease at each step:
26 choices for the first letter, 25 for the second, 24 for the third. Similarly, 10 choices
for the first digit, 9 for the second, 8 for the third. Total plates = (26 x 25 x 24) x (10 x
9 x 8) =11,232,000. This careful adjustment of choices at each stage, where selection is
without replacement, directly anticipates the concept of permutations.

o How many are possible if repetition is allowed, but the first digit cannot be 0? There are
26 choices for each letter, 9 choices for the first digit (1-9), and 10 choices for the
second and third digits. Total plates = (26 x 26 x 26) x (9 x 10 x 10) = 15,818,400.

e Example 4: Committee Selection (with distinct roles)

o A committee needs to elect a chair and a secretary from its 10 members. A member
cannot hold both positions. There are 10 choices for chair. Once the chair is chosen,
there are 9 remaining choices for secretary. Total ways = 10 x 9 = 90 ways. The distinct
roles (chair, secretary) imply that the order of selection matters, distinguishing this from
simply choosing a 2-person subcommittee.

o A university committee needs one senior, one junior, one sophomore, and one first-year
representative. If there are 8 eligible seniors, 7 juniors, 5 sophomores, and 11 first-
years, how many different committees are possible? Total committees = 8 (senior
choices) x 7 (junior choices) x 5 (sophomore choices) x 11 (first-year choices) = 3,080.

These examples demonstrate the broad applicability of the Multiplication Principle, from simple
everyday choices to more structured problems involving sequences and selections with or
without repetition, laying the groundwork for more advanced combinatorial techniques.

9.3 PERMUTATIONS (ARRANGEMENTY)
Building upon the Multiplication Principle, we now formally introduce permutations, which are
concerned with counting the number of ways to arrange objects in a specific order.

9.3.1 Definition: Importance of Order

Definition: A permutation is an arrangement of objects in a definite, specific sequence or linear
order. The critical characteristic distinguishing permutations from other counting methods is that
the order of arrangement matters. For instance, if we are arranging the letters A, B, C, the
arrangement "ABC" is considered distinct from "BAC" or "CBA".

This emphasis on order contrasts sharply with combinations, which represent unordered
selections or subsets, where the order of selection is irrelevant ({A, B} is the same combination
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as {B, A}). Combinations will be discussed in detail in Section 3. Thinking about the difference
between a padlock sequence (where 4-5-6 is different from 6-5-4) and pizza toppings (where
pepperoni, mushrooms, onions is the same pizza as mushrooms, pepperoni, onions) helps clarify
this distinction. Permutations are essentially ordered combinations. Alternative terms like
"arrangement" or "sequence without repetition" are sometimes used synonymously with
permutation.

9.3.2 Permutations of Distinct Objects (P(n, r))

9.3.2.1 Derivation and Formula: P(n, r) =n! / (n-r)!

Consider the task of arranging r distinct objects chosen from a set of n distinct objects, without
allowing replacement (i.e., an object cannot be chosen more than once). This is known as an 7-
permutation of n objects, and the number of ways to do this is denoted by P(n, r) or nPr.

We can derive the formula for P(n, r) using the Multiplication Principle. Imagine filling r
positions in a sequence using objects from the set of 7.

For the first position, there are n choices.
Since repetition is not allowed, for the second position, there are (n-/) remaining choices.
For the third position, there are (n-2) remaining choices.

For the r-th position, there are (n - (r - 1)) = (n - r + ) remaining choices.

Applying the Multiplication Principle, the total number of ordered arrangements is the product of
the number of choices at each step 21:

Pn,r)=nx(m-1)xn-2)x.xMn-r+1)

This product consists of 7 consecutive factors starting from 7.

To express this more compactly, we introduce factorial notation. For any non-negative integer n,
n factorial, denoted by n!, is the product of all positive integers less than or equal to n:
nl=nxn-1)xMm-2)x.x3x2x1]

By convention, 0! is defined as 1.

We can rewrite the expression for P(n, r) using factorials. Multiply the expression by (n - r)! / (n
- 1)! (which is equal to 1):
Pn,r)=nx(n-Dx.Xxn-r+1)]x[(n-1r)x..x2x1]/[(n-1)x...x2x1]

The numerator is now the product of all integers from n down to 1, which is n!. The denominator
is the product of all integers from (n-r) down to 1, which is (n-r)!.

Formula: The number of permutations of n distinct objects taken r at a time (where 0 <r <n) is
given by:

P(n,r)=n!/(n-r)!

Alternative notations include "P; or P,. While the factorial formula is concise, the expanded
product form P(n, r) =n x (n- 1) x... X (n - r + 1) is often more practical for manual calculation.
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9.3.2.2 Case P(n, n): P(n, n) =n!

A special case arises when we arrange all n distinct objects (i.e., r = n). Substituting r = n into the
permutation formula yields 19:

P(n,n)=n!/(m-n)!=n!/0!=n!/1=n!

Interpretation: This confirms that there are n! ways to arrange n distinct objects in a sequence.
This aligns with the Multiplication Principle: n choices for the first position, (n-1) for the second,
and so on, down to 1 choice for the last position, giving a total of n x (n-1) %... X 1 = n!
arrangements.

9.3.2.3 Examples

e Example 1: Race Outcomes
o In a race with 10 runners, how many different ways can the 1st, 2nd, and 3rd place
medals be awarded? Order matters. We are choosing and arranging 3 runners from 10.
P(10,3)=10!/(10-3)!=10!/7!'=10 x 9 x 8 =720 ways.
o In a swimming competition with 9 swimmers, how many ways can they place first,
second, and third? P(9,3)=9!/(9-3)!=9! /6! =9 x 8 x 7= 504 ways.
e Example 2: Arranging Letters/Words (No Repetition)
o How many distinct 3-letter arrangements (words, possibly nonsensical) can be formed
from the letters {a, b, c, d, e} without repetition? P(5,3)=5!/(5-3)!=5!/21=5x4
x 3 = 60 arrangements.
o How many 4-letter "words" can be made from the letters {a, b, c, d, e, f} with no
repeated letters? P(6,4)=6!/(6-4)! =6!/2! =6 x5 x4 x 3 =360 words.
o How many ways can the letters in the word "WIZARD" (6 distinct letters) be arranged?
This is arranging all 6 letters. P(6, 6) = 6! = 720 arrangements.
e Example 3: Seating/Lining Up Arrangements
o How many ways can 10 people be lined up for a photograph? This is arranging all 10
distinct people. P(10, 10) = 10! = 3,628,800 ways.
o How many ways can 5 men and 4 women be seated in a row so that the women occupy
the even places (positions 2, 4, 6, 8)? First, arrange the 4 women in the 4 even places:
P(4, 4) = 4! = 24 ways. Then, arrange the 5 men in the 5 odd places: P(5, 5) = 5! =120
ways. By the Multiplication Principle, total arrangements = 24 x 120 = 2880 ways.
e Example 4: Other Applications
o How many ways can a President, Secretary, and Treasurer be chosen from a club of 12
candidates (assuming no person holds multiple positions)? Order matters due to distinct
roles. P(12,3)=12!/(12-3)! =121 /9! =12 x 11 x 10 = 1320 ways.
o How many 3-digit keypad arrangements can be made using digits {0,..., 9} if each digit
is used only once? P(10, 3) = 10! /(10 - 3)! = 10! / 7! =10 x 9 x 8§ =720 arrangements.

9.3.3 Permutations with Repetition Allowed

In contrast to the previous section, we now consider arrangements where objects can be chosen
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more than once.

Formula: The number of permutations of » objects chosen from » distinct types of objects,
where repetition is allowed, is given by n*.

Explanation: This formula is a direct application of the Multiplication Principle. For each of the
7 positions in the arrangement, there are » available choices (since we can repeat selections).

e Choices for Ist position: n

e Choices for 2nd position: n
[ ]
[ ]

Choices for r-th position: n Total arrangements =n X n X... X n (» times) = n".

Examples:

e Lock Combinations: A 3-digit lock using digits 0-9 allows repetition (e.g., "333"). How
many combinations are possible? Here n = 10 (digits 0-9) and r = 3 (positions). Total
combinations = 10° = 1000.

e Letter Strings: How many 5-letter strings can be formed from the 26 uppercase letters of
the English alphabet if repetition is allowed? Here n=26 and r=5. Total strings = 26°.

e Word Formation: How many 3-letter words can be formed from the letters {c, a, t} if
repetition is allowed? Here n=3 and r=3. Total words = 3* = 27.

e Digit Codes: How many 4-digit codes can be created using digits 0-9 if repetition is
allowed? Here n=10 and r=4. Total codes = 10*=10,000.

9.3.4 Permutations with Non-Distinct Items

Now we consider arranging n objects where some of the objects are identical or indistinguishable
from each other.

Formula: The number of distinct permutations of n. objects where there are 1, identical objects of type 1, n»
identical objects of type 2, ..., n;, identical objects of type k (such thatny + ny + ... 4+ g = n)is given
by:

n!
nilng! ... ny!
Explanation: We start by calculating the total number of permutations as if all » objects were
distinct, which is n!. However, since some objects are identical, we have overcounted. For each
set of n; identical objects, there are n;! ways to arrange them among themselves, but these
arrangements do not produce a distinguishable new permutation. Therefore, we must divide the
initial n! by the factorial of the count for each group of identical objects (n:!, n2!, etc.) to correct
for this overcounting. This method utilizes the division principle.
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Examples:

e Arranging Letters in "TOOTH": Total letters n=5. Identical letters: T (ni=2), O (n==2), H
(ns=1). Number of distinct arrangements = 5! /(2! 2! 1) =120/ (2 %2 x 1) =120/ 4 = 30.

e Arranging Letters in "APPLE": Total letters n=5. Identical letters: P (ni=2), A (n=1), L
(ns=1), E (ns=1). Number of distinct arrangements = 5! / (2! 1! 1! 1!)=120/2 = 60.

e Arranging Letters in "MISSISSIPPI": Total letters n=11. Identical letters: M (1), I (4), S
(4), P (2). Number of distinct arrangements = 11! / (1! 4! 4! 21)=39,916,800 / (1 x 24 x 24
x 2) = 34,650.

e Arranging Letters in "SUCCESS'": Total letters n=7. Identical letters: S (3), U (1), C (2),
E (1). Number of distinct arrangements = 7! / (3! 1! 2! 11)=5040/ (6 x 1 x 2 x 1) =420.

e Arranging Letters in "BANANA'"': Total letters n=6. Identical letters: B (1), A (3), N (2).
Number of distinct arrangements = 6! / (1! 3! 2!1) =720/ (1 x 6 x 2) = 60.

e Arranging Flags: Arranging 3 identical green (G) flags and 2 identical yellow (Y) flags on
5 flagpoles. Total flags n=5. Identical: G (mi=3), Y (n2=2). Number of distinct arrangements
=51/@3!21)=120/(6 x2)=10.

These formulas, all derived from the Multiplication Principle, provide a systematic way to count
ordered arrangements under various conditions: whether all items are distinct, whether repetition
is allowed, and whether some items are indistinguishable. The factorial notation serves as a
crucial shorthand in these calculations.

9.4 COMBINATIONS (SELECTIONS)
While permutations focus on the order of arrangements, combinations deal with the selection of
items where the order is irrelevant.

9.4.1 Definition: Order Does Not Matter

Definition: A combination is a selection of items from a collection or set such that, unlike
permutations, the order of selection does not matter. For example, choosing a committee of
three people {Alice, Bob, Charlie} is the same combination regardless of whether Alice was
chosen first, second, or third. The combination {Alice, Bob, Charlie} is identical to {Charlie,
Alice, Bob}. Combinations represent unordered subsets or collections.

This fundamental difference—order matters for permutations, but not for combinations—is
crucial for applying the correct counting technique.

9.4.2 Combinations of Distinct Objects (C(n, r))

9.4.2.1 Derivation and Formula: C(n, r) =n!/ [r!(n-r)!]

Let C(n, r) denote the number of combinations of choosing r distinct objects from a set of n
distinct objects (without replacement and without regard to order). We can derive the formula for
C(n, r) by relating it to the number of permutations, P(n, r).
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Consider the process of forming an r-permutation (an ordered arrangement of 7 items from n).
This can be thought of as a two-step process:

e Choose a subset of r objects from the #n available objects. The number of ways to do this is
C(n, r).

e Arrange the chosen r objects in a specific order. The number of ways to arrange r distinct
objects is r!.

By the Multiplication Principle, the total number of ordered arrangements, P(n, r), is the product
of the number of ways to perform these two steps:
P(n,r)=C(n, r) x 1!
We already know that P(n, r) =n! / (n - r)!. Substituting this, we get:
n!/(n-r)!=C(n,r) xr!
Solving for C(n, r) by dividing both sides by r! gives the formula for combinations 26:
Cn,r)=P(n,r)/r!'=[n!/(n-1)!]/1!
Formula: The number of combinations of n distinct objects taken r at a time (where 0 <r <n) is:
Cn,r)=n!/[r! (n-1)!]
Alternative notations include nCr or (n r), the latter being commonly read as "n choose r". This
quantity is also known as the binomial coefficient, a concept explored further.

9.4.2.2 Examples

e Example 1: Choosing Committees/Groups
o How many ways can a committee of 3 people be chosen from a group of 20? Order
does not matter. C(20,3)=20!/ (3! 17!)=(20 x 19 x 18) /(3 x 2 x 1) = 1140 ways.
o How many ways can a committee consisting of 2 men and 2 women be chosen from a
group of 15 men and 12 women? Choose 2 men from 15: C(15, 2) = 105 ways. Choose
2 women from 12: C(12, 2) = 66 ways. By the Multiplication Principle, total ways =
105 x 66 = 6930 ways.
o How many ways can 6 friends be chosen from a group of 14? C(14, 6) = 14!/ (6! 8!) =
3003 ways.
e Example 2: Selecting Items
o How many ways can a customer choose 2 side dishes from 5 options? Order doesn't
matter. C(5, 2) =5!/(2! 3!) =10 ways.
o How many ways can 3 books be chosen from 10? C(10, 3) = 10! /(3! 7!) = 120 ways.
o How many 5-card hands can be dealt from a standard 52-card deck? C(52, 5) =
2,598,960 hands.
e Example 3: Lottery Numbers
o In a lottery where 6 numbers are chosen from 49, the order doesn't matter. The number
of possible combinations is C(49, 6).
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9.4.3 Relationship between Permutations and Combinations

The fundamental relationship between permutations and combinations for selecting » distinct
items from # distinct items is given by the formula:

P(n,r)=C(n, r) X r!

Interpretation:
This equation formalizes the idea that an ordered arrangement (permutation) can be constructed
by first selecting an unordered group (combination) and then arranging the selected items.26

e ((n, r) represents the number of ways to choose the group of » items.

e 1! represents the number of ways to arrange those chosen r items.

e P(n, r) represents the total number of ways to choose and arrange r items.

Dividing the number of permutations by the number of ways to arrange the chosen items (r!)
yields the number of unique combinations: C(n, r) = P(n, r) / r!. This highlights that
combinations are essentially permutations where the order has been disregarded or factored out.

A useful symmetry arises from the combination formula:

Cn,r)=n!/[r! (n-1)!]

C,n-r)=n!/[(n-0)! (n-(Mn-0))!]=n!/[(n-1)!1!]

Therefore, C(n, r) = C(n, n - r). This means that choosing r items to include from a set of n is
equivalent in count to choosing (n - r) items to exclude.

9.4.4 Combinations with Repetition Allowed (Optional)

Sometimes we need to count selections where order doesn't matter, but items can be chosen
multiple times (selection with replacement).

Formula: The number of ways to choose r items from n distinct types of items, where repetition
is allowed, is given by the multiset coefficient or combination with repetition formula 26:
Cn+r-1,0)=(m+r-D!/[t! (n-1)!]

This is sometimes written as ((n 1)).

Explanation (Stars and Bars):

A common way to understand this formula is the "stars and bars" method.45 Imagine we want to
choose r items from n categories. We can represent the r items as 'stars' (%) and use n-1 'bars' (|)
to separate the n categories. For example, if we choose 3 scoops (r=3) from 5 flavors (n=5), a
selection like "2 chocolate, 1 vanilla, 0 mint, 0 lemon, 0 raspberry" could be represented as:

*ok |k ||

Here, the stars before the first bar are chocolate, between the first and second are vanilla, etc.
Any selection corresponds to an arrangement of r stars and n-1 bars in a sequence of n +r - 1
total positions. The number of ways to arrange these is equivalent to choosing the r positions for
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the stars (or the n-1 positions for the bars) out of the total n + r - 1 positions. This is precisely the
combination formula C(n + 1 - 1, r).

Examples:

e Ice Cream Scoops: Choosing 3 scoops (1=3) from 5 flavors (n=5) with repetition allowed.
Number of ways=C(5 +3-1,3)=C(7,3)=7!/(3! 4!) =35 ways.

e Candy Selection: Choosing 6 pieces of candy (r=6) from 3 types (n=3) with repetition
allowed. Number of ways =C(3+6-1,6)=C(8,6)=C(8,2)=8!/(6!2)=(8xT)/2=
28 ways.

e Integer Solutions: How many non-negative integer solutions does x1 + X2 + x3 = 11 have?
This is equivalent to distributing 11 identical items (units) into 3 distinct bins (X1, X2, X3),
which is choosing 11 items (r=11) from 3 types (n=3) with repetition allowed. Number of
solutions = C(3 + 11 -1, 11) = C(13, 11) =C(13,2) = 13! / (111 21) = (13 x 12) /2 =78
solutions.

e Tea Bags: Choosing 3 tea bags (r=3) from 6 types (n=6) with repetition allowed. Number of
ways=C(6+3-1,3)=C(8,3)=8!/(3!5)=(8%x7x%x6)/(3x2x1)=56 ways.

Combinations address scenarios focused purely on selection, ignoring arrangement. The
relationship P(n,r) = C(n,r) * r! mathematically separates the act of choosing from the act of
arranging. The extension to combinations with repetition using the stars and bars argument
provides a powerful technique for problems involving selections from categories where items
can be chosen multiple times.

9.5 THE BINOMIAL THEOREM

The Binomial Theorem provides a fundamental algebraic identity for expanding a binomial (an
expression with two terms) raised to a non-negative integer power. It connects algebra with
combinatorics through the use of binomial coefficients.

9.5.1 Purpose: Expanding (a + b)»

A binomial expression consists of two terms, such as (a + b). Expanding such an expression
raised to a power n, like (a + b)?, means multiplying the binomial by itself z times.

For small values of n, this expansion can be done by direct multiplication:

(a+b)r=1

(a+tb)=a+b

(a+b)>=(a+b)a+b)=a>+ab+ba+b>=a>+2ab+b2
(a+b)*=(a+Db)(@>+2ab+b?=a’+2a’+ab>+a’b+ 2ab>+ b*=a’+ 3a’b + 3ab’> + b’
(a+b)*=a*+4a’b + 6a%b* + 4ab* + b*

However, performing these repeated multiplications becomes extremely tedious and
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time-consuming for larger values of n, such as (x + y)” or (x + y)*>. The Binomial Theorem
provides a systematic and efficient formula for this expansion.

9.5.2 Binomial Coefficients C(n, k)

The coefficients appearing in the binomial expansion are known as binomial coefficients.

Definition: The binomial coefficient, denoted as (n k), C(n, k), or nCk, represents the coefficient
of the term a"*b* in the expansion of (a + b)~.

Combinatorial Interpretation: Crucially, the binomial coefficient C(n, k) is identical to the
number of combinations of choosing 4 items from a set of n distinct items, hence the common
reading "n choose k". This connection arises because when expanding (a + b)* = (a + b)(a +
b)...(a + b) (n times), each term in the final sum is formed by choosing either 'a' or 'b' from each
of the n binomial factors. To obtain the term a<sup>n-k</sup>b<sup>k</sup>, we must choose
'b' from exactly k of the factors (and consequently 'a' from the remaining n-k factors). The
number of ways to make this choice of k& factors (from which to take 'b") out of the n available
factors is precisely C(n, k).

Calculation Formula: The binomial coefficient C(n, k) is calculated using the combination
formula:

Cn,k)=n!/[k! (n-k)!]

where n! (n factorial) is n x (n-1) x... x 1, and 0! = 1.56

9.5.3 Pascal's Triangle

Pascal's Triangle provides a visual and recursive way to determine binomial coefficients,
particularly for smaller values of n.

Construction:

The triangle begins with a single '1" at the apex (row 0). Each subsequent row starts and ends
with '1". Every other number in a row is obtained by summing the two numbers directly above it
in the preceding row.

1 n=0
11 n=1
121 n=2

1331 n=3

14641 n=4
15101051 n=>5
1615201561 n=6
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Connection to Binomial Coefficients:
The numbers in the n-th row of Pascal's Triangle (conventionally starting with row 0) correspond
exactly to the binomial coefficients C(n, k) for k=0, 1, 2,..., n.
e Row0: C(0,0)=1
Row 1: C(1,0)=1, C(1,1)=1
Row 2: C(2,0)=1, C(2,1)=2, C(2,2)=1
Row 3: C(3,0)=1, C(3,1)=3, C(3,2)=3, C(3,3)=1
Row 4: C(4,0)=1, C(4,1)=4, C(4,2)=6, C(4,3)=4, C(4,4)=1

The construction rule of the triangle directly reflects Pascal's Identity:

C(n, k) = C(n-1, k-1) + C(n-1, k)

This identity states that any binomial coefficient is the sum of the two coefficients immediately
above it in the previous row of the triangle.

9.5.4 The Binomial Theorem Formula

The Binomial Theorem formally expresses the expansion of (a + b)» using binomial coefficients.

Formula (Summation Notation): For any non-negative integer n,

((I. + b)n — Z C(ﬂ, k) a™Fpk
k=0

where C(n, k) = k!(;‘lm!.

Formula (Expanded Form):
(a+b)»=C(n, 0)ab® + C(n, 1)a~'b' + C(n, 2)ar2b* +... + C(n, n-1)a’b>* + C(n, n)a’b".
Since C(n, 0) = 1 and C(n, n) = 1, this can also be written as:
(a+b)r=ar+ C(n, 1)a~'b' + C(n, 2)a~?b? +... + C(n, n-1)a'b>! + b»
The theorem provides a direct link between the algebraic expansion of a binomial power and the
combinatorial concept of choosing subsets (combinations), making C(n,k) the bridge between
these two areas.

9.5.5 Examples of Binomial Expansion
Let's apply the Binomial Theorem to expand specific binomials.

e Example 1: Expand (a + b)?
Here n = 3. The coefficients are C(3,0), C(3,1), C(3,2), C(3,3), which are 1, 3, 3, 1 (from
row 3 of Pascal's Triangle or calculation).
(a+Db)*=C(3,0)a’b® + C(3,1)a*b' + C(3,2)a'b* + C(3,3)a’b*
(a+b)*=1a*+3a’b + 3ab*+ 1b?
(a+b)*=a’+3a%b + 3ab* + b’
e Example 2: Expand (x + y)*
Here n = 4. The coefficients are C(4,0), C(4,1), C(4,2), C(4,3), C(4,4), which are 1, 4, 6,4, 1
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(from row 4 of Pascal's Triangle).

(x+y)*=C@4,0)x*y° + C(4,1)x*y' + C(4,2)x%y* + C(4,3)x'y* + C(4,4)x°y*
(x +y)* = 1x* + 4x3y + 6x%y? + 4xy® + 1y*

(x Ty)t=x*+4x%y + 6x%y* + 4xy> +y*

Example 3: Expand (3x - y)*

Here n=4. Let 'a' = 3x and 'b' = -y. The coefficients are 1, 4, 6, 4, 1.

(x - y)'=C(4,003x)*(-y)” + C(4,1)(3x)*(-y)" + C(4,2)(3x)*(-y)* + C(4,3)(3%)'(-y)* +
C(4,4)(3x)°(-y)*

= 1B 1xH)(1) +4(27x%)(-y) + 6(9x*)(y?) + 4(3x)(-y*) + 1(1)(y*)

= 81x*- 108x3y + 54x%y? - 12xy* + y*

Note the alternating signs due to the powers of (-y).

9.5.6 Properties of the Binomial Expansion

The expansion of (a + b) exhibits several consistent properties:

Number of Terms: The expansion contains n + 1 terms.

Sum of Exponents: In each term of the form C(n, k)a<sup>n-k</sup>b<sup>k</sup>, the

sum of the exponents of a and b is always n: (n - k) + k =n.

Exponent Pattern: The powers of the first term (a) decrease from » down to 0 across

successive terms, while the powers of the second term (b) increase from 0 up to 7.

Symmetry of Coefficients: The binomial coefficients are symmetric around the middle

term(s) of the expansion. This is because C(n, k) = C(n, n - k). This symmetry is also

visually apparent in Pascal's Triangle.

General Term (Specific Term Formula): The (r + 1)th term in the expansion (where the

first term corresponds to r=0) is given by the formula: Tr+1 = C(n, r) asr b. This formula

allows for the calculation of any specific term without needing to compute the entire
expansion.

Example: Find the coefficient of the x°y® term in the expansion of (3x - 2y)®. Here, a = 3x,

b = -2y, n = 8. We want the term with b<sup>r</sup> = (-2y)?, so r = 3. The term is the

(r+1)th = (3+1)th = 4th term. T4 = Ts1 = C(8, 3) (3x)%3 (-2y)® Ta = C(8, 3) (3x)* (-2y)* Ta =

[8!/(3!51)] (243x°) (-8y?) Ta =56 x 243 x (-8) x°y® T4 = -108864 x°y?

The coefficient is -108,864.

Sum of Coefficients:

o Ifweseta=1andb =1 in the Binomial Theorem, we get (1 + 1)» =% C(n, k) 1,k 1k =
% C(n, k). Therefore, the sum of the coefficients in the expansion of (a + b)" is 2.

o Ifweseta=1andb=-1,weget(l-1)»=0"=0 (forn>1). This gives £ C(n, k) 1nx (-
Ik =C(n, 0) - C(n, 1) + C(n, 2) -... + (-1)» C(n, n) = 0. This shows that the sum of the
coefficients in the even positions equals the sum of the coefficients in the odd positions.
Each sum is equal to 2» /2 = 21,

These properties demonstrate the highly regular and predictable structure inherent in binomial
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expansions, governed by the exponent n and the combinatorial nature of the binomial

coefficients.
~+ / Product of
— OQutcomes
o

> Sequential Tasks

G: Sum of
j) Outcomes
— Mutually
v l Exclusive
é\ Options

Addition Principle

Multiplication
Principle

Figure 9.1. Principles for Counting Tasks

9.6 CHECK YOUR PROGRESS

Q1. Describe fundamental principle of counting in brief.

Q2. Provide answers to the following MCQs: -

1) How many ways can 3 books be selected from a shelf of 5 books?
a) 60
b) 10
c) 20
d) 120
2) In permutations, which of the following matters most?
a) Repetition
b) Number of items
¢) Order of items
d) Type of items
3) What is the value of P(6,2)P(6, 2)P(6,2)?
a) 30
b) 12
c) 720
d) 15
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4) The number of ways to arrange all letters of the word "BANANA" is:
a) 720
b) 120
c) 60
d) 240
5) In how many ways can 4 letters be arranged out of 7 different letters?
a) 840
b) 35
c) 210
d) 5040
6) The binomial coefficient C(5,2)C(5, 2)C(5,2) is:
a)5
b) 10
c) 15
d) 20
7) Which of the following is not a property of binomial expansion?
a) Symmetry of coefficients
b) Exponent sum of each term equals n
c¢) Total terms equal n?
d) Coefficients follow Pascal’s Triangle

9.6 SUMMARY

This unit has explored fundamental principles of counting and their application to arrangements,
selections, and algebraic expansions. The Fundamental Principle of Counting (Multiplication
Principle) serves as the bedrock, providing a method to determine the total number of outcomes
for multi-stage processes by multiplying the number of options at each independent stage.
Building on this, permutations were introduced as ordered arrangements. The formula P(n, r) =
n! / (n-r)! quantifies the number of ways to arrange r distinct items from a set of n, emphasizing
the importance of order. Variations for permutations with repetition allowed (n") and
permutations involving non-distinct items (n! / (n:! n2!... ny!)) were also derived, showcasing the
adaptability of the core counting principles.

Combinations, in contrast, focus on unordered selections. The formula C(n, r) = n! / [r!(n-1)!]
counts the number of ways to choose r items from n without regard to order. The direct
relationship P(n, r) = C(n, r) X r! mathematically links the concepts of selection and arrangement.
Combinations with repetition were optionally explored using the stars and bars method, yielding
the formula C(n+r-1, r). Finally, the Binomial Theorem, (a + b)* = £ [C(n, k) * a™* * bK],
provides a powerful formula for expanding binomials raised to integer powers. The theorem
elegantly connects algebraic expansion to combinatorics, as the coefficients in the expansion are
precisely the binomial coefficients, C(n, k), which represent combinations. The structure of the
expansion, including the number of terms, exponent patterns, and coefficient symmetry (often
visualized using Pascal's Triangle), is highly regular and predictable. The general term formula,
Tr1 = C(n, r) a™* bY, allows for the efficient calculation of specific terms within the expansion.
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These concepts — the Multiplication Principle, permutations, combinations, and the Binomial
Theorem — form a cohesive framework for solving a wide variety of counting problems
encountered in mathematics, probability, computer science, and numerous other disciplines.

9.7 GLOSSARY

Counting Principle — A method to calculate outcomes in sequential operations using
multiplication.

Permutation — An arrangement of items where order matters.

Combination — A selection of items where order does not matter.

Factorial (n!) — The product of all positive integers up to n; by definition, 0! = 1.

P(n, r) — Number of permutations of n objects taken r at a time.

C(n, r) — Number of combinations of n objects taken r at a time.

Pascal’s Triangle — A triangular array where each number is the sum of the two directly
above it, used to generate binomial coefficients.

Binomial Theorem — A formula for expanding powers of binomial expressions.
Binomial Coefficient — The coefficients in a binomial expansion, denoted as C(n, k) or
(nk)\binom {n} {k}(kn).

Stars and Bars — A combinatorial method for solving problems with repetition.

nPr — Alternative notation for permutation.

nCr — Alternative notation for combination.

General Term - A specific term in a binomial expansion, given by
Tr+1=C(n,r)an—1brT_{r+1} = C(n, r) a*{n-r} b Tr+1=C(n,r)an—rbr.

Multiset — A generalized concept of a set where elements may repeat.

Repetition Allowed — A condition where items can be selected more than once.

9.8 ANSWERS TO CHECK YOUR PROGRESS

Check Your Progress — A
Q2. Answers of MCQs: -

1)
2)
3)
4)
5)
6)
7)

Answer: b) 10

Answer: c) Order of items
Answer: a) 30

Answer: c) 60

Answer: a) 840

Answer: b) 10

Answer: c) Total terms equal n?
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I SR R e A

Explain the Fundamental Principle of Counting with a suitable example.
Differentiate between permutations and combinations with real-life illustrations.
Derive the formula for P(n,r)P(n, r)P(n,r) and explain its significance.

How do permutations change when repetition is allowed?

Explain the concept of combinations with repetition using the stars and bars method.
Expand (atb)5(a + b)*5(a+b)5 using the Binomial Theorem.

What is Pascal’s Triangle and how is it used to compute binomial coefficients?
Derive and explain the general term in the binomial expansion.

Calculate the number of ways to arrange the letters of the word “SUCCESS”.

.Show that C(n,r)=C(n,n—r)C(n, r) = C(n, n — r)C(n,r)=C(n,n—r) and explain its

combinatorial significance.
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10.1 INTRODUCTION TO MATRICES

Matrices represent a fundamental concept in mathematics, particularly within linear algebra,
providing a powerful framework for organizing and manipulating numerical data. Their
applications span diverse fields including geometry, physics, statistics, engineering, computer
science, and economics.

10.1.1 Definition: Rectangular Array of Elements

Formally, a matrix is defined as a rectangular array or grid composed of numbers, symbols, or
mathematical expressions. These individual components within the array are referred to as the
elements or entries of the matrix. The essence of a matrix lies in its structured arrangement,
organizing these elements into horizontal lines known as rows and vertical lines known as
columns.' This structured organization distinguishes matrices from simpler collections like sets,
as the position of each element, defined by its row and column, is critically important.! This
positional structure is the foundation upon which matrix operations are built and allows matrices
to effectively represent complex systems such as systems of linear equations or geometric
transformations.

10.1.2 Elements, Rows, Columns, and Order (Dimension)

The individual items constituting a matrix are its elements or entries. The size or structure of a
matrix is precisely defined by its order, also referred to as its dimension. The order is specified
by stating the number of rows (denoted by m) followed by the number of columns (denoted by
n), typically written as m x n and pronounced "m by n". A matrix with m rows and n columns
contains a total of m x n elements.®

For instance, consider the matrix:

[ A=\begin{pmatrix} 1 &2 & 3\0 & -1 & \pi \end{pmatrix} ]

This matrix has 2 rows and 3 columns, making its order 2 x 3. It contains 2 X 3 = 6 elements.5
The dimension of a matrix is a primary characteristic, crucial for determining its compatibility
with other matrices for operations like addition and multiplication, as these operations often
require specific dimensional relationships.10

10.1.3 Notation and Examples

By convention, matrices are typically denoted using uppercase letters, such as A, B, or C. The
elements within a matrix are referenced using the corresponding lowercase letter accompanied
by two subscripts, i and j. The first subscript, 7, indicates the row number (from top to bottom),
and the second subscript, j, indicates the column number (from left to right). Thus, all (or A[i,j],
Al) represents the element located in the i-th row and j-th column of matrix A.

A matrix A of order m x n can be compactly represented as A = [ali]™,
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Example 1:
For the matrix

1 2 3
A=(0 -1 ?T)

the element in the first row and second columniis a; 5 = 2.

The element in the second row and first column is as ;1 = 0.

The element in the second row and third column is as 3 = .

Example 2:
Consider the matrix

Thisis a 4 X 3 matrix.

The element in the third row and second column, denoted bj 5, is 9.

2 —6 13

32 -7 -23
B = -9 9 15

8 25 7

This precise subscript notation is essential not only for identifying elements but also for defining
matrix operations, particularly matrix multiplication, which involves systematic combinations of
elements based on their row and column positions.

10.2 TYPES OF MATRICES

Matrices can be classified into various types based on their dimensions or the specific
arrangement and values of their elements. Recognizing these types is important as they often
possess unique properties and play specific roles in mathematical applications.'*

Table 2.1: Common Matrix Types

Type Name Defining Condition Symbolic Example
(Order/Elements) (Illustrative)
Row Matrix (Row Vector) Order 1 x n (One row) [an a1 ... Qi)
Column Matrix (Column | Order m x 1 (One column) a
Vector) ag
Am1
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Square Matrix Order n X n (Rows = (@, ays]
“l (form = 2)
Columns) (@ a]
Diagonal Matrix Square matrix where a;;= 0 [a;; 0]
. (form = 2)
for 1 75_] | 0 agg_
Scalar Matrix Diagonal matrix where a;; = k E 0 5
(constant) for all i [D k} (forn.=2)
Identity Matrix (Unit | Scalar matrix where a;; = 1 for I 10
Matrix) all i (k=1) >~ o 1

Zero Matrix (Null Matrix) Order m x n where a;j = 0 for
all 1,

Upper Triangular Matrix Square matrix where aj; =0 an ap

fori>j [ 0 agg] (forn = 2)
Lower Triangular Matrix Square matrix where aj; =0 a0

fori<j [021 aﬂ] (forn = 2)

2.1 Row Matrix (Row Vector)

A matrix consisting of only a single row is termed a row matrix or row vector.1 Its order is 1 x n,
where n is the number of columns.
Example: P=[1 -3 17]isal X 3 row matrix.

2.2 Column Matrix (Column Vector)

Conversely, a matrix comprising only a single column is known as a column matrix or column
vector.1 Its order is m X 1, where m is the number of rows.

Example:
2

Q = |3| isa3 x 1 column matrix.
7

2.3 Square Matrix

A square matrix is characterized by having an equal number of rows and columns.5 A matrix of
order n x n is referred to as a square matrix of order n. Square matrices are fundamental in many
areas of linear algebra, including determinants, eigenvalues, and matrix inversion.
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Principal/Main Diagonal: Within a square matrix, the elements aii, where the row index i equals
the column index j, constitute the main diagonal (or principal diagonal).1 This diagonal runs
from the top-left element (ai;) to the bottom-right element (aun).

Example:
2 3 6
B=13 4 5
6 5 9

is a square matrix of order 3. Its main diagonal elements are 2, 4, and 9.

2.4 Diagonal Matrix

A diagonal matrix is a specific type of square matrix where all elements located off the main
diagonal are zero. That is, a;; = 0 whenever 1 # j. The elements on the main diagonal (aii) can be
any value, including zero.

Example:
1 0 00
0 5 00
P = 0 0 2 0
0 0 0 4

is a 4 x 4 diagonal matrix.

2.5 Scalar Matrix

A scalar matrix is a special case of a diagonal matrix where all the elements on the main diagonal
are identical and non-zero. Thus, a;; = k for some constant k # 0, and a;; = 0 for 1 #].
Example:

-5 0 0
B=|0 -5 0
0 0 -5

is a scalar matrix of order 3, with k = -5.

2.6 Identity Matrix (Unit Matrix)

The identity matrix, denoted by I or sometimes I, to specify its order n, is a special scalar matrix
where all the main diagonal elements are equal to 1.1 Therefore, a; = 1 and a;; = 0 for i # j. The
identity matrix serves as the multiplicative identity in matrix multiplication, meaning that for any
compatible matrix A, Al = A and [A = A.
Example: The 3 % 3 identity matrix is

1 0 0
=10 1 0
0 0 1
2.7 Zero Matrix (Null Matrix)
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A zero matrix, or null matrix, denoted by O, is a matrix of any order (m X n) in which every
element is zero. It functions as the additive identity in matrix addition, meaning A+ O =0+ A =
A for any matrix A of the same order.

Example: The 2 x 3 zero matrix is

000
O“"“‘[ﬂ 0 0}

2.8 Upper and Lower Triangular Matrices

Triangular matrices are square matrices characterized by having all zero elements either above or
below the main diagonal. They are particularly important in solving systems of linear equations
and in numerical algorithms.!

e Upper Triangular Matrix: A square matrix is upper triangular if all elements below the
main diagonal are zero (a;; = 0 for all i > ).

Example:
2 3 4
B=|0 1 5
00 -2

is an upper triangular matrix.
e Lower Triangular Matrix: A square matrix is lower triangular if all elements above the
main diagonal are zero (a;; = 0 for all 1 <}j).

Example:
2 0 0
B=1|3 1 0
4 5 -2

is a lower triangular matrix.

These classifications based on structure and element patterns are fundamental because they
determine the algebraic properties and computational utility of matrices. For instance, diagonal
and triangular matrices significantly simplify operations like finding determinants or solving
linear systems.
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Figure 10.1. Hierarchy of matrix type

10.3 EQUALITY OF MATRICES

The concept of equality between matrices is precisely defined and requires more than just having

the same numerical values.

10.3.1 Conditions for Equality

Two matrices, denoted as

A= [aij]mxn and

B = [bij]quf

are considered equal (written as A = B) if and only if they satisfy two fundamental conditions:

% Same Order (Dimensions): The matrices must have the exact same number of rows and
the exact same number of columns. That is, m must equal p (number of rows are equal), and

n must equal q (number of columns are equal).

% Equal Corresponding Elements: Each element in matrix A must be identical to the
element in the corresponding position (same row and column) in matrix B. That is, aj; = bj;

for all possible values of i (from 1 to m) and j (from 1 to n).
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If either of these conditions is not met—if the matrices have different dimensions or if even one
pair of corresponding elements differs—the matrices are deemed unequal (A # B).?! This strict
definition ensures that equal matrices are structurally and elementally identical, allowing them to
be substituted for one another in mathematical expressions.**

3.2 Examples

e Equal Matrices:

b =b 3

(Same order 2x2, corresponding elements are equal)
e Unequal Matrices (Different Elements):

1 2 1 3
BRI
(Same order 2x2, but a12 # b1z and a1 # ba1)
e Unequal Matrices (Different Order):

1 2 1 2 0
2 al#)s g g
(The first is 2x2, the second is 2%3)

e Solving for Variables using Equality:
If we are given that

b

then the definition of matrix equality implies:
o x =23 (comparing elements a;; and by;)
o y+1=9=y=8 (comparing elements a; and by,)

10.4 MATRIX ADDITION AND SUBTRACTION

Matrix addition and subtraction are fundamental operations performed element-wise between

matrices of the same dimensions.

10.4.1 Condition: Matrices Must Have the Same Order

A prerequisite for adding or subtracting matrices is that they must possess the exact same order
(dimensions). That is, if matrix A is m X n, then any matrix B added to or subtracted from A
must also be m x n. Operations between matrices of different orders are undefined. This
condition ensures that there is a one-to-one correspondence between elements for the element-
wise operation.
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10.4.2 Definition: Element-wise Addition/Subtraction

e Addition: Given two matrices A = [aéj] and B = [bi-j], both of order m x n, their sum, denoted A + B,
is anm X n matrix C = [cij] where each element ¢;; is the sum of the corresponding elements from A
and B:

cij = a;; + by;.

Symbolically: A + B = [a;j + b;j|mn-

e Subtraction: Similarly, the difference, denoted A — B, is an m X n matrix D = [dz-j] where each element
d;; is the difference of the corresponding elements:

d;; = a;; — by;.

Symbolically: A — B = [a;; — b;j|mxn.

Matrix subtraction can also be conceptualized as the addition of the negative of the second
matrix: A - B= A + (-B), where -B is the matrix formed by negating every element of B.?®

10.4.3 Key Properties: Commutative and Associative Laws for Addition

Matrix addition inherits several properties directly from the properties of scalar addition, owing
to its element-wise definition.'® Let A, B, and C be matrices of the same order m x n:

e Commutative Law: Matrix addition is commutative:
A+B=B+A.
The order in which matrices are added does not affect the resulting sum.
e Associative Law: Matrix addition is associative:
A+B)+C=A+B+0O).
When adding three or more matrices, the grouping of the matrices does not alter the final

sum.
e Additive Identity: The m X n zero matrix, O, serves as the additive identity:

A+0=0+A=A.
e Additive Inverse: For every matrix A, there exists a unique matrix -A (where each element
is the negative of the corresponding element in A) such that:
A+(-A)=(-A)+A=0.
The matrix -A is the additive inverse of A.
Note: Matrix subtraction is generally not commutative (A - B # B - A) and not associative ((A -
B)-C#A-(B-0)).

10.4.4 Examples
e Addition Example:

12+52_1—|—52—|—2_64
3 4 8 1| [3+8 4+1| |11 5
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e Subtraction Example:
2 3| |7 4] _| 2-7 3—-4| |5 —1
5 —4 -3 5| |5—(-3) —-4-—-5| |8 -9
e Commutativity Check:

0 3 1 2
LetA_Ll 7]andB—[l 3]

0+1 3+2] 1 5
A+B‘[4+1 7+3]_{5 10]
140 243] _[1 5
B+A‘[1+4 3+7]‘{ 10]

Thus, A+ B =B+ A.

10.5 SCALAR MULTIPLICATION

Scalar multiplication involves scaling a matrix by multiplying it with a single number (a scalar).

10.5.1 Definition: Multiplying a Matrix by a Scalar

The product of a scalar k (a real number) and an m x n matrix A = [a;] is defined as the m x n
matrix kA, where each element of kA is obtained by multiplying the corresponding element of A
by the scalar k.

Symbolically: kA = [Kaij]mxn

10.5.2 Key Properties

Scalar multiplication interacts predictably with matrix addition and standard scalar arithmetic.
Let A and B be matrices of the same order, and let k and | be scalars. The key properties are:

e Closure Property: The resulting matrix kA has the same dimensions (order) as the original
matrix A.
e Associative Property: Scalar multiplication 1is associative with respect to scalar
multiplication: (k)A = k(1A).
e Distributive Properties: Scalar multiplication distributes over matrix addition, and matrix
multiplication distributes over scalar addition:
= k(A +B)=kA +kB.
= (k+DA=KkA+IA.
e Multiplicative Identity Property: Multiplying a matrix by the scalar 1 leaves the matrix
unchanged: 1A = A.
e Multiplicative Properties of Zero: Multiplying any matrix A by the scalar 0 results in the
zero matrix O of the same order. Multiplying any scalar k by the zero matrix O also results
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in the zero matrix O. 0A = O and kO = O.
e Property of -1: Multiplying a matrix A by the scalar -1 yields its additive inverse, -A: (-1)A
=-A.

These properties arise because the operation is defined element-wise, inheriting the associative
and distributive properties of real number multiplication and addition.*!

10.5.3 Examples

e Basic Scalar Multiplication:

-1 2
If A = {0 3],then
C12(-1) 2(2)  |—-2 4
24 = {2(0) 23) =0 6
e Distributive Property k(A+B) = kA + kB:
Letk = 2,

Sl IR
wasm=a(l o)== -

1 1 2 2 2 2 4 4 6 6
kAJFkB_ZL 1]*2[2 2]_{2 2]+[4 4}_[6 6]
The results are equal, verifying the property.

e Distributive Property (k+1)A = kA + lA:
Letk =2,1=3,

A=
(k+z)A=(2+3)E ﬂ=5[i ﬂz[g g]

1 1 1 1 2 2 3 3 5 5
kA+3A—2{1 1]*3[1 1]—{2 2]*[3 3]‘[5 5}
The results are equal.

10.6 MATRIX MULTIPLICATION

Matrix multiplication is a more complex operation than addition or scalar multiplication, with
specific conditions for its definition and distinct properties. It is fundamental to representing
compositions of linear transformations.

10.6.1 Condition: Conformability for Multiplication

The product of two matrices, AB, is defined on/y if the number of columns in the first matrix (A)
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is exactly equal to the number of rows in the second matrix (B). If matrix A has dimensions m x
n and matrix B has dimensions p x q, the product AB is defined only if n = p. If defined, the
resulting product matrix AB will have dimensions m % q. Matrices that satisfy this condition are
called conformable for multiplication.

This requirement arises directly from the definition of the multiplication process (row-by-column
multiplication), which necessitates pairing elements from a row of the first matrix with elements
from a column of the second matrix.

10.6.2 Process: Row-by-Column Multiplication

Let A = [a,t-_j] be anm X n matrixand B = [b@j] be an n X p matrix. Their product, C = AB, is anm X
p matrix, C = [¢;;]. The element ¢;;, located in the i-th row and j-th column of the product matrix C, is
computed by performing the dot product (or scalar product) of the #-th row vector of A and the j-th

column vector of B.

The formula for the element ¢;; is:

mn

Cij = Z a{kbkj = ﬂ{]blj + ai2b2j + -+ a'é'n.b-nj
k=1

This involves multiplying corresponding elements from the i-th row of A and the j-th column of B and

then summing these products.

Example:
Let

A= B Z} (2x2) and B= [g g} (2x2)

Since the number of columns in A (2) equals the number of rows in B (2), the product AB is defined and

will be a 2 x 2 matrix.

10.6.3 Key Properties

Matrix multiplication exhibits several important algebraic properties, assuming the matrices
involved are conformable for the specified operations:

e Associative Law: Matrix multiplication is associative: A(BC) = (AB)C. The way matrices
are grouped in a sequence of multiplications does not change the final product, although it
can affect the computational steps.

e Distributive Laws: Matrix multiplication distributes over matrix addition:

o Left Distributive Law: A(B + C) = AB + AC.
o Right Distributive Law: (B + C)A = BA + CA.
e Non-Commutativity: Unlike scalar multiplication, matrix multiplication is generally not
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commutative:
AB # BA. The order in which matrices are multiplied typically affects the result. There are
special cases where AB = BA (e.g., if A is the identity matrix or if A and B are diagonal
matrices), but this is not true in general.
e Multiplicative Identity Property: The identity matrix I acts as the multiplicative identity.
For an m X m matrix A,

I,LA=A and Al,=A
e Multiplicative Property of Zero: Multiplication by the zero matrix O results in the zero
matrix:
AO = O and OA = O (assuming conformability and resulting in appropriately sized zero
matrices).

The non-commutative nature of matrix multiplication is a significant departure from scalar
algebra and reflects the fact that the order of applying linear transformations generally matters.
10.6.4 Examples

e Non-Commutativity Example: Using matrices A and B from the example in Section
10.6.2:

1 7 3 3
a=lp i m=f5 3
We calculated:

AB - [38 17]

26 14
Now, let's calculate B A:

enef 3 U-ER Mg -Be 20 8

2 4 b+4 35+8
As observed,

AB # BA
10.7 TRANSPOSE OF A MATRIX

The transpose is a fundamental unary operation that rearranges the elements of a matrix.

10.7.1 Definition: Interchanging Rows and Columns

The transpose of an m x n matrix A, commonly denoted as AT (or sometimes A'), is the n x m
matrix formed by interchanging the rows and columns of A. The first row of A becomes the first
column of AT, the second row of A becomes the second column of AT, and so on. Equivalently,
the columns of A become the rows of AT.

Formally, if A = [aj], then the element in the i-th row and j-th column of AT is aji. Thus, AT =
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[aji]. This operation can be visualized as reflecting the matrix elements across its main diagonal.’

Example:
If
3 -5
A= |4 I (a 3 x 2 matrix),
0
8
its transpose is:
AT = |3 2 9 9 3 matrix).
-5 I 3
2 8

7.2 Key Properties

The transpose operation interacts with other matrix operations according to the following
properties (assuming matrices A and B have appropriate dimensions for the operations shown,
and k is a scalar):

(AT)T = A: Taking the transpose twice returns the original matrix.

(A +B)T = AT + B™: The transpose of a sum is the sum of the transposes.

(KA)" = KAT: The transpose of a scalar multiple is the scalar multiple of the transpose.
(AB)T = BTAT™: The transpose of a product is the product of the transposes in reverse order.
This is often called the reversal law for transpose.

The reversal law for the transpose of a product is particularly important and arises from the row-
by-column definition of matrix multiplication.

7.3 Symmetric and Skew-Symmetric Matrices

These definitions apply specifically to square matrices:

e Symmetric Matrix: A square matrix A is called symmetric if it is equal to its own
transpose, i.e., AT = A. This condition implies that the elements are symmetric across the
main diagonal, meaning a;; = a;; for all 1 and j.

Example:
1 4 -3
4 1 7
-3 7 0

1S symmetric.

e Skew-Symmetric Matrix (or Antisymmetric Matrix): A square matrix A is called skew-
symmetric if its transpose is equal to its negative, i.e., AT = -A.47 This condition requires
that aj; = -a;; for all 1 and j. Consequently, all main diagonal elements of a skew-symmetric

matrix must be =zero (since a; = -a; 1implies 2a; = 0, so ai = 0).
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Example:

s )

is skew-symmetric.

7.4 Examples
e Property (AT)T = A:
Let

Then

And

|

1 2
3 4|

AT = E i]
(AT)T = [; i] — A

The transpose operation is crucial in various areas, including the definition of orthogonal
matrices, quadratic forms, and in solving systems of linear equations. Symmetric and skew-

symmetric matrices have distinct properties,

eigenvectors.

Table 7.1: Summary of Matrix Operation Properties

particularly concerning eigenvalues

and

Operation Property Name Formula Conditions/Notes
Addition Commutative A+B=B+A A, B same order
Addition Associative (A+B)+C=A+ (B | A, B, C same order
+ C)

Addition Additive Identity A+O=0+A=A O 1s zero matrix,

same order as A
Addition Additive Inverse A+(-A)=0 -A is negative of A
Scalar Mult. Associative (kDA =k(1A) k, I scalars
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Scalar Mult. Distributive k(A+B)=kA+kB | A, B same order; k
scalar

Scalar Mult. Distributive (k+1)A=kA +1A k, 1 scalars

Scalar Mult. Identity IA=A 1 is scalar one

Scalar Mult. Zero Property 0A=0;kO=0 0 1s scalar zero; O 1is
Zero matrix

Matrix Mult. Associative A(BC)=(AB)C Matrices conformable

Matrix Mult. Distributive A(B + C)=AB + AC | Matrices conformable

Matrix Mult. Distributive (B+ C)A =BA + CA | Matrices conformable

Matrix Mult. Identity Al=A;IA=A I is identity matrix; A
conformable

Matrix Mult. Zero Property AO=0;0A=0 O is zero matrix; A
conformable

Matrix Mult. Non-Commutative AB # BA (Generally)

Transpose Double Transpose (AHT=A

Transpose Sum (A+B)T=AT+BT A, B same order

Transpose Scalar Multiple (kKA)T =kAT k scalar

Transpose Product (Reversal | (AB)T =BTAT A, B conformable

Law)

10.8 DIFFERENTIATION OF A MATRIX

The concept of differentiation can be extended from scalar functions to matrices whose elements
are functions of a variable. This falls under the domain of matrix calculus.

10.8.1 Definition: Differentiating Each Element w.r.t. a Variable

If a matrix Y contains elements that are themselves functions of a single scalar variable, say x,
such that Y(x) = [y;j(x)], then the derivative of the matrix Y with respect to the scalar x is
defined as the matrix obtained by differentiating each element of Y with respect to x
individually.
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The resulting matrix, denoted

)4

(5)
or Y'(x), has the same dimensions as the original matrix Y. Its elements are the derivatives of the
corresponding elements in Y:

BY . 8’9’{3: (:I: ) _ '

or l Oz ] = [%;(‘E)]
This element-wise differentiation is the most straightforward case within matrix calculus.
Differentiating matrix or vector functions with respect to vectors or other matrices involves more
complex structures like Jacobian and Hessian matrices, which are beyond the scope of this
introductory unit.*

10.8.2 Simple Example
Consider the 2 X 2 matrix Y (¢) whose elements are functions of the variable ¢:

Y = [.:5 55;;153 )11

To find the derivative of ¥ (t) with respect to ¢, denoted - or Y”(¢), we differentiate each element with

respect to t:

@Y _[4(#)  4(sin(t))
dt | Z(e¥) L(5*+1)
Performing the differentiation for each element yields:

dy [ 3t? cos(t]}

dr  |2e2 10t

The resulting matrix Y (t) has the same order (2 x 2) as the original matrix Y ().

10.9 CHECK YOUR PROGRESS

Q1. What do you understand by matrix?

Q2. Answer the following MCQs: -

1) A matrix with one row and multiple columns is called a:
a) Column matrix
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b) Square matrix
¢) Row matrix
d) Identity matrix
2) Which matrix has all elements zero?
a) Identity matrix
b) Scalar matrix
c¢) Diagonal matrix
d) Zero matrix
3) Matrix multiplication is defined when:
a) Rows of A = Columns of B
b) Columns of A = Rows of B
c) Both are square
d) Both have same order
Answer: b) Columns of A =Rows of B
4) The identity matrix acts as:
a) Multiplicative identity
b) Additive identity
c) Additive inverse
d) Multiplicative inverse
Answer: a) Multiplicative identity
5) Transpose of a symmetric matrix is:
a) Zero
b) Negative of the matrix
¢) Same as the matrix
d) Not defined
Answer: ¢) Same as the matrix
6) Which property does not hold for matrix multiplication?
a) Associative
b) Commutative
c) Distributive
d) Identity
Answer: b) Commutative
7) Matrix differentiation means:
a) Subtracting two matrices
b) Differentiating each matrix element
c¢) Multiplying matrices
d) Finding inverse

10.10 SUMMARY

This unit has introduced the fundamental concepts of matrix algebra, starting with the definition

of a matrix as a rectangular array of elements organized into rows and columns. The order
(dimension) and specific notation (A = [a;]) are crucial for understanding and manipulating
matrices. Various specialized matrix types, such as row, column, square, diagonal, scalar,
identity, zero, and triangular matrices, were defined based on their structural properties or
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element patterns, each playing distinct roles in linear algebra. The conditions for matrix equality
(identical order and identical corresponding elements) were established, emphasizing the strict
nature of this definition. Basic matrix operations—addition, subtraction, and scalar multiplication
—were defined element-wise, contingent on matrices having the same dimensions for addition
and subtraction. These operations inherit properties like commutativity and associativity from
scalar arithmetic.

Matrix multiplication, defined by the row-by-column dot product, requires conformability
(columns of the first matrix must equal rows of the second). While associative and distributive,
matrix multiplication is notably non-commutative, a key distinction from scalar algebra. The
transpose operation (AT), involving the interchange of rows and columns, was introduced along
with its key properties, including the reversal law for products, (AB)" = BTAT. Symmetric (AT =
A) and skew-symmetric (AT = -A) matrices were defined as important special cases of square
matrices. Finally, the concept of matrix differentiation with respect to a scalar variable was
introduced as an element-wise operation, providing a basic entry point into matrix calculus.
These foundational concepts and operations form the bedrock for more advanced topics in linear
algebra and its wide-ranging applications in science, engineering, and computer science.

10.11 GLOSSARY

Matrix — A rectangular array of elements in rows and columns.

Order (Dimension) — The size of a matrix expressed as m x n (rows X columns).
+ Row/Column Matrix — Matrices with a single row or a single column.

% Square Matrix — A matrix with equal number of rows and columns.

« Diagonal Matrix — A square matrix with non-zero entries only on the main diagonal.
% Scalar Matrix — A diagonal matrix with identical values on the main diagonal.

« Identity Matrix — A scalar matrix with 1s on the diagonal.

«¢ Zero Matrix — A matrix where all elements are zero.

+ Transpose — A matrix operation that swaps rows with columns.

s Symmetric Matrix — A matrix equal to its transpose.

« Skew-Symmetric Matrix — A matrix equal to the negative of its transpose.

% Scalar Multiplication — Multiplying each element of a matrix by a scalar.

«» Matrix Multiplication — Combining two matrices via dot product if conformable.
% Additive Inverse — A matrix whose sum with the original yields a zero matrix.

¢ Matrix Differentiation — Element-wise differentiation of matrix-valued functions.

10.12 ANSWERS TO CHECK YOUR PROGRESS

Check Your Progress — A
Q2. Answer to MCQs: -

1) Answer: c) Row matrix

2) Answer: d) Zero matrix

3) Answer: b) Columns of A = Rows of B
4) Answer: a) Multiplicative identity

239



5) Answer: c) Same as the matrix
6) Answer: b) Commutative
7) Answer: b) Differentiating each matrix element
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10.15. TERMINAL QUESTIONS

Define a matrix and explain the concept of matrix order with an example.
Distinguish between a diagonal matrix, scalar matrix, and identity matrix.

What conditions must be satisfied for two matrices to be considered equal?
Explain matrix addition and subtraction with examples.

State the properties of scalar multiplication in matrix algebra.

Under what condition is matrix multiplication defined? Explain with an example.
What is the transpose of a matrix? Describe its properties.

Differentiate between symmetric and skew-symmetric matrices.

Explain the process of differentiating a matrix whose elements are functions of a scalar
variable.

10. How do matrix operations differ from standard scalar operations?
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Unit XI
Business Applications of Matrices

Contents
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Learning Objectives

After reading this unit learners will be able to learn:
To represent complex business data efficiently using matrices.
inventory.

rule.

% To analyze economic interdependence through the Leontief Input-Output model.

To apply matrix operations for solving business problems related to cost, revenue, and

« To solve systems of linear equations in business using matrix inversion and Cramer’s

% To model and predict dynamic business behavior using Markov chains and transition

matrices.

11.1 INTRODUCTION
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11.1.1 Purpose and Relevance

Previous units have introduced the fundamental concepts of matrices and matrix operations.
While these operations are foundational, the true power of matrices in business mathematics lies
in their application as tools for modeling complex scenarios and simplifying the solution process
for intricate problems. Historically, the very concept of matrices evolved from efforts to find
more compact and systematic methods for solving systems of linear equations. This utility
extends far beyond equation solving; matrices provide a robust framework for organizing data
and performing calculations essential for decision-making across various business functions,
including finance, production management, marketing analysis, and economic modeling. Their
structured nature makes them particularly well-suited for implementation in computer software,
such as spreadsheets and specialized analysis programs, further enhancing their practical value in
modern business environments.

11.1.2 Overview

This unit delves into several key applications of matrix algebra within business and economics.
We will explore how matrices are used to:

e Represent Business Data: Structuring information like sales figures, costs, and resources
in a compact and organized manner.

e Perform Business Calculations: Utilizing matrix addition, subtraction, scalar
multiplication, and matrix multiplication to aggregate data, apply uniform changes, and
calculate complex totals like revenue, cost, and resource requirements.

e Solve Systems of Linear Equations: Modeling and finding solutions for scenarios
involving multiple constraints or equilibrium conditions, such as market equilibrium
(supply and demand) or resource allocation, using methods like matrix inversion and
Cramer's rule.

e Analyze Inter-Industry Relationships: Employing the Leontief Input-Output model to
understand economic interdependence and determine production levels needed to satisfy
overall demand.

e Model Dynamic Processes: Using Markov chains to analyze systems that change over
time, such as market share shifts or customer behavior.

e Introduce Other Models: Briefly touching upon the representation of networks (like
transportation or communication) and financial portfolios using matrices.

Through these applications, this unit aims to demonstrate the versatility and practical
significance of matrix algebra as a fundamental quantitative tool for business professionals.
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Figure 11.1. Matrix Algebra

11.2 REPRESENTING BUSINESS DATA WITH MATRICES

Concept: Structuring Complex Data

One of the most immediate and practical applications of matrices in business is their ability to
represent large and often multi-dimensional datasets in a structured, compact format. Business
activities generate vast amounts of data involving multiple products, locations, time periods, or
other variables. A matrix, with its inherent organization into rows and columns, provides a
systematic way to arrange this data, making it easier to comprehend and, crucially, preparing it
for mathematical manipulation. This structured representation is not merely for presentation; it is
the foundation upon which matrix operations can be applied to extract meaningful business
insights.

The choice of what data populates the rows versus the columns is often deliberate and carries
implicit meaning that aids interpretation. For instance, rows might represent different products
while columns represent sales regions, or rows might denote factories and columns warehouses.
This consistent structure is vital for ensuring that subsequent matrix operations, particularly
multiplication, are both mathematically valid (dimensions align correctly) and logically
meaningful in the business context.
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Examples of Matrix Data Representation:

Matrices can effectively represent a wide array of business data:

e Sales and Production Data: A common use is to tabulate sales figures or production
quantities. For example, the quarterly sales (in units) of different product lines can be
organized into a matrix where each row corresponds to a product and each column
corresponds to a quarter. Similarly, the annual production output of several items across
different  branches or factories can  be captured in a  matrix.
Table 11.1: Quarterly Sales Data (Units)

Product | Q1 Q2 Q3 Q4

Jute 20 25 22 20

Cotton 10 20 18 10

Yarn 15 20 15 15

e Cost Data: Matrices are useful for representing various costs. For instance, the unit cost of
transporting goods from multiple factories (rows) to multiple warehouses (columns) can be
clearly laid out in a cost matrix. Other examples include matrices of material costs per
product or labor costs per task.

e Resource and Inventory Data: Businesses can track inventory levels of different items
across various storage locations using matrices. Staffing levels can also be represented, for
example, showing the number of employees in different positions (e.g., peon, clerk, typist)
within an office or across multiple departments.

e Financial Data: Financial information, such as the basic monthly salaries for different
employee positions, can be conveniently represented in a column matrix. Matrices can also
organize financial performance metrics (revenue, profit, expenses) across different business
units or time periods.

Worked Example 11.1: Constructing a Production Matrix

Problem: A company manufactures two types of widgets, Standard (S) and Deluxe (D), at three
different factories (F1, F2, F3). The daily production output is as follows:

e Factory F1 produces 50 Standard widgets and 20 Deluxe widgets.
e Factory F2 produces 30 Standard widgets and 40 Deluxe widgets.
e Factory F3 produces 60 Standard widgets and 15 Deluxe widgets.

Represent this daily production information using a matrix P.
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Solution:

We need to create a matrix where the rows represent the factories and the columns represent the widget
types. The dimensions will be 3 rows x 2 columns.

Step 1: Identify the rows (Factories: F1, F2, F3) and columns (Widget Types: S, D).
Step 2: Populate the matrix elements with the corresponding production values.

* Element P1; (Row F1, Column S) =50

* Element Py, (Row F1, Column D) =20

* Element P»; (Row F2, Column S) =30

* Element P2, (Row F2, Column D) =40

* Element P3; (Row F3, Column S) = 60

* Element P3, (Row F3, Column D) =15

Step 3: Write the final matrix P.

50 20 F1
P =130 40 F2 S D
60 15 F3

This 3x2 matrix P compactly represents the daily production output of both widget types across
all three factories.

10.3 MATRIX OPERATIONS IN BUSINESS CALCULATIONS

Once business data is represented in matrix form, standard matrix operations can be applied to
perform meaningful calculations.

10.3.1 Matrix Addition and Subtraction

Concept: Matrix addition and subtraction are performed element-wise on matrices of the same
dimensions. These operations are used to combine or compare corresponding data points across
different datasets.

Applications:

e Aggregating Data: Summing sales figures from different regions or time periods to get a
total. For example, adding the quarterly sales matrix for Year 1 to the quarterly sales matrix
for Year 2 gives the total sales across both years for each product in each quarter.

e Calculating Change: Subtracting one matrix from another to find the difference or change
between two periods or scenarios. For instance, subtracting the inventory matrix at the
beginning of the month from the inventory matrix at the end of the month reveals the net
change in inventory for each item. Subtracting budgeted expenses from actual expenses
shows variances.

Worked Example 11.2: Aggregating and Comparing Sales Data

Problem: Using the quarterly sales data concept from , let Matrix A represent sales in Year 1 and
Matrix B represent sales in Year 2.
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20 25 22 20] Jute
A= (10 20 18 10| Cotton Q1 Q2 Q3 Q4
15 20 15 15| Yarn

10 15 20 20] Jute
B=|5 20 18 10| Cotton Ql Q2 Q3 Q4
8 30 156 10_ Yarn

(a) Calculate the total sales for the two years combined (A + B).
(b) Calculate the change in sales from Year 1 to Year 2 (B - A).

Solution:
(a) Total Sales (A + B): Add the corresponding elements of A and B.

20+10 25+15 22+20 20+20 30 40 42 40
A+-B=|10+5 20+20 18+18 10-+10 =ll5 40 36 20
15+8 20+30 15+15 15+10 23 50 30 25
Jute
Cotton Q1 Q2 Q3 Q4
Yarn

This matrix shows the combined sales of each product in each quarter over the two years.

(b) Change in Sales (B - A): Subtract the elements of A from the corresponding elements of B.

10-20 15—-25 20—-22 20—20 -10 —-10 -2 O
B-A=|5-10 20—20 18—18 10—10| = | —5 0 0 0
8§—-15 30—-20 15—-15 10-—-15 -7 10 0 -5

Jute
Cotton Q1 Q2 Q3 Q4
Yarn
This matrix shows the increase or decrease in sales for each product in each quarter from Year 1
to Year 2. For example, Jute sales decreased by 10 units in Q1, while Yarn sales increased by 10
units in Q2.

3.2 Scalar Multiplication

Concept: Scalar multiplication involves multiplying every element of a matrix by a single
number (a scalar). This operation is used to scale or adjust all values in a dataset uniformly.

Applications:

e Applying Discounts/Markups: Multiplying a price matrix by a scalar (e.g., 0.9 for a 10%
discount, 1.05 for a 5% markup).

e Adjusting for Inflation/Currency Conversion: Multiplying cost or revenue matrices by an
inflation factor or exchange rate.

e Scaling Production: Multiplying a production matrix by a factor to represent an increase or
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decrease in overall production targets.
Worked Example 11.3: Applying a Discount to Stock Values

Problem: A store has stock values for four commodities (cl, c2, c3, c4) in three branches (B1,
B2, B3), represented by matrix V1.
65000 40000 55000 35000

Vi = | 50000 30000 60000 45000
70000 55000 75000 50000

B1

B2 ¢l ¢2 ¢3 c4

B3
The store applies a 30% discount to all items. Calculate the value of the stock in each branch
after the discount (Matrix V2).

Solution:

A 30% discount means the items retain 70% (or 0.7) of their original value. We need to multiply the
matrix V1 by the scalar 0.7.

Step 1: Identify the scalar: 0.7.

Step 2: Multiply each element of V1 by 0.7.

65000 40000 55000 35000
Vi = | 50000 30000 60000 45000
70000 55000 75000 50000

0.7 x 65000 0.7 x 40000 0.7 x 55000 0.7 x 35000
Vo =0.7xV; = 0.7 x50000 0.7x 30000 0.7 x60000 0.7 x 45000
0.7 x 70000 0.7 x 55000 0.7 x 75000 0.7 x 50000

45500 28000 38500 24500
= [ 35000 21000 42000 31500
49000 38500 52500 35000

B1
B2 ¢l ¢2 3 c4
B3

Matrix V2 shows the discounted value of each commodity in each branch.

3.3 Matrix Multiplication

Concept: Matrix multiplication is a more complex operation used to combine related datasets
where the structure matters. For the product AB to be defined, the number of columns in matrix
A must equal the number of rows in matrix B. If A is an m % n matrix and B is an n x p matrix,
the resulting matrix C = AB will have dimensions m x p. Each element C<sub>ij</sub> is
calculated by taking the dot product of the i-th row of A and the j-th column of B.
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Fundamentally, matrix multiplication represents a systematic way of calculating weighted sums.
Each element in the resulting matrix aggregates information by multiplying corresponding
elements from a row of the first matrix (representing, perhaps, quantities or allocations) and a
column of the second matrix (representing, perhaps, prices, costs, or requirements per unit) and
summing these products. This structure makes it exceptionally useful for many business
calculations.

Applications:

e Calculating Total Cost, Revenue, or Profit: This is one of the most common applications.
If a matrix Q represents the quantities of different items purchased or produced (e.g., rows =
customers, columns = items) and a column vector C represents the cost or price per item,
then the product QC yields a column vector where each element is the total cost or revenue
for each customer.

e Determining Total Resource Requirements: If a matrix P represents the number of units
of different products to be manufactured (e.g., a row vector) and a matrix M represents the
amount of each resource required per unit of each product (rows = resources, columns =
products), then the product PM (or MTPT depending on setup) yields a vector showing the
total amount of each resource needed.

e Modeling Multi-Step Processes: Matrix multiplication can model sequential processes. For
example, if matrix A represents the number of ways to travel between locations using
trucks, and matrix T represents ways using trains, the product AT can represent the number
of ways to travel by first taking a truck and then a train.

The properties of matrix algebra often mirror valid business logic. For instance, the distributive
law Q(P - C) = QP - QC demonstrates that calculating total profit by multiplying quantity (Q)
by unit profit (P - C) yields the same result as calculating total revenue (QP) and total cost (QC)
separately and then finding the difference. This reinforces that matrix operations provide a
mathematically sound framework for established business calculations.

Worked Example 11.4: Calculating Total Spending

Problem: Three individuals, Ram, Shyam, and Mohan, purchase packets of biscuits of three
different brands (P, Q, R). The quantities purchased are given by matrix Q, and the cost per
packet for each brand is given by column vector C.

10 7 3 Ram
Q=14 8 10| Shyam P Q R
4 7 8 Mohan

4 P
C=15 Q Cost
6 R

Calculate the total amount spent by each individual using matrix multiplication.
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Solution:

We need to calculate the product QC. The dimensions are compatible: Q is 3x3 and C is 3x1, so the result
will be a 3x1 matrix representing the total spending for each person.

Step 1: Perform the matrix multiplication QC.

10 7 3 4 (10 x 4) + (7 x 5) + (3 x 6) 40+ 35+ 18 93
QC=[4 8 10 xlt') =[(4x4)+(8x5)+(10x6) =[15+4U+60 =[115
4 7 8 6 (4 x4)+(7Tx5)+(8x6) 16 + 35 4 48 99
Ram
Shyam (Total Cost)
Mohan

Step 2: Interpret the result.
The resulting matrix shows that Ram spent Rs 93, Shyam spent Rs 116, and Mohan spent Rs 99.

Worked Example 11.5: Calculating Material Requirements and Costs

Problem: A firm produces three products (A, B, C) using three materials (P, Q, R). The
requirement (units of material per unit of product) is given by matrix M. The cost per unit of
materials P, Q, and R is Rs 5, Rs 10, and Rs 5 respectively, given by vector C. The firm plans to
produce 100 units of each product, represented by vector Prod.

2 3 1] A
M=1|4 2 5/ B P Q R
2 4 2| C

C

I

5 P
10 Q Cost per Unit
5 R

Production = [100 100 100] A B C

(a) Find the total requirement of each material (TotalReq).

(b) Find the per-unit cost of production for each product (UnitCost).
Solution:

(a) Total Material Requirement (TotalReq = Prod * M):

Prod is 1x3 and M is 3x3. The result will be a 1x3 matrix.

(3] (8]
=S SR L]

1

TotalReq = [100 100 100] x |4 5

2

= [(100 x 2+ 100 x 4 + 100 x 2) (100 x 3+ 100 x 2+ 100 x 4) (100 x 1 + 100 x 5 + 100 x 2)]
= (200 + 400 + 200 300 + 200 + 400 100 + 500 + 200

= [800 900 800] TotalP TotalQ TotalR

The firm requires 800 units of P, 900 units of Q, and 800 units of R.

(b) Per Unit Production Cost (UnitCost =M * C):
M is 3x3 and C is 3x1. The result will be a 3x1 matrix.
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!

The
C.

SV S (V)

3 1 5
UnitCost = 2 5| x (10
4 2 5

(2x5+3x10+1x5) [10+30+5 [45

(4x5+2x10+5x%x5) 20+20+25| = |65
(2x5+4x10+2x5) 10 + 40 + 10 60
Cost of A
Cost of B
Cost of C

per-unit production cost is Rs 45 for product A, Rs 65 for product B, and Rs 60 for product

11.4 SOLVING SYSTEMS OF LINEAR EQUATIONS IN BUSINESS

Many business problems involve finding a set of values that simultaneously satisfy several
conditions or constraints. When these relationships are linear, they form a system of linear
equations, and matrix algebra provides powerful tools for finding solutions.

11.4.1 Modeling Business Problems with Linear Systems

Systems of linear equations arise naturally when modeling scenarios that require balance,
equilibrium, or the simultaneous satisfaction of multiple requirements. Common examples
include:

The

Market Equilibrium: Determining the price and quantity at which supply equals demand
for one or more related products. This involves setting the demand equation equal to the
supply equation for each product, resulting in a system of equations with prices (and
sometimes quantities) as variables.

Resource Allocation: Deciding how much of each product to manufacture when production
consumes shared, limited resources (like machine time, labor hours, or raw materials).
Constraints on resource availability lead to a system of equations where the variables are the
quantities of each product.

Break-Even Analysis: Finding the production or sales level where total revenue exactly
equals total cost. This involves setting the revenue function equal to the cost function.
Investment Portfolio Balancing: Determining the amounts to invest in different assets
(stocks, bonds) to achieve a target overall return while satisfying constraints on total
investment or risk exposure.

Production Planning: Calculating the required inputs (materials, labor) to achieve a
desired output level, often involving interdependencies between production stages.

core theme in these applications is finding a point of balance or equilibrium where

competing factors or constraints are simultaneously met. Linear systems provide the
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mathematical structure to represent these balancing acts.

11.4.2 Matrix Form AX =B

A system of m linear equations in n variables can be concisely represented using matrix notation
as AX =B.

e A is the m x n coefficient matrix, containing the coefficients of the variables in each
equation.

e X is the n x 1 variable matrix (a column vector) containing the unknown variables to be
solved for.

e B is the m x 1 constant matrix (a column vector) containing the constant terms from the
right-hand side of each equation.

For example, the system:
a1y + appTy + -+ 4T, = b

A21T1 + Q2T + -+ + A2, T, = by

Q1T + QT2 + -+ + ATy = bm

becomes:
ail a2 ... Q| |T1 b
aa 99 e op Ia bg
am1 Am?2 . Amn Ln b—m

Representing diverse business problems in this standard AX = B form is powerful because it
allows the application of general matrix solution techniques, regardless of the specific context
(e.g., market equilibrium, resource allocation). This standardization highlights the abstracting
power of matrix algebra.

11.4.3 Solution Method 1: Matrix Inversion

If the coefficient matrix A is a square matrix (n x n, meaning the number of equations equals the
number of variables) and it is invertible (i.e., its determinant is non-zero), then the system AX =
B has a unique solution given by:

X=A"B

Here, A™ is the inverse of matrix A, which satisfies AA™ = AA = I, where I is the identity
matrix. The inverse matrix A™ essentially "undoes" the transformation represented by A,
allowing us to isolate the variable vector X when the resulting vector B is known.
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Finding the Inverse (A™):

The existence and calculation of the inverse depend critically on the determinant of A, denoted
det(A) or |A|. A matrix is invertible if and only if det(A) # 0. A zero determinant signifies that
the system of equations (and the business model it represents) does not have a unique solution.
This could mean there are no solutions (due to conflicting constraints) or infinitely many

solutions (due to redundant information or dependencies).

e For a 2x2 Matrix: If A = (acbd), then det(A) = ad - be. If det(A) # 0, the inverse is:

1
A=[i Z], then A7!=

d—be } (provided ad — be # 0)

e For a 3x3 Matrix (Adjoint Method): If A is a 3x3 matrix and det(A) # 0, the inverse is given

by:
1 L
det(A)

- adj(A)

where adj(A) is the adjugate (or adjoint) of A, which is the transpose of the cofactor matrix

C. The steps are 17:

» Calculate the Determinant: Find det(A). If it's zero, stop; the inverse does not exist.
*= Find the Matrix of Minors: For each element aj, find the minor Mj;, which is the

determinant of the 2x2 submatrix remaining after deleting row i and column ;.

* Find the Cofactor Matrix (C): The cofactor Cj = (-1)"1 Mj. This applies a

"checkerboard" pattern of signs to the minors.
* Find the Adjugate Matrix (adj(A)): Transpose the cofactor matrix: adj(A) = CT.
= Calculate the Inverse: Multiply the adjugate matrix by

1
det(A)

Worked Example 11.6 (2x2): Market Equilibrium using Matrix Inversion

Problem: Solve the two-commodity market equilibrium system derived earlier (Example 5 in 6, equations

from 6):
5P, — P, =10

—P, +2P, = 2

Solution:
Step 1: Write in matrix form AX = B.

5 1 P, 10
=[5 5] x=[5 =[5
AX =B

Step 2: Calculate the determinant of A.

det(A) = (5)(2) - (-1)(-1) =10 - 1 = 9. Since det(A) # 0, a unique solution exists.
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Step 3: Find the inverse A™".
A1 =912-(—1)—(-1)5)=91(2115)=(2/91/91/95/9)
Step 4: Calculate X = A'B.

-]

Step 5: State the solution.
The equilibrium prices are Px =2 and Py =0. 6
Worked Example 11.7 (3x3): Solving a System using Matrix Inversion

Problem: Solve the following system for p1, p2, and p3 using the matrix inverse method 10:

p1+ 2p2 + p3 = 57
3p1 +p2 + 2p3 =85
4p1 + 3}32 + 5p3 = 184

Solution:

Step 1: Write in matrix form AX = B.

1 2 1 1 57

A=13 1 2|, X=|p|, B=|85

4 3 5 ps 184
AX =B

Step 2: Calculate the determinant of A.

1 2 3 2
det(4)=1-13 o -2 &

R

4 3
=1(1-5-2-3)—2(3-5—-2-4)+1(3-3—-1-4)
=1(5-6) —2(15-8) +1(9 -4)=-1-14+5= 10
c.det(A) = —10 # 0 = A~ ! exists

Step 3: Find the matrix of minors.
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(1)(5) = (2)(3) (3)(5)
= 1(2)(6) = (1)(3) (1)(5)
2)(2) - (M) (1)(2)

(2)
(1)
(1)

(
(
(

Step 4: Find the cofactor matrix C (apply checkerboard signs: +-+/-+-/+-+).

+(=1) =)  +(5)
c=| -1 +1) —(-5)|=
+(3) —(=1) +(-5)

4
4
3

)
)
)

(3)(3) — (1)(4)
(1)(3) = (2)(4)
(D) - (2)(3)

-1 -7 5
-7 1 5

Step 5: Find the adjugate matrix adj(A) = CT.

adj(4) =

-1 -7 3
-7 1 1

5 5 -5

3 1 -5

-l
|

Step 6. Calculate the inverse A™ = (1/det(A)) * adj(A).

0.1 0.7
Alt=1[07 -01

—-0.5 -0.5

Step 7: Calculate X = A'B.

1 7 3
yom oy
T L
10 10 10
—0.3
—0.1
0.5
_ 3
110

-1
7
3

7 5
1 =5
-1 =5

|
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Step 8: State the solution.
The solution is p1 = 10, p2 = 13, and p3 = 21.

11.4.4 Solution Method 2: Cramer's Rule

Cramer's Rule provides an alternative method for solving a system AX = B when A is a square
matrix and det(A) # 0. It calculates the value of each variable directly as a ratio of determinants,
without explicitly finding the inverse matrix A™.

Formulas:

Let D = det(A) be the determinant of the coefficient matrix.

Let D; be the determinant of the matrix formed by replacing the i-th column of A with the constant vector
B.

Then, the solution for the variable x; is given by:

Xi = Di / D

For a 2x2 system:

arx+biy=c;

asx + by = ¢

_|la by _ @ b a1 G
D= (5] bg ! Dm - Co bg ’ Dy - as Co
D, D
=0 Y= Ey (provided D # 0)

Cramer's rule makes the dependence of each variable's solution on the constant terms (vector B)
very explicit, as B is directly substituted into the matrix whose determinant forms the numerator
for that variable. Again, the requirement that the determinant of the coefficient matrix (D) must
be non-zero is fundamental, directly reflecting the need for a unique solution to the underlying
business problem.

Worked Example 11.8 (2x2): Solving a System using Cramer's Rule
Problem: Solve the following system using Cramer's Rule:

2x+3y =28

x-y=1

Solution:
Step 1: Identify the coefficient matrix A and constant vector B.

= A el

Step 2: Calculate the determinant D = det(A).
D=1213-1=2)(-)-3)(1)=-2-3=-5.
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Since D # 0, a unique solution exists.

Step 3: Calculate the determinant Dy (replace first column of A with B).
Dy =813-1|=(&)(-1)-(3)(1)=-8 -3 =-11.

Step 4: Calculate the determinant Dy (replace second column of A with B).
Dy =2181|=2)(1) - (8)(1)=2 -8 =-6.

Step 5: Calculate the variables x and y.

x=Dyx/D=-11/-5=11/5

y=Dy/D=-6/-5=6/5

Step 6: State the solution.

The solution is x = 11/5 and y = 6/5.

(Comparison Note): While both matrix inversion and Cramer's rule yield the same solution for
systems with a unique solution, they differ in process. Matrix inversion computes A™ once,
which can then be used to solve AX = B for any B. This is efficient if the system needs to be
solved repeatedly with different constant terms. Cramer's rule calculates each variable
individually and can be computationally intensive for larger systems due to the repeated
calculation of determinants, but it might be quicker if only one variable's value is needed.

11.5 LEONTIEF INPUT-OUTPUT ANALYSIS

Developed by economist Wassily Leontief, input-output analysis is a quantitative economic
model that uses matrices to represent the interdependencies between different sectors or
industries within an economy. Its primary purpose is to determine the total level of output
required from each sector to satisfy both the internal demand (inputs required by other sectors
for their own production) and the external or final demand (goods and services consumed by
households, government, exports, etc.).

11.5.1 The Technology Matrix (M)

The core of the Leontief model is the technology matrix, often denoted as M (or sometimes A).
This is an n X n square matrix, where n is the number of sectors in the economy.

Definition: The element M<sub>ij</sub> in the i-th row and j-th column represents the value
(e.g., in dollars) of input required from sector i to produce one unit (e.g., one dollar's worth) of
output by sector j.

This matrix is sometimes referred to as the comsumption matrix, input coefficient matrix, or
direct requirements matrix. Each column j of M essentially provides the "recipe" or list of direct
inputs needed from all sectors to produce one unit of output for sector j. Conversely, each row i
shows how the output of sector i is distributed as direct input across all other sectors.
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Table 11.2: Technology Matrix (M) for a 3-Sector Economy

Input From | Output By — | Output By — | Output By —
Agriculture | Energy Manufacturing

Agriculture 0.2 0.0 0.1

Energy 0.4 0.2 0.1

Manufacturing | 0.0 0.4 0.3

Interpretation: To produce $1 worth of Energy, the Energy sector requires $0.2 worth of its own
output and $0.4 worth of input from Manufacturing. To produce $1 worth of Manufacturing, the
sector requires $0.1 from Agriculture, $0.1 from Energy, and $0.3 from itself.

11.5.2 The Input-Output Equation

The fundamental relationship in the Leontief model captures the balance between total
production, internal consumption, and final demand:

Total Output = Internal Demand + Final Demand

This relationship can be expressed using matrices:
Let:
e X be the n x 1 column vector of total output for each sector.
e M be the n x n technology matrix.
e D be the n x 1 column vector of final (external) demand for each sector's output.

The total internal demand generated by producing the output X is given by the matrix product
MX. Each element (MX)<sub>i</sub> represents the total input required from sector i by all
sectors combined to produce the outputs specified in X.

Therefore, the balance equation in matrix form is:

X=MX+D

This equation elegantly models the interconnectedness of the economy. It states that the total
output X must be sufficient to cover both the intermediate goods consumed internally during
production (MX) and the final demand from outside the production system (D).

11.5.3 Determining Total Production

The primary goal of the input-output model is often to determine the total output vector X
required to satisfy a given final demand vector D, considering the inter-industry requirements
defined by M.
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To solve for X, we rearrange the input-output equation:

X-MX=D
IX - MX = D (where I is the identity matrix)
I-M)X=D

If the matrix (I - M) is invertible, we can find the unique solution for X by multiplying both sides by its
inverse:
X=(I-M)"'D

11.5.4 The Leontief Inverse (I - M)

The matrix L = (I - M) is known as the Leontief Inverse or the total requirements matrix.
This matrix is of central importance in input-output analysis.

Interpretation: Each element L; of the Leontief Inverse matrix represents the fotal value of
output required from sector i (including both direct inputs and all subsequent indirect inputs
generated throughout the supply chain) to enable sector j to deliver one unit of output to final
demand.

The Leontief Inverse encapsulates the full "ripple effect" or multiplier effect within the economy.
When final demand for a product increases, it requires direct inputs. Producing those direct
inputs requires further inputs, and so on. The Leontief Inverse sums up this entire chain reaction.
Conceptually, this can be understood through the Neumann series expansion (if applicable): (I -
M)"'=1+M + M?+ M? +.... Here, I represents the initial unit of final demand, M represents the
direct inputs needed for that unit, M? represents the inputs needed to produce those direct inputs
(first-round indirect effects), M? represents the next round of indirect inputs, and so on. The
Leontief Inverse matrix provides the sum of this infinite series, giving the total requirement.

Worked Example 11.9: Two-Industry Input-Output Model
Problem: An economy consists of two industries: Coal (C) and Steel (S).

e To produce $1 worth of Coal requires $0.10 input from Coal and $0.20 input from Steel.

e To produce $1 worth of Steel requires $0.20 input from Coal and $0.40 input from Steel.
The final demand is $20 billion for Coal and $10 billion for Steel. Determine the total
output required from each industry to meet both internal and final demands.

Solution:
Step 1: Define the Technology Matrix M and Final Demand Vector D.
Rows = Input From, Columns = Output By.

0.1 0.2

M= [0.2 0.4

] (Production Coefficients)
20

Dz[lﬂ

] (Demand Vector)
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Step 2: Calculate the matrix (I - M).
1-01 0- 0.2] _ [ 0.9 —0.2}

I_Mz[t)—o.z 1-04] ~ |-02 0.6

Step 3: Calculate the Leontief Inverse L = (I - M) ™.
First, find the determinant of (I - M):

det(I - M) = (0.9)(0.6) - (-0.2)(-0.2) = 0.54 - 0.04 = 0.50.
Since the determinant is non-zero, the inverse exists.
1-01 0 0.2] B [ 0.9 0.2]

[=M= [0—0.2 1-04)  |-02 06

Interpretation of L: To deliver $1 of Coal to final demand requires $1.2 total Coal output and
$0.4 total Steel output. To deliver $1 of Steel to final demand requires $0.4 total Coal output and
$1.8 total Steel output.

Step 4: Calculate the Total Output Vector X = LD.
x — || _ |12 0.4| 20|  [(1.2)(20) + (0.4)(10)| |24 +4] |28
~lzs| 0.4 1.8 |10  [(0.4)(20) + (1.8)(10)|  [8+ 18| |26

Step 5: State the result.

To meet the final demand of $20 billion for Coal and $10 billion for Steel, the economy must produce a
total of $28 billion worth of Coal and $26 billion worth of Steel. The difference ($8 billion for Coal and
$16 billion for Steel) represents the internal demand consumed within the industries during production.

11.6 MARKOV CHAINS FOR BUSINESS DYNAMICS

Markov chains provide a mathematical framework for modeling systems that transition between
different states over time in a probabilistic manner. A key characteristic is the Markov property:
the probability of transitioning to the next state depends only on the current state, not on the
sequence of states that preceded it. While this "memoryless" property simplifies modeling, it's
important to consider if it accurately reflects the real-world process being analyzed.

Applications in Business:

Markov chains are used to model various dynamic business processes, including:

e Market Share Analysis: Predicting how market shares of competing brands might evolve
over time based on customer switching patterns.

e Brand Switching: Analyzing the probability that customers switch from one brand to
another.

e Customer Retention and Churn: Modeling the likelihood of customers remaining loyal,
moving to a competitor, or becoming inactive.

e Machine Reliability: Predicting the probability of a machine being operational, under
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repair, or failed in the next time period.

e Financial Market Trends: Modeling shifts between market conditions like bull, bear, or
stagnant markets.

11.6.1 Transition Matrices and State Vectors
Two key matrix components define a Markov chain model:

e Transition Matrix (P): This is an n x n square matrix, where #n is the number of possible
states in the system. The element P<sub>ij</sub> represents the probability of transitioning
from state i to state j in a single time step (e.g., one week, one month).

o All entries P<sub>1j</sub> must be between 0 and 1 (inclusive).
o The sum of the probabilities in each row must equal 1, meaning that from any given

state i, the system must transition to one of the possible states j (including possibly
staying in state 7).

Table 11.3: Market Share Transition Matrix (P) for Two Brands (A, B)

From | / To — Brand A Brand B

Brand A 0.8 0.2

Brand B 0.1 0.9

(Interpretation: A customer using Brand A has an 80% chance of staying with A and a 20%

chance of switching to B in the next period. A customer using Brand B has a 10% chance of
switching to A and a 90% chance of staying with B.)

e State Vector (s): This is a vector that describes the distribution of the system across the n states at a
specific point in time. It can be represented as a row vector (1 x n) or a column vector (n x 1). Each element

§; represents the probability that the system is in state i, or the proportion of the population (e.g., market

share) in state i.
O All entries s; must be between 0 and 1 (inclusive).

O The sum of all elements in the state vector must equal 1.

6.2 Predicting Future States

Matrix multiplication is used to predict how the state vector evolves over time. If sk is the state
vector at time &, and P is the transition matrix:

e If sk is arow vector (1 x n), the state vector at time k+1 is: Sk+1 = sikP
e If sk is a column vector (n x 1), the state vector at time k+1 is: sk+1 = P sk

(Note: Ensure consistency. We will use column vectors as in ).
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To find the state vector after n time steps, starting from an initial state s<sub>0</sub>, we calculate:

sn = P"so

This involves raising the transition matrix P to the power of n and then multiplying by the initial state
vector.

6.3 Steady-State Analysis
For many Markov chains (specifically, regular Markov chains), as time progresses (n becomes large), the state

vector s,, converges to a unique steady-state vector, denoted s, regardless of the initial state s.

Definition: The steady-state vector s, is a probability vector that remains unchanged after applying the
transition matrix, meaning:
Ps,, = s,
This vector represents the long-run equilibrium distribution of the system. The elements of s, indicate the
long-term probability of finding the system in each state, or the long-run proportion (e.g., market share)

associated with each state.

Finding the Steady State:
The steady-state vector s, is the eigenvector of the transition matrix P corresponding to the eigenvalue
A=1

To find it, we solve the system of linear equations derived from Ps = s, which is equivalent to:
(P—1I)s=0

(where I is the identity matrix). This system will have infinitely many solutions (since the rows of P — I sum
to zero).

We find a general solution and then impose the additional constraint that the elements of s must sum to 1
(i.e., ¥s; = 1) to obtain the unique steady-state probability vector s,.

The steady-state vector provides valuable long-term forecasts, assuming the underlying transition
probabilities remain stable over time.

Worked Example 11.10: Market Trend Analysis

Problem: Using the stock market trend model from 30, with states Bull (1), Bear (2), Stagnant (3):
Transition Matrix P (denoted M in the source):

0.9 0.15 0.25
P =10.075 0.8 0.25
0.025 0.05 0.5

Assume the market is currently 100% Bearish (Initial state sy).
(a) Calculate the probability distribution after 1 week (s)).

(b) Calculate the probability distribution after 2 weeks (s2).

(c) Find the steady-state vector sgs.
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Solution:
Initial state vector:

0
§p — 1
0
¢ Row 1 — Bull market: 0
¢ Row 2 — Bear market: 1
¢ Row 3 — Stagnant market: 0
(a) State after 1 week (s1 = P s¢):
0.9 015 0.25] |0 (0.9)(0) +
sy = 10.075 0.8 0.25| [1]| = [(0.075)(0)
0.025 0.05 0.5 0 (0.025)(0) +

where:

(

After 1 week: 15% Bull, 80% Bear, 5% Stagnant.

(b) State after 2 weeks (s2 =P s1):

(0.075)(0.15) + (0.8)(0.80) + (0.25)(0.05)
(0.025)(0.15) + (0.05)(0.80) + (0.5)(0.05)

[ (0.9)(0.15) + (0.15)(0.80) + (0.25)(0.05)

0.01125 + 0.64 + 0.0125| = |0.66375

0.135+0.12 4+ 0.0125 0.2675
0.00375 + 0.04 + 0.025 0.06875

After 2 weeks: approx. 26.8% Bull, 66.4% Bear, 6.9% Stagnant. (Check: Sum = 1.000)

(c) Find the Steady-State Vector (sss = [s1, 2, s3]7):

)(
5)

(0.15)(1) +
+ (0.
0.

1)+
(1) +

(0. 25)(0)

We need to solve Ps=s, or (P - I)s =0, subject to s: +s2 +s3 = 1.

09-1 0.15 0.25 -0.1
P—-I=1007 08-1 025 | =(0.075

0.025 005 05-1 0.025

The system of equations is:
-0.100s1 + 0.150s2 + 0.250s: = 0
0.075s1 - 0.200s2 + 0.250s3 = 0
0.025s1 + 0.050s2 - 0.500s; = 0
Sit+s2+s3=1

0.15

0.25

—-0.2 0.25

0.05

—-0.5

|
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Solving this system (using techniques like Gaussian elimination or substitution, noting one
equation is redundant) yields the steady-state vector found in :

0.625
s = |0.3125 where:
0.0625
e Bull market — 62.5%

e Bear market — 31.25%

e Stagnant market — 6.25%

Interpretation: In the long run, regardless of the starting condition, the market is expected to be
Bullish 62.5% of the time, Bearish 31.25% of the time, and Stagnant 6.25% of the time,
assuming the transition probabilities in P remain constant.

11.7 OTHER MATRIX APPLICATIONS (BRIEF INTRODUCTIONYS)
Beyond the detailed applications covered above, matrices are instrumental in various other
modeling contexts in business and related fields. Here, we briefly introduce network models and
portfolio representation.

11.7.1 Network Models

Concept: Many business systems can be conceptualized as networks, consisting of nodes
(representing entities like cities, people, computers, tasks) and edges (representing connections,
relationships, flows, or dependencies between nodes). Examples include:

Transportation networks (cities/airports connected by routes)

Communication networks (people or departments linked by communication channels)
Social networks (individuals connected by friendships or professional ties)

Computer networks (devices connected by links)

Supply chains (suppliers, manufacturers, distributors connected by material flows)

Adjacency Matrix (A): A common way to represent a network is using an adjacency matrix.
For a network with n nodes, the adjacency matrix A is an n X n matrix where:

o A; =1 if there is a direct connection (edge) from node i to node ;.
e A= 0 if there is no direct connection from node i to node ;.

For undirected networks (where connections are inherently two-way, like a road between two
cities), the adjacency matrix is symmetric (Ajj = Aji). For directed networks (where connections
have a direction, like one-way streets or information flow), the matrix may be asymmetric. If the
network has weighted edges (e.g., distance, cost, capacity), the weights can replace the 1s in the
matrix. The diagonal elements (Aii) are usually 0 unless loops (connections from a node to itself)
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are allowed.

Table 11.4: Adjacency Matrix for Simple Transportation Network
From\To |4 B C

A 0 1 1
B 1 0 1
C 1 1 0

Analyzing Connectivity: An interesting property of adjacency matrices is that their powers
reveal information about indirect connections. The element (A<sup>k</sup>)<sub>ij</sub> in
the matrix A raised to the power & gives the number of distinct paths of length exactly k from
node 7 to node j. This can be useful for analyzing reachability and the structure of connections
within a network.

7.2 Portfolio Representation

Concept: Matrix algebra provides a concise and scalable way to represent and analyze financial
investment portfolios, especially those containing multiple assets.

Matrix Representation:

e Weight Vector (W): An n X 1 column vector where each element W<sub>i</sub>
represents the proportion or weight of the total portfolio value invested in asset i. The sum
of elements in W must equal 1.

e Expected Return Vector (M): An n X 1 column vector where each element
M<sub>i</sub> represents the expected return of asset i.

Calculating Expected Portfolio Return:

The overall expected return of the portfolio, E[P], can be calculated efficiently using matrix
multiplication:

E[P]= W™

where WT is the transpose of the weight vector (a 1 X n row vector). This multiplication performs the
weighted average calculation: E[P] =X (W; * M;).

This matrix approach significantly simplifies calculations, particularly as the number of assets
(n) grows large. Furthermore, it forms the foundation for more advanced portfolio analysis, such
as calculating portfolio risk (variance), which involves incorporating the variance-covariance
matrix of asset returns (VCOYV) using the formula: Portfolio Variance = WT (VCOV)W.

Brief Example:

Consider a 2-asset portfolio with weights W = [0.6; 0.4] and expected returns M = [0.10; 0.15].
WT=10.6 0.4]

E[P]=W™ =[0.6 0.4] * [0.10; 0.15] = (0.6 * 0.10) + (0.4 * 0.15) = 0.06 + 0.06 = 0.12 or 12%.
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11.8 CHECK YOUR PROGRESS - A

Q1. What is scaler multiplication? Provide an example.

Q2. Provide answers to MCQs: -

1)

2)

3)

4)

5)

6)

7)

8)

Matrix multiplication is valid only if:

a) Number of rows are equal

b) Dimensions are same

¢) Columns of A = Rows of B

d) Matrices are square

Which of the following methods can solve AX = B?
a) Matrix inversion

b) Cramer’s rule

c¢) Graphical method

d) Bothaand b

In Leontief analysis, the matrix (I-M)—1(I - M)*{-1}(I-M)—1 is called:

a) Transition Matrix

b) Adjacency Matrix

c) Leontief Inverse

d) Technology Matrix

What is the determinant of matrix A if it is not invertible?
a)l

b) 0

c)-1

d) Undefined

A transition matrix in a Markov chain must have:

a) Rows summing to 0

b) Columns summing to 1

c) Negative entries

d) Rows summing to 1

Which matrix operation helps in adjusting for inflation?
a) Addition

b) Transposition

¢) Scalar multiplication

d) Inversion

In portfolio analysis, expected return is calculated using:
a) Adjacency matrix

b) Matrix inverse

c¢) Dot product of weight and return vectors

d) Transition matrix

Cramer’s rule is based on:

a) Matrix inversion
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b) Determinants
c¢) Transpose
d) Diagonalization
9) Which of the following is a practical use of matrix algebra in business?
a) Currency conversion
b) Stock price prediction
c¢) Brand loyalty estimation
d) All of the above
10) The sum of the steady-state vector elements is always:
a)0
b) 100
c)1
d)

11.9 SUMMARY

This unit has explored the diverse and powerful applications of matrices in modeling and solving
problems encountered in business and economics. Moving beyond basic definitions and
operations, we have seen how matrices serve as an indispensable tool for a variety of quantitative
analyses and decision-making contexts. One key application is structuring data—organizing
complex datasets related to sales, costs, production, and resources into compact, computationally
amenable formats. Matrices provide a standardized structure that simplifies both representation
and processing of multidimensional information. Matrices also facilitate performing
calculations such as aggregation, scaling, and computing weighted totals. Techniques like
matrix addition, scalar multiplication, and matrix multiplication enable efficient calculations for
total costs, revenues, and material requirements in various business scenarios.

In addition, matrices are vital in solving systems of linear equations, particularly when
modeling equilibrium scenarios such as supply and demand balance. Methods such as matrix
inversion and Cramer’s Rule offer systematic approaches to finding solutions. The determinant
plays a crucial role here by indicating the existence and uniqueness of solutions. Another
significant application is in analyzing economic interdependence using the Leontief Input-
Output model. This framework helps understand inter-industry relationships and determine total
production requirements to meet final demands. The Leontief Inverse matrix illustrates the
concept of economic multipliers and the cascading effects across sectors. Matrices are equally
useful in modeling dynamic processes through tools like Markov chains and transition matrices.
These allow the prediction of system evolution over time, including applications such as market
share changes or customer movement. Determining the long-run steady state becomes crucial in
such analyses.

Furthermore, representing networks and portfolios is another valuable use of matrices.
Adjacency matrices are employed to model network structures such as transportation or
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communication systems. In finance, vectors and matrix multiplication are used to compute
portfolio metrics, including expected returns. Across all these applications, matrix algebra
provides a standardized, powerful, and computationally efficient framework for handling
multi-variable business and economic problems. A strong foundation in matrix techniques

empowers business students to perform modern data-driven analysis, make informed decisions,
and understand the complexities of interconnected economic systems.

11.10 GLOSSARY

7 X/
L XA X4

X/ 7
L X GIR X 4

7 X/
L XA X4

X/ 7
L X GIR X 4

X/
°

X/
°

X3

*

X/
°

X3

*

X/
°

X3

*

Matrix — An array of data elements arranged in rows and columns.

Matrix Operations — Includes addition, subtraction, scalar multiplication, and matrix
multiplication.

Scalar Multiplication — Multiplying each matrix element by a scalar value.

Matrix Multiplication — Combining two matrices under dimension-conforming
conditions.

Linear Equation System — A collection of linear equations solved using matrices.
Matrix Inversion — A method to solve equations by finding the inverse of a square
matrix.

Cramer’s Rule — A determinant-based method for solving systems of equations.
Leontief Model — A matrix-based model showing interdependencies among economic
sectors.

Input-Output Analysis — Economic modeling using production and consumption
matrices.

Transition Matrix — In Markov chains, shows probabilities of state changes.

State Vector — Represents current or predicted state distributions.

Steady-State Vector — Long-run stable distribution in a Markov process.

Adjacency Matrix — Matrix showing connectivity between nodes in a network.

Portfolio Return Matrix — Vector showing expected returns from investment assets.
Leontief Inverse — (I-M)—1(I - M)*{-1}(I-M)—1, computes total production needs in
Leontief analysis.

11.11 ANSWERS TO CHECK YOUR PROGRESS

Check Your Progress — A
Q2. Answers to MCQs: -

1)
2)
3)
4)
5)
6)
7)
8)
9)

Answer: c) Columns of A = Rows of B

Answer: d) Both a and b

Answer: ¢) Leontief Inverse

Answer: b) 0

Answer: d) Rows summing to 1

Answer: c) Scalar multiplication

Answer: ¢) Dot product of weight and return vectors
Answer: b) Determinants

Answer: d) All of the above

10) Answer: c) 1
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4 TERMINAL QUESTIONS
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Explain how matrices help in structuring and analyzing business data.
Describe the process and application of matrix addition and scalar multiplication in
business.

How is matrix multiplication used in cost-revenue analysis?

Solve a given system of linear equations using matrix inversion.

Compare and contrast matrix inversion and Cramer’s rule with examples.
Explain the role of matrices in Leontief input-output economic analysis.
What is the Leontief inverse and how is it calculated?

Define a Markov chain and explain its relevance in market trend analysis.
How can a steady-state vector be determined in a Markov chain model?

0 Illustrate how adjacency matrices are used to represent business networks.
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After reading this unit learners will be able to learn:

% To define a derivative using the limit concept and interpret it as an instantaneous rate of

change.

X/
°e

X3

*

X/
°e

problems.

X/
°e

optimization and modeling.

To apply differentiation rules including the power, product, quotient, and chain rules.
To interpret derivatives in business scenarios such as marginal cost, revenue, and profit.
To compute higher-order, implicit, and partial derivatives and apply them to real-life
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12.1 THE CONCEPT OF THE DERIVATIVE

Differentiation is a cornerstone of calculus, providing the mathematical tools necessary to
analyze rates of change. In business and economics, understanding how quantities like cost,
revenue, profit, demand, and production levels change in response to variations in other factors is
paramount for effective decision-making. This unit introduces the fundamental concept of the
derivative, exploring its definition, interpretations, and the rules governing its calculation.

12.1.1 The Derivative as a Limit

The derivative formalizes the intuitive idea of an instantaneous rate of change. While we can
easily calculate the average rate of change between two points, the derivative allows us to
determine the rate of change at a single, specific point.

Formal Definition:
The derivative of a function f(z) with respect to the variable z is itself a function, denoted as f'(z),

defined by the following limit:

. flx+h)— f(z)
! — ].
f (SC) h.li;% h
This limit must exist for the derivative to be defined at the point (x).

Explanation of Components:
e h: Represents a small, non-zero change in the input variable x. It is often denoted as Az.

e f(z + h) — f(z): Represents the corresponding change in the function’s output value, often denoted as
Ay.

o w This fraction is known as the difference quotient. It calculates the average rate of change of

the function f over the interval from = to = + h.

The Limit Process:

The core idea is to see what happens to the average rate of change as the interval over which it is
calculated becomes vanishingly small. As (h) approaches 0, the interval ([x, x+h]) shrinks
towards the single point (x). The limit of the difference quotient, if it exists, gives the
instantaneous rate of change of the function (f) precisely at the point (x).3 It is crucial that (h)
approaches, but never equals, zero during the calculation of the quotient, thus avoiding the
indeterminate form 0/0.1

Existence and Differentiability:

A function (f(x)) is said to be differentiable at a point (x) if the limit defining (f'(x)) exists at that
point.3 A necessary condition for differentiability at a point is that the function must be
continuous at that point. If a function has a break, jump, or vertical asymptote, the limit will not
exist. However, continuity alone is not sufficient to guarantee differentiability. Functions with
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sharp corners (like (f(x) = |x|) at (x=0)) or vertical tangents are continuous but not differentiable
at those points, because the slope approaches different values from the left and right, preventing
the limit from existing.9 This distinction is relevant in economic models involving constraints or
thresholds that create non-differentiable points (e.g., tax brackets, capacity limits).
Notation:

Two primary notations are used for the derivative:

» Lagrange's Notation: f'(x) (read "f prime of x"). This notation is concise and convenient when working

with the function itself.

- Leibniz's Notation: j—g or % (read "dee y dee x" or "the derivative of y with respect to x"). This notation

explicitly indicates the variables involved and emphasizes the derivative as a ratio of infinitesimal changes,

aligning well with the concept of rate of change.

Worked Example (Polynomial):
Compute the derivative of f(z) = 22% — 16z + 35 using the limit definition:

Step 1: Find f(z + h)
f(zx+h)=2(z+h)*—16(z+h) + 35
= 2(z% + 2zh + h*) — 16z — 16k + 35
= 2z° + 4zxh + 2h* — 16z — 16h + 35
Step 2: Compute the difference f(z + h) — f(x)
f(z +h) — f(z) = (22 + 4zh + 2h* — 16z — 16h + 35) — (22 — 16z + 35)
= 4zh + 2h* — 16h

Step 3: Form the difference quotient

flz+h)—f(z) A4zh+2h%—16h
h N h

Step 4: Factor out h from the numerator

_ h(4w+ih16) 4z +2h—16

Step 5: Take the limitas h — 0

f’(m)=}1i_>m0(4m+2h—16)=4m+0—16=4:L'—16
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Worked Example (Rational):

Compute the derivative of g(t) = HLI using the limit definition:

Step 1: Find g(t + h)

t+h t+h

t+h) = -
Jt+h) = Tl T xRl

Step 2: Compute the difference g(t + h) — g(t)

t+h ¢
t+h)—g(t) = _
gt +h) -9t = 57 1

(t+h)(t+1)—t(t+h+1)
(t+h+1)(t+1)

_ P4 t+th+h—(t? +th+1)
B (t+h+1)(t+1)
h
(t+h+1)(t+1)

Step 3: Form the difference quotient

g(tJrh)—g(t)_l. h B 1
h h t+h+1)(t+1) (t+h+1)(t+1)
Step 4: Take the limitas h — 0
1 1

/ .

g = ) - Er1?
The limit definition serves as the fundamental building block for all differentiation techniques.
While differentiation rules provide efficient shortcuts for calculation, understanding this
definition is crucial for grasping the core meaning of the derivative as an instantaneous rate of
change — the limiting value of average rates of change over progressively smaller intervals. This
conceptual foundation is essential for interpreting derivatives in dynamic business and economic
contexts.

12.1.2 Geometric Interpretation: The Slope of a Tangent Line
Beyond its definition as a limit, the derivative possesses a powerful geometric interpretation: it

represents the slope of the line tangent to the function's graph at a given point.

Concept:

Consider the graph of a function (y=f(x)). At any point ((a, f(a))) on this curve, there exists a
unique line, called the tangent line, that "just touches" the curve at that point and shares the same
direction as the curve at that exact location. The derivative (f'(a)) is precisely the slope of this
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tangent line.

Secant Line Approximation:

To understand the tangent line, we first consider a secant line that intersects the curve at two
distinct points, say (P(x, f(x))) and (Q(x+h, f(x+h))). The slope of this secant line is given by the
difference quotient:

changeiny  f(z+h)— f() _ fla+h)— f(x)

changeinz  (z+h)—=z h

Msecant —

Tangent as Limit of Secants:
Now, imagine moving point (Q) along the curve towards point (P). This corresponds to letting
the change in (x), which is (h), approach zero ((h \to 0)). As (Q) gets infinitesimally close to (P),
the secant line passing through (P) and (Q) rotates and approaches a limiting position. This
limiting line is the tangent line to the curve at point (P).3 Consequently, the slope of the tangent
line is the limit of the slopes of these secant lines as (h \to 0):

Mtangent = lim Mmgecant = lim f(m i h] — f(:r,)

h—0 h—0 h

This limit is exactly the definition of the derivative, (f(x)). Therefore, (f(x)) is the slope of the
tangent line to the graph of (y = f(x)) at the point ((x, f(x))).
Equation of the Tangent Line:
Knowing the slope (m = f'(a)) and a point on the line ((a, f(a))), we can use the point-slope form
of a linear equation, (y -y _1 =m(x - x_1)), to find the equation of the tangent line at (x=a):

y — f(a) = f'(a)(z — a)

This equation represents the line that best approximates the function (f(x)) near the point (x=a).

Worked Example:
Find the equation of the tangent line to the curve (f(x) = x?) at the point where (x = 2).
e Find the derivative: Using the limit definition or the power rule (covered later), we find
(f'(x) = 3x?).
e Find the point of tangency: When (x = 2), (f(2) = 2° = 8). The point is ((2, 8)).
e Find the slope at the point: Evaluate the derivative at (x = 2): (f(2) = 3(2)? = 3(4) = 12).
The slope of the tangent line at (x = 2) is 12.
e Write the equation: Using the point-slope form with point ((2, 8)) and slope (m=12): (y - 8
=12(x-2)) (y-8=12x-24) (y = 12x - 16) This is the equation of the line tangent to (f(x)
= x3) at (x=2).

This geometric view connects the abstract concept of the derivative to a visual representation —
the slope of the tangent line. The steepness of this line directly reflects the function's
instantaneous rate of change at that point. A steep positive slope indicates rapid increase, a steep
negative slope indicates rapid decrease, and a slope near zero suggests slow change.
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Furthermore, the tangent line embodies the principle of local linearity: sufficiently zoomed-in, a
differentiable curve looks very much like its tangent line. This means that for small changes in
the input, the function's change can be effectively approximated by the linear change along the
tangent line

(Ay = f'(z)Ax)

a concept vital for linear approximation methods used in business forecasting and sensitivity
analysis.

12.1.3 Physical/Economic Interpretation: Instantaneous Rate of Change

The derivative's most fundamental interpretation is as an instantaneous rate of change. While the
average rate of change describes how a quantity changes over an interval, the derivative
describes how it is changing at a specific moment or point.

Core Idea:
If (y = f(x)) represents some quantity (y) that depends on another quantity (x), then the derivative
(f(a)) (or (\Mfrac{dy}{dx}| {x=a})) represents the rate at which (y) is changing precisely when (x)
has the value (a). For example, if (s(t)) is the position of an object at time (t), then (s'(t)) is the
object's instantaneous velocity at time (t).15
Marginal Analysis in Business and Economics:
In business and economics, the concept of instantaneous rate of change is frequently applied
through marginal analysis. The term "marginal" generally refers to the rate of change, or the
derivative, of a total quantity function.19

e Marginal Cost (MC)

Let C'(x) be the total cost function for producing & units of a product. The marginal cost is the derivative of

the total cost function:

dC

T dx

MC(z) = C'(z)

Interpretation:
MC'(z) represents the instantaneous rate of change in total cost as the production level & changes.
Crucially for business decisions, MC'(z) provides a very good approximation of the cost to produce one

additional unit when the current production level is . That is,
MC(z) = C(z +1) — C(z)
This approximation arises because the derivative C'(z) is the limit of the average rate of change,

Clz + h) — C(z)
h

as h — 0. When considering the change for just one unit (h = 1), the derivative provides a close estimate,

especially for large x or smoothly varying cost functions.
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e Marginal Revenue (MR): Let (R(x)) be the total revenue function from selling (x) units of
a product. The marginal revenue is the derivative of the total revenue function:
Interpretation: (MR(x)) represents the instantaneous rate of change in total revenue as the
sales level (x) changes. It approximates the additional revenue generated by selling one
more unit: (MR(x) \approx R(x+1) - R(x)).

e Marginal Profit (MP):

Let P(z) be the total profit function, where
P(z) = R(z) — C(z)

with R(x) as the revenue function and C(z) as the cost function. The marginal profit is the derivative of
the total profit function:

_dP

MP(z) = P'(z) = o

Interpretation:
MP(x) represents the instantaneous rate of change in total profit. It approximates the additional profit

gained from producing and selling one more unit, that is:

MP(z) ~ P(r+1) — P(z)

Worked Example (Marginal Cost & Revenue):

Suppose a manufacturer's total cost function is (C(x) = 5000 + 10x + 0.05x”*2) dollars, where (x)
is the number of units produced. The price (p) per unit at which (x) units can be sold is given by
the price-demand equation (p = 100 - 0.01x). Find and interpret the marginal cost and marginal
revenue when (x = 500).

e Marginal Cost:
First, find the derivative of the cost function:

d
(MC(z) = C'(z) = (5000 + 10z + 0.052°) = 0 + 10 + 0.05(2z) = 10 1 0.1z).
i

Now, evaluate at z = 500:

(MC(500) = 10 + 0.1(500) = 10 4 50 = 60).
Interpretation: At a production level of 500 units, the total cost is increasing at a rate of $60
per unit. This means that the cost of producing the 501st unit is approximately $60.
e Marginal Revenue:

First, find the revenue function R(x). Revenue is price per unit times the number of units:
(R(z) =p-z = (100 — 0.01z)z = 100z — 0.01z%).
Next, find the derivative of the revenue function:
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d
(MR(z) = R'(z) = ——(100z — 0.01z%) = 100 — 0.01(2z) = 100 — 0.02z).
£

Now, evaluate at z = 500:

(MR(500) = 100 — 0.02(500) = 100 — 10 = 90).

Interpretation: At a sales level of 500 units, the total revenue is increasing at a rate of $90
per unit. Selling the 501st unit will increase total revenue by approximately $90.

This economic interpretation is vital for optimization in business. For instance, a firm typically
aims to maximize profit. Since (P'(x) = R'(x) - C'(x)), profit increases when (R'(x) > C'(x))
(marginal revenue exceeds marginal cost) and decreases when (R'(x) < C'(x)). Profit is
potentially maximized when (R'(x) = C'(x)) (marginal revenue equals marginal cost), provided
certain second-derivative conditions hold (discussed later). Understanding these marginal rates
through derivatives allows businesses to make informed decisions about production levels and
pricing strategies. It is essential to distinguish these rates of change (marginal values) from level
values like total cost or average cost. Decisions are often driven by the incremental impact of the
next unit, which is precisely what the derivative measures.

12.2 RULES OF DIFFERENTIATION

While the limit definition provides the fundamental meaning of the derivative, calculating
derivatives using the limit definition for every function can be tedious. Fortunately, several rules
allow us to find derivatives more efficiently. These rules are derived directly from the limit
definition.

12.2.1 Constant Rule

e Rule: If (¢) is a constant, then

(201

e Explanation: A constant function (f(x) = ¢) has a graph that is a horizontal line. The slope
of a horizontal line is always zero. Since the derivative represents the slope, the derivative
of a constant is zero. The rate of change of something that does not change is zero.

e Example: If (f(x) = 25), then (f(x) = 0). If (C(x) = 5000) represents a fixed cost, then the
marginal fixed cost is (C'(x) = 0).

12.2.2 Power Rule

e Rule: If (n) is any real number, then

(L =),

e Explanation: This is one of the most frequently used rules. To differentiate (x) raised to a
power, bring the exponent down in front as a coefficient and subtract 1 from the original
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exponent. This rule applies to positive integers (x2, x?), negative integers (x-!} = 1/x, x-2 =
1/x?), and fractional exponents

/ / 3
(:1:1‘2 =z, %= :;,"2)

Remember to rewrite roots and reciprocals as powers of (x) before applying the rule.
e Examples:

dr
OL(z ) =A™t !1=—da=-4
d _dy1)2 p1/2-1 — 1-1/2 _ 1
O+ (V)= (x )— =T U=
O %(ﬂfﬁ) = %(3’11] = 12} ! = 12° = 1. (The derivative of z is 1).

12.2.3 Constant Multiple Rule
e Rule: If (c) is a constant and (f(x)) is a differentiable function, then
d
—le- f(@)] = c- ()

o Explanation: A constant factor can be "pulled out" of the differentiation process.
Differentiate the function part and then multiply by the constant.
e Examples:

0 ;(53:3) =5-2(z%) =5-(32%) = 152°
O L(-7x?)=-7-L(z7%)=-7-(—2273) = 143:_3 =14
0O d%(m\/aj)z d%(l(}a:w) 10 - (‘3 3/5— 1) (3 —2,5) 2-2/5

12.2.4 Sum and Difference Rule
e Rule: If (f(x)) and (g(x)) are differentiable functions, then
d
(@) £9(@)] = f(z) £ 4'(2)

e Explanation: The derivative of a sum (or difference) of functions is the sum (or difference)
of their individual derivatives. This allows us to differentiate polynomials and other multi-
term functions term by term.

e Examples:

O L(2* 52+ Tz +2) = L(z%) — L(52%) + L(Tz) + £(2) = 32" — 5(2z) + (1) + 0 =
322 — 102+ 7

O £ (We+3) =1 (422 +827%) =4(327"%) +8(—227%) = 227% — 162"

12.2.5 Product Rule
e Rule: If (f(x)) and (g(x)) are differentiable functions, then

d
—[f(@)9(@)] = 7' (2)9(@) + f(2)g ()
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Explanation: The derivative of a product is not simply the product of the derivatives. The
rule states it is the derivative of the first function times the second function plus the first
function times the derivative of the second function.

Worked Example: Find the derivative of (y = (3x? - 5)(x* + 2x)).

Let f(z) = 32? — 5, s0 f/(z) = 6z
Let g(z) = z* + 2z, s0 ¢'(z) = 4z> + 2.

Applying the Product Rule:
y' = f'(z)g(z) + f(z)d'(z)
y = (6z)(z" + 2z) + (32 — 5)(4z® + 2)
Expanding:

y = (62" + 122%) + (122° + 62 — 202* — 10)

Combining like terms:

y = 18z° — 20z® + 1822 — 10

12.2.6 Quotient Rule

Rule: If (f(x)) and (g(x)) are differentiable functions and (g(x) # 0), then

d [f(ﬂ:)] _ fl(=)g(z) — f(z)g (=)

de [g(z)] lg(z)]? '

Explanation: The derivative of a quotient involves both functions and their derivatives. A
common mnemonic is "Low d-High minus High d-Low, square the bottom and away we
go," where "Low" refers to the denominator (g(x)), "High" refers to the numerator (f(x)),
and "d" signifies differentiation. The order in the numerator is critical due to the subtraction.
Worked Example: Find the derivative of

2_

y=Z1 Let f(z) = 2> + 1,50 f'(z) = 2z. Let g(z) = 2z — 3,50 ¢'(z) = 2.

Applying the Quotient Rule:

o ['(2)g(z) — [(2)g'(2)

Y [9(2)2
J = (2z)(2z — 3) — (2 +1)(2)
(22 — 3)?
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Expand and simplify the numerator:

47> — 6 — 22% — 2
(2z — 3)?

!

y:

,_2:1:2—63:—2
v= (2z — 3)2

12.2.7 Chain Rule

e Rule: If (y) is a function of (u) (i.e., (y = f(u))) and (u) is a function of (x) (i.e., (u = g(x))),
then (y) can be considered a function of (x), and its derivative is given by

dy_dy du
de  du dx
Alternatively, for a composite function F'(z) = f(g(z)), its derivative is

F'(z) = f'(9(z)) - g'(z)

o Explanation: The Chain Rule is used to differentiate composite functions (a function
"nested" inside another function). It states that the derivative of the composite function is
the derivative of the outer function (evaluated at the inner function) multiplied by the
derivative of the inner function.

e Worked Example: Find the derivative of (y = (x* - 3x> + 5)°). Identify the outer and inner
functions: Outer function: (f(u) = u®), so (f'(u) = 6u’). Inner function: (u = g(x) = x* - 3x> +
5), so (g'(x) = 4x3 - 6x). Apply the Chain Rule

F'(z) = f'(g(z)) - g'(2)
y = 6(z* — 32> +5)%71. (42® — 6z)

y = 6(z* — 3z* +5)°(4z® — 6x)

Constant and Power Rules \

Sum and Difference Rule @ \
Product Rule %

Quotient Rule / X
Chain Rule 8§8

Figure 12.1. Rules of Differentiation

284



Table 12.1: Summary of Differentiation Rules

Rule Name Formula ((f', g") Formula (d/dx) Description
notation) notation
Constant Rule If f(x) = ¢, then f'(x) % (e)=0 The derivative of a
=0 constant is zero.
Power Rule If f(z) = " then %(xn) — pztl Bring exponent
f'(z) = na" down, subtract one
from exponent.
Constant Multiple (cf)' =cf % lef(z)] = cd% [f(z)] | Constants factor out.
Sum/Difference (fxg)=f =4 d%[ f(z) £ g(z)] Derivative of
sum/difference is
= £[f(z)] £ £g(2)] sum/difference of
derivatives.
Product Rule (fg) = flg+ fd 4 f(z)g(z)] - Perivative of Ist
) f times 2nd, plus Ist
= f(@)g(z) + f(@)g'(z) times derivative of
2nd.
Quotient Rule ( f ) " fe-id d [ f[z)] Low d-High minus
g & dz | 9(z) High d-Low, over
_ f@)e(z)-f(z)g (=) Low-Low.
(=)
Chain Rule [f(g(x))]' = dy dy du Derivative of outer
dr ~ du dz

f'(g(z)) - ¢'(z)

(evaluated at inner)
times derivative of
inner.

These rules form the operational core of differentiation. It is often necessary to combine multiple
rules to differentiate more complex functions. For example, differentiating

()

requires both the Quotient Rule and the Chain Rule (for the denominator).
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It is worth noting the interconnectedness of these rules. As demonstrated mathematically, the
Quotient Rule can actually be derived by applying the Product Rule and the Chain Rule to the
expression

f(z) - [g(z)]™
f(z)

g(z)
This consistency reinforces the logical structure of calculus. Furthermore, strategic thinking is
often beneficial before applying rules. Sometimes, expanding a product or simplifying a fraction
algebraically before differentiating can lead to a much simpler calculation than immediately
applying the Product or Quotient Rule. Developing the ability to recognize these opportunities is

a valuable skill for efficient problem-solving.

12.3 DERIVATIVES OF ESSENTIAL FUNCTIONS IN BUSINESS AND
ECONOMICS

Beyond the general rules, it is crucial to know the derivatives of specific types of functions that
frequently appear in business and economic models, namely polynomial, exponential, and
logarithmic functions.

12.3.1 Polynomial Functions

e Definition: A polynomial function is of the form P(z) = a,z" + a, 12" ' + -+ + a1 + ag, where n

is a non-negative integer and @, Gn_1. ..., ag are constant coefficients.

e Derivative: The derivative of a polynomial is found by applying the Constant Multiple, Power, and

Sum/Difference rules to each term.
%(P(:I:)) =na,z" '+ (n—1)a, 12" 2+ -+ a
Note that the derivative of the constant term ay is zero. The derivative of a polynomial is always another

polynomial with a degree one less than the original polynomial.

e Business Example: Cost, revenue, and profit functions are often modeled using polynomials, especially
quadratics or cubics, over certain ranges of production or sales.

O If a company's profit function is given by P(z) = —0.01z® + 152> — 150z — 2000, where z is the
number of units sold, find the marginal profit function MP(x).

Applying the rules:

MP(z) = P'(z) = £(—0.01z® + 15z — 150z — 2000)

MP(z) = —0.01(3z%) + 15(2z) — 150(1) — 0

MP(z) = —0.03z% + 30z — 150.

This function gives the approximate additional profit earned from selling one moare unit at a sales level of .

12.3.2 Exponential Functions

Exponential functions are fundamental for modeling growth and decay processes, such as
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compound interest, population dynamics, and depreciation.

e Natural Exponential Function (e¥):

@)

o

Derivative:

(Lier-e).

Explanation: The function (e¥) (where (e = approx. 2.71828) is Euler's number) has the
unique property that its derivative is equal to itself. This means its rate of change at any
point is equal to its value at that point. This property is why (e) naturally arises in
models of continuous growth or decay where the rate of change is proportional to the
current amount.

Example (Continuous Compounding): If an investment of P dollars grows at a
nominal annual rate (r) compounded continuously, its value after (t) years is V(t) =
Peirt,

The rate of growth of the investment is:

V(t) = %(Pe’"‘).

Using the Constant Multiple Rule and the Chain Rule (outer function ¥, inner function u = rt):

o

d d
V'#)=P-—(e")=P-(e"- —(rt)) = P-€" -r = rPe" =rV(t).
dt dt
e General Exponential Function (a¥):
Derivative:
d
(d—(af“") =a” ln(a)) , for any positive base (a # 1).
£
Explanation: This rule generalizes the derivative for any exponential base. The natural

o

logarithm factor (In(a)) appears as a scaling factor compared to the derivative of (e¥).
This formula can be derived using the limit definition or, more easily, using logarithmic
differentiation (see below).

O Example: Find the derivative of f(x) = 10 - (1.05)". This might model the value of an asset initially
worth $10 that grows by 5% each period.

f'(z)=10- ;((1.05)‘”) =10-(1.05)" In(1.05)

Hi

12.3.3 Logarithmic Functions

Logarithmic functions are the inverses of exponential functions and are used in economics to
model concepts like utility, production functions (e.g., Cobb-Douglas after transformation), and
elasticity.
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e Natural Logarithm Function ((\In x)):
o Derivative:

(%(111:5) = %) , for (z > 0).
QO Explanation: The derivative of the natural logarithm is the reciprocal function. This can be derived using
the inverse function rule (¢'(z) = 1/ f'(g(x))) where g(z) = Inx and f(z) = €*, or using implicit
differentiation on €¥ = . The domain restriction (z > 0) is necessary because the logarithm is only

defined for positive inputs. The related derivative (- (In |z|) = 1) holds for all (z # 0).

r
O Example (Marginal Utility): If a consumer's utility derived from consuming () units of a good is

(U(x) = 501n(z)) for (z > 1), the marginal utility is:

1 50
MU(z)=U'(z) =50 — = —.
z
e General Logarithmic Function (log, z):
O Derivative: = (log, =) = m, for (z > 0) and positive base (a # 1).

O  Explanation: This can be derived using the change of base formula for logarithms: log, = }“—3 Since
na

In a is a constant, we have:

d d /1 1 d 1 1 1
2 om) = 1 (12 L gy = L. 1o

dr ZE Ina zm.dm lna =z zlna’

O Example: Find the derivative of y = logm(a:2 + 1). Using the Chain Rule and the general log rule:

e Outer function: f(u) = log;,(u), so f'(u) = ﬁ(m)'

o Inner function:u = g(z) = z* + 1,s0 g'(z) = 2z.

1 2z

¥ = f'(9(z)) - g'(z) = (z2 + 1)In(10) (2z) = (z2 +1)In(10)

Table 12.2: Derivatives of Essential Functions

Function Derivative Conditions
(c) (constant) (0)
X" nx -1 (n) is real
e* e*
ax a* . In(a) (a>0,a#1)
In x (\Mfrac{1}{x}) (x>0)

288



log ax 1/{x . In(a)} (x>0,a>0,a#1)

A key technique related to exponential and logarithmic derivatives is Logarithmic
Differentiation. This method is particularly useful for differentiating functions that involve
complex products, quotients, or powers, especially functions of the form (y = [f(x)]1e™®}) where
both the base and the exponent are variables. The process involves:

Take the natural logarithm of both sides of the equation (y = F(x)).
Use logarithm properties
In(ab) = Ina+1Inb

a

In (3) =Ina—Inb
In(a”) = plna
to simplify the expression on the right side.
Differentiate both sides of the resulting equation implicitly with respect to (x). Remember

that

d 1 dy
E(lﬂ’y) = ; " dz

Solve the resulting equation algebraically for

dy

dx
Substitute the original expression for (y) back into the result. This technique often
transforms complicated product/quotient/chain rule problems into simpler applications of
the sum/difference rule and basic derivatives after taking the logarithm. For functions like
(y=x*), logarithmic differentiation is essential because neither the power rule nor the
standard exponential rule applies directly.

12.4 HIGHER-ORDER DERIVATIVES

Just as we can differentiate a function (f(x)) to obtain its derivative (f'(x)), we can often
differentiate the derivative function itself. This process yields higher-order derivatives, which
provide deeper insights into the function's behavior, particularly its curvature.

12.4.1 Definition and Notation

Concept: The second derivative of a function (f) is the derivative of its first derivative, ().
The third derivative is the derivative of the second derivative, and so on. Derivatives
beyond the first are collectively known as higher-order derivatives.

Notation: Several notations are used for higher-order derivatives:
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Lagrange's Notation:

» Second derivative: f”(z) ory”
e Third derivative: f"'(z) ory"”
o Fourth derivative: ) (z) ory¥

o nth derivative: (™ (z) ory™
(Parentheses around the order n. > 4 distinguish it from exponentiation.)

Leibniz's Notation:

o Second derivative: 9 %é,or dd—;[f(:zr}]

dr?’' d
o Third derivative: %% or Lf
ird derivative: % or 5%

T n

e nth derivative: g—:r%or g—m-,é

(Superscripts denote the order of differentiation.)

Example
Find the first five derivatives of f(z) = z* — 5z + 2z — 9

e f'(z) =4z’ — 152* +2

o f'(z) = £(4a® — 152% + 2) = 122% — 30z

o f"(z) = £(122% — 30z) = 24z — 30

o fW(z) =4 (24z —30) =24
© @)= £(24) =0

All higher-order derivatives beyond the fifth are also zero.
This demonstrates the general rule: For a polynomial of degree n, the (n + 1) and all higher-order

derivatives are zero.

12.4.2 Interpretation of the Second Derivative: Concavity

The first derivative, (f'(x)), tells us about the slope (rate of change) of the original function (f(x)).
The second derivative, (f'(x)), being the derivative of (f'(x)), tells us about the rate of change of
the slope. This relates directly to the concept of concavity.

e Concavity Definition:

o A function (f) is concave up on an interval if its graph curves upwards, resembling a
cup holding water. Geometrically, the graph lies above its tangent lines on that interval.
Analytically, (f) is concave up if its derivative (') is increasing on the interval.

o A function (f) is concave down on an interval if its graph curves downwards,
resembling an inverted cup spilling water. Geometrically, the graph lies below its
tangent lines on that interval. Analytically, (f) is concave down if its derivative (f') is
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decreasing on the interval.

Test for Concavity using (f''): Since (f") is the derivative of (f'), the sign of (f") tells us

whether (f') is increasing or decreasing:

o Iff'(x)> 0 for all (x) in an interval (I), then (f'(x)) is increasing on (I), and therefore f(x)
is concave up on (I).

o Iff'(x) <0 for all (x) in an interval (I), then f'(x) is decreasing on (I), and therefore f(x)
is concave down on (I).

o Iff'(x) =0 on an interval, the graph has no concavity (it is linear).

Inflection Points: An inflection point is a point on the graph where the concavity changes

(from up to down, or down to up).

o For concavity to change at a point (x=c), the second derivative f"(x) must change its
sign around (c).

o Potential inflection points occur where f"'(c) = 0 or where f"(c) is undefined.

o It is crucial to test the sign of f'(x) on either side of a potential inflection point (c¢) to
confirm that the concavity actually changes. Simply having f"(c) = 0 is not sufficient
(e.g., f(x)=x* has 1"'(0)=0, but it is concave up everywhere, so x=0 is not an inflection
point).

Worked Example (Concavity and Inflection Points): Find the intervals of concavity and

the inflection points for f(x) = x* - 4x3.

v Find first and second derivatives:

f'(z) = 42° — 1222
f'(z) = 12z* — 24z
v Find potential inflection points by setting
f'(z) =122° — 24z =0
= 12z(z—2)=0
Potential inflection points are at x=0 and x=2. (f" exists everywhere).
v’ Test intervals determined by potential inflection points:
1. Interval (—o0,0):

Choosexz = —1

(1) =12(~1)* —24(—1) =12+ 24 =36 > 0 (Concave up)
2. Interval (0, 2):

Choosexz =1

(1) =12(1)* —24(1) =12 —24 = —12 < 0 (Concave down)

3. Interval (2, 00):

Choosez = 3

f"(3) =12(3)* — 24(3) =108 — 72 =36 > 0 (Concave up)
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v’ Identify inflection points:

e Atz = (0: Concavity changes from up to down

£(0) = (0)* — 4(0)* = 0 = Inflection point: (0, 0)

¢ Atz = 2: Concavity changes from down to up

f(2) = (2)* — 4(2)® = 16 — 32 = —16 = Inflection point: (2, —16)

The second derivative provides critical information about the shape of the function's graph. In
economics, the concavity of cost or production functions is directly related to concepts like
diminishing or increasing returns to scale. If a total cost function (C(x)) is concave up (C"(x) >
0), it implies that the marginal cost (C'(x)) is increasing — each additional unit becomes more
expensive to produce, perhaps due to capacity constraints or rising input prices. This often
signals diminishing returns. Conversely, if C(x) is concave down (C"(x) < 0), marginal cost is
decreasing, suggesting economies of scale or increasing returns, often observed at lower
production levels. Physically, if s(t) is position, s"(t) represents acceleration — the rate of change
of velocity.

12.4.3 The Second Derivative Test for Local Extrema

The second derivative provides an alternative method (sometimes simpler than the first
derivative test) for classifying critical points as local maxima or minima.

e Concept: This test uses the concavity of the function at a critical point where the tangent
line is horizontal (f'(c)=0) to determine if that point is a peak (local maximum) or a valley
(local minimum).

e The Test: Suppose (c) is a critical point such that f'(c) = 0, and suppose f"'(x) exists in an
interval around (c¢).

1. If f'(c) > 0, then (f) is concave up at (¢). Since the tangent is horizontal and the curve is
"cup-shaped," (f) has a local minimum at x=c.

2. Iff'(c) <0, then (f) is concave down at (c). Since the tangent is horizontal and the curve
is "cap-shaped," (f) has a local maximum at x=c.

3. If f'(c) = 0, the test is inconclusive. The point (c) might be a local maximum, a local
minimum, or neither (e.g., an inflection point). In this case, the First Derivative Test
must be used. The logic stems from the geometric interpretation: a horizontal tangent
(f(c)=0) on a concave up curve (f'(c)>0) must be at the bottom of a "valley" (local
minimum). A horizontal tangent on a concave down curve (f'(c)<0) must be at the top
of a "hill" (local maximum). When f"(c)=0, the curve might be flattening out
momentarily before continuing in the same direction (like x* at x=0), or it might be
forming a flatter minimum (like x* at x=0) or maximum (like (-x* at x=0), making the
second derivative alone insufficient for classification.

e Worked Example: Use the Second Derivative Test to classify the critical points of f(x) = x3
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-12x + 5.
1. Find the first derivative and critical points:
f'(z) = 32* — 12.
Set f'(z) =0=3x2=12=2 =4=2=—2andz =2

These are the critical points where the tangent is horizontal.

2. Find the second derivative:

f'(z) = £(32® — 12) = 6.
3. Evaluate f” at each critical point:

B Atz = -2 f"(-2)=6(—2)= —12 Since f"(—2) < 0, the function has a local maximum at
r= -2

B Atz =2 f"(2) =6(2) = 12. Since f"(2) > 0, the function has a local minimum at z = 2.

12.5 IMPLICIT DIFFERENTIATION

Not all relationships between variables can be easily expressed in the explicit form y = f(x). For
example, the equation of a circle (x*> + y?> = 1?) defines (y) as a function of (x), but not explicitly
as a single function (solving gives

y = +£vr? —z2).
Implicit differentiation provides a technique to find the derivative

dy
dr

directly from such implicitly defined relationships.

12.5.1 Technique and Applications

e When to Use: Implicit differentiation is employed when an equation relating (x) and (y) is
given, and it is difficult or impossible to solve algebraically for (y) explicitly in terms of (x).
This situation often arises with geometric shapes (circles, ellipses) and in economic contexts
involving level curves like indifference curves (combinations of goods giving equal utility)
or isoquants (combinations of inputs giving equal output).

e Procedure: The core idea is to treat (y) as an unknown function of (x) and use the Chain
Rule whenever differentiating terms involving (y).

1. Differentiate Both Sides: Differentiate both sides of the entire equation with respect to
(x).

2. Apply Differentiation Rules: Use the standard differentiation rules (Sum, Product,
Quotient, Power, etc.) for terms involving only (x).

3. Apply Chain Rule for y-terms: When differentiating a term containing (y), treat (y) as
the "inner function" and apply the Chain Rule. This means differentiating the term with
respect to (y) as usual, and then multiplying the result by

d
i ory)
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W Example: L (y") =ny" ' ¥

W Example: %(sm(y)) = cos(y) - &

dx

B Example (Product Rule): a‘,j (zy) = ( ) y+x- (%y) =1l-y+x-

4. Solve for

dy _ dy
dx _y+$dm

After dif‘ferentiating, the resulting equation will contain terms with j—z and terms without it. Use algebra to

|solate on one side of the equation.

The technique relies fundamentally on the Chain Rule, applied because we assume y is implicitly a function

of &, even if we cannot write the explicit formula. When we differentiate a term like 3 with respect to x, we

are differentiating the composition f(y ( )) where f(u) = u® and u = y(z). The Chain Rule gives

f'(y(=)) -/ (x), which is 3(y(z))” - &, or 3y* .

12.5.2 Worked Examples

e Example (Circle):

Find % for the circle 2% + 3° = 25.

1. Differentiate both sides w.rt. :
£ (2?) + £ (y*) = £(25)

2. Apply rules (Power Rule for 2%, Chain Rule for 4%, Constant Rule for 25):
2r + 2y - dj =0

3. SO'VEfOI’d—y
d
2y- 2 =2z
dy _ —293 —_z
dz 2y oy

This result shows that the slope of the tangent line to the circle at a point (z,y) is —z/y.

Notice the slope depends on both & and g, which is typical for implicitly defined curves.

For instance:

+ At(3,4), the slope is —3

e At(3,—4), the slopeiis —_14 = %

e Example (Product Rule Involved):

Find % for 2%y — 2z = 2° + 49°

1. Differentiate both sides w.r.t. x:
=@y — £(22) = (%) + £(49°)

2. Apply rules (Product Rule for 2%y", Chain Rule for " and v°):
[ (22) -y + 2 A(y7)] — 2 = 5ad + 4(3y? - )
[23:?;?—0—3:2-73;6-%]—2=5J}4—|—12y2-%

294



3. Solve for g—g:
7 2.6 d _E.4 9 d
2zy’ + Tx*y’ - ¥ — 2 =5z* + 12y° - 3¢

d .
Group ﬁ terms on one side and constant terms on the other:

728y’ - =2 —12y% - =% =5z — 2zy" + 2
dzx dr
dy .
Factor out 7
d
(Tx?y® — 1247) - Y _ 5z — 2zy” + 2
dr
[solate %:

dy Szt — 2xy” + 2
de  Tx2ys — 122

e Example (Finding Tangent Line Slope):
Find the slope of the tangent line to the curve z* + 3? = 3 at the point (1, —\/5)

1. Differentiate implicitly w.r.t. z:
L@+ A0 = £O)
4x3 + 2y - gg =0

d
2. Solve for d_y:
H

dy _ 3 dy _ —42* _  22°
3. Evaluate the slope at the given point (1, —\/ﬁ) by substitutingz = 1 and y = —V/2:
_ dy _ 2 2 2
M=y = i v V2

Implicit differentiation is a powerful technique because it allows us to find rates of change even
when we cannot express one variable explicitly as a function of the other. The resulting
derivative often involves both (x) and (y), reflecting the fact that the slope on such curves
typically depends on the specific location ((x, y)) on the curve.

12.6 PARTIAL DIFFERENTIATION

Many phenomena in business and economics involve functions that depend on more than one
input variable. For example, a company's production output might depend on both capital
invested (K) and labor hours (L), represented as Q = f(K, L). Profit might depend on the
quantities sold of two different products, P = f(q 1, q_2). To analyze how such functions change
when only one input variable is altered, we use partial differentiation.
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12.6.1 Functions of Multiple Variables

A function of multiple variables assigns a unique output value to each combination of input
values from its domain. We commonly encounter functions of two variables, (z = f(x, y)), whose
graphs can be visualized as surfaces in three-dimensional space, or functions of three or more
variables, w = (X, y, z, \dots). Examples include:

e Production Function:

Q(K,L) = AK°L? (Cobb-Douglas function)

e Utility Function:

U(x,y) representing satisfaction from consuming goods  and .

e Cost Function:

C(q1,q2) representing the cost of producing quantities ¢; and g of two different goods.

12.6.2 Definition and Calculation of Partial Derivatives

e Concept: A partial derivative measures the instantaneous rate of change of a multivariable
function with respect to one of its independent variables, while holding all other
independent variables constant. It isolates the effect of changing a single input variable. This
directly corresponds to the economic principle of ceteris paribus ("all other things being
equal"), which is fundamental to analyzing the impact of individual factors in complex
systems.

e Notation
The partial derivative of f with respect to x is denoted by % or f.

Similarly, the partial derivative with respect to y is % or fy.
The symbol @ ("curly dee" or "del") is used to distinguish partial derivatives from ordinary derivatives d.

e Limit Definition

oz Y T h
Oy Ry h

e Calculation

The practical method for calculating partial derivatives involves treating all variables, except the one you are
differentiating with respect to, as constants. Then apply the standard rules of single-variable differentiation.
¢ Tofind % treat y (and any other variables like z) as constants.
e To find % treat z (and any other variables like z) as constants.
e Worked Example: Find the first-order partial derivatives of f(x,y) = 5x%y? - 7x> + 8y* - 1).
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e Finding f, = —f

Treat y as a constant.
2 (52%y%) = (5y°) - £ (2°) = (59°)(32%) = 152y’
9 (—Tz%) = —14zx
XA (8y*) = 0 (since 8y* is treated as a constant w.rt. )
( 0

fo(z,y) = 1522y — 14z

e Finding f, = d—y
Treat o as a constant.

%(593 %) = (52%) - £.(y*) = (52°)(2y) = 102°y

8y( 7z?) = 0 (since —7z” is treated as a constant w.r.t. /)

3y (Sy ) = 32:‘)‘3

ay( 1)=0

So,
fy(z,y) = 1023y + 3243

12.6.3 Second-Order Partial Derivatives

Just as with single-variable functions,

we can find higher-order partial derivatives by

differentiating the first-order partial derivatives again. For a function (f(x,y)) of two variables,
there are four second-order partial derivatives.

Notation and Calculation:
_&f _ 9 (ar).
L fe=gh=5 (%)
Differentiate f, with respect to x (treat y as constant).
_i — 0 (9.
2. fyy dyr — oy \dy )
Differentiate f, with respect to y (treat x as constant).
_2f _ a (of).
3. fmy—ayaz_@ dr |-

Differentiate f, with respect to y (treat « as constant).

4. f.= °'f _ 8 (af).
: y-’f—f?may dz \ dy |-

Differentiate f, with respect to  (treat y as constant).

Worked Example:
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Find the second-order partial derivatives for f(x,y) = 3y + 2zy°

From the previous example, we have:
fo = 32%y* +2¢°
fy = 22%y + 10zy*

Now, calculate the second derivatives:

o far = £ (f2) = £ (327 + 2¢°) = 6zy® + 0 = 6y’

z

o fu= %(fy) = %(23:33; 1+ 10zy?) = 22°(1) + 10z(4y?®) = 22° + 40zy®
o foy = gy(F) = 5,(32%7 +207) = 32%(2y) + 10y = 62’y + 10y*

o fue = g5 (fy) = 5 (22°y + 102y*) = (62)y + (10y*)(1) = 62y + 10y*

12.6.4 Mixed Partial Derivatives and Clairaut's/Schwarz's Theorem

Mixed Partials: The derivatives f{xy} and f {yx}) are called the mixed second-order
partial derivatives. They measure how the rate of change with respect to one variable is
affected by changes in the other variable.
Clairaut's Theorem (Equality of Mixed Partials):
A significant result, also known as Schwarz's Theorem, states that if a function f(z,y) and its partial
derivatives f.., fy, fzy, fyz exist and are continuous on an open region (like a disk) containing a point (a, b)

, then the mixed partial derivatives are equal at that point:
fmy(a¢ b) = fyr(a: b)
or equivalently,

0’ f
Oyox

_ o
~ 9zdy

(a,b)

(a,b)

This theorem holds for most functions encountered in typical business and economic applications. The

continuity condition is important, although counterexamples where it fails are rare in introductory contexts.

Verification:

In the worked example above for f(z,y) = z3y® + 2zy°, we found

fzy = 627y + 10y* and

fyz = 627y + 10y*.

Since these are equal (and are continuous polynomial functions), Clairaut’s Theorem is verified for this

function.

The implication of Clairaut's Theorem is substantial: for sufficiently smooth functions, the order
in which we perform partial differentiation for mixed derivatives does not matter. This simplifies
many calculations and theoretical developments in multivariable calculus and its applications. It
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tells us that the way the slope in the x-direction changes as we move in the y-direction is the
same as the way the slope in the y-direction changes as we move in the x-direction, under the
specified continuity conditions.

12.7 CHECK YOUR PROGRESS - A

Q1. What do you understand by derivative?

Q2. Provide answers to the following MCQs: -

1)

2)

3)

4)

5)

6)

7)

The derivative of a constant function is:

a) Constant

b) 1

c)0

d) Undefined

Which rule is used to differentiate f(x)=(x2+1)3 f(x) = (x> + 1) f(x)=(x2+1)3?
a) Product Rule

b) Chain Rule

¢) Quotient Rule

d) Power Rule only

If C(x)=100+5xC(x) = 100 + 5xC(x)=100+5x, then MC(x)=MC(x) =MC(x)=
a)0

b) 5

c) 100

d) x

The slope of the tangent line at a point is given by:
a) Derivative

b) Integral

c) Average rate

d) Midpoint

Marginal profit is computed by:

a) R(x)—C(x)R(x) - C(x)R(x)—C(x)

b) R'(x)—C'(x)R'(x) - C'(x)R'(x)—C'(x)

¢) C'(x)-R'(x)C'(x) - R'(x)C'(x)—R'(x)

d) R(x)+C(x)R(x) + C(x)R(x)+C(x)

The quotient rule applies to functions written as:
a) f(g(x))f(g(x)f(g(x))

b) fxr+2(ORX) + g(x)f(x)+e(x)

¢) fx)g()f(x)g(x)f(x)g(x)

d) f(x)/g()fx)/2(x)Tx)/g(x)

Partial derivatives are applicable to:

a) One-variable functions

b) Discrete functions
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¢) Multi-variable functions
d) Constant functions
8) If f'(x)<0f"(x) < 0f"'(x)<0 in an interval, the function is:
a) Concave up
b) Increasing
c¢) Concave down
d) Constant

12.8 SUMMARY

Differentiation is a fundamental concept in calculus with profound implications for business and
economics. By defining the derivative as the limit of an average rate of change, we capture the
notion of instantaneous change. This concept manifests geometrically as the slope of the tangent
line to a function's graph, providing a visual understanding of the function's behavior and the
basis for linear approximation. Perhaps most importantly for business mathematics, the
derivative provides the foundation for marginal analysis. Marginal cost, marginal revenue, and
marginal profit — calculated as derivatives of their respective total functions — offer critical
insights into the incremental effects of producing or selling one additional unit. These marginal
concepts are essential tools for optimization and decision-making regarding pricing and
production levels.

The mastery of differentiation rules (Constant, Power, Constant Multiple, Sum/Difference,
Product, Quotient, Chain) allows for the efficient calculation of derivatives for a wide range of
functions, including the polynomial, exponential, and logarithmic functions frequently used to
model economic phenomena. Higher-order derivatives, particularly the second derivative, extend
our analysis to the curvature (concavity) of functions, revealing information about diminishing or
increasing returns and providing a test for classifying local extrema. Furthermore, the techniques
of implicit and partial differentiation broaden the applicability of calculus. Implicit
differentiation enables the analysis of relationships where variables cannot be easily separated,
such as indifference curves or production possibility frontiers. Partial differentiation allows us to
examine the impact of changing one variable at a time in multivariable functions, reflecting the
common economic practice of ceteris paribus analysis and providing tools to understand
complex interdependencies in production, cost, and utility functions.

12.9 GLOSSARY

» Derivative — Instantaneous rate of change of a function.

» Limit — The fundamental concept used to define a derivative.

» Tangent Line — A line that just touches a curve at a point, having the same slope as the
function at that point.

Marginal Cost (MC) — Derivative of the total cost function.

Marginal Revenue (MR) — Derivative of the total revenue function.

Marginal Profit (MP) — Derivative of the total profit function.

YV VYV
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Power Rule — Rule for differentiating xnx"nxn as nxn—1nx"{n-1}nxn—1.

Product Rule — Derivative of f(x)g(x)f(x)g(x)f(x)g(x) is f'g+fg'f'g + fg'f'g+fg’.

Quotient Rule — Derivative of f(x)/g(x)f(x)/g(x)f(x)/g(x) is (fg—fg')/g2(fg -
fg")/g"2(f'g—1fg')/g2.

Chain Rule — Derivative of a composite function.

Higher-Order Derivatives — Derivatives of derivatives, e.g., f'(x),f’"(x)f"(x),
") (x),f"(x).

Implicit Differentiation — Finding derivatives without explicitly solving for one
variable.

Partial Derivatives — Derivatives with respect to one variable in multivariable functions.
Concavity — Describes the curvature direction of a function.

Inflection Point — A point where the function changes concavity.

12.10 ANSWERS TO CHECK YOUR PROGRESS

Check Your Progress — A
Q2. Answers to MCQs: -

1)
2)
3)
4)
5)
6)
7)
8)

Answer: c) 0

Answer: b) Chain Rule

Answer: b) 5

Answer: a) Derivative

Answer: b) R'(x)-C'(x)R'(x) - C'(x)R'(x)—C'(x)
Answer: d) f(x)/g(x)f(x)/g(x)f(x)/g(x)

Answer: ¢) Multi-variable functions

Answer: ¢) Concave down
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12.13 TERMINAL QUESTIONS

b e

LRI W

Define the derivative using the limit concept and explain its economic significance.

How does the geometric interpretation of a derivative aid in visualizing rate of change?
Explain marginal cost and marginal revenue with the help of derivatives.

Derive the derivative of f(x) = x3—5x+2 f(x) = x3 - 5x + 2f(x) = x>*-5x+2 using basic
rules.

What is the quotient rule of differentiation? Derive it with an example.

Differentiate f(x)=(3x2+2)* f(x) = (3x% + 2)* f(x) = (3x2+2)* using the chain rule.

Explain how the second derivative determines the concavity of a function.

What is the second derivative test and when is it applied?

Use implicit differentiation to find dy/dx for the equation x? + y?= 25x2? + y2 = 25x% + y? =
25.

. Describe the role of partial derivatives in economic functions involving multiple

variables.
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13.1 THE DERIVATIVE AS A TOOL IN BUSINESS ANALYSIS

A. Recap: Derivative as Instantaneous Rate of Change

The concept of the derivative is a cornerstone of calculus, providing a powerful tool for
analyzing how quantities change. Building upon previous units, we revisit the derivative's
fundamental definition and interpretations, which are essential for understanding its applications
in business and economics.

The derivative of a function f () with respect to z, denoted as f’'(z) or j—g (where y = f(x)), is formally

defined as the limit of the difference quotient:

i f@ B — £(@)

h—0 h

f'(z) =

This limit represents the instantaneous rate of change of the function (f(x)) at a specific point (x).
It quantifies how the output of the function changes in response to an infinitesimally small
change in its input.
Geometric Interpretation:
Geometrically, the derivative f'(a) at a point (x=a) represents the slope of the line tangent to the
graph of y = f(x) at the point ((a, f(a))).7 The tangent line is the unique straight line that "just
touches" the curve at that point and represents the best linear approximation of the function's
behavior in the immediate vicinity of that point.5 This slope is obtained by considering the limit
of the slopes of secant lines passing through the point (a, f(a)) and a nearby point (a+h, f(a+h)) as
(h) approaches zero.
Economic Interpretation:
In the context of business and economics, the derivative provides the foundation for marginal
analysis. It measures the instantaneous rate of change of economic quantities.4

e Marginal Cost (MC): If (C(x)) is the total cost function representing the cost of producing

(x) units of a product, then its derivative,

_dC
- dz

is the marginal cost. Marginal cost represents the rate at which total cost changes with
respect to the number of items produced. It provides a close approximation of the cost
incurred to produce one additional unit (the (x+1){™ unit) at a production level of (x).

e Marginal Revenue (MR): Similarly, if R(x) is the total revenue function representing the

C'()

revenue generated from selling (x) units, its derivative,

_ dR

R (z) = o

is the marginal revenue. Marginal revenue represents the rate at which total revenue changes
with respect to the number of items sold. It approximates the additional revenue generated
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from selling one more unit (the (x+1){"} unit) at a sales level of (x).

While the derivative manifests as the slope of a tangent line geometrically or as marginal change
economically, these interpretations stem from the same fundamental mathematical concept: the
instantaneous rate of change defined by a limit. Recognizing this underlying unity allows the
powerful tools of calculus to be applied flexibly across diverse business problems involving
costs, revenues, production, demand, and more. The power lies in understanding that optimizing
profit, minimizing cost, or analyzing market responsiveness all rely on this same fundamental
calculus tool.

B. Essential Differentiation Rules Review

To effectively apply differentiation in business contexts, a solid grasp of the fundamental rules of
differentiation is necessary. These rules, derived from the limit definition, provide systematic
methods for finding derivatives of various types of functions encountered in economic modeling.
We briefly review the key rules here, assuming familiarity from previous studies. For rigorous
proofs, refer to standard calculus texts or resources like Paul's Online Math Notes.

e Constant Rule:

The derivative of a constant function f(z) = c is zero.

d

ﬁ((ﬂ) =0
Example: If f(z) = 50, then f'(z) = 0.

e Power Rule:

The derivative of f(z) = ", where 7 is any real number, is nz™ .

d
dzx

(mn) — Rﬂ:n_l

Example:
If f(z) = 23, then f'(z) = 323! = 322
If g(t) = v/t = t'/2, then

g(t) = L2 = 1412 o

-

S

2

¢ Constant Multiple Rule:
The derivative of a constant ¢ multiplied by a function f(z) is the constant times the derivative of the

function.

d :
o (ef(@) = f (2)
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Example:

If h(z) = 5z°, then

W (z) =5- L(z*) = 5(32%) = 152°
Sum/Difference Rule:

The derivative of a sum or difference of functions is the sum or difference of their derivatives.

d

5 (@) £9(2)) = f'(z) + 4'(z)

This rule extends to any finite number of terms.

Example:

If y = 42 — 6z + 7, then

y = L(42”) — L(6z) + £(7)=8z—6+0=8zx—6
Product Rule:

The derivative of the product of two functions f(z) and g(z) is

%(f(w)g(w)) = f'(z)g(z) + f(z)g'(x)

Example:
T

Ify = 2%€?, let f(x) = z2, g(z) = €*.
Then f'(z) = 2z, ¢'(z) = €”

y = (2z)(e") + (¢%)(€7) = (2z + ¥)e”

Quotient Rule:
The derivative of the quotient of two functions f(x) and g(z) is:

d (f(m)) _ fo)g(@) — f(2)d ()
dz \ g(a) l9(2) ’

Example:
fy = =55, let f(z) =z, g(z) = 2> + 1
Then f'(z) = 1, ¢'(z) = 2z

, (E+1) —(2)(2x) 2?2 +1-— 207

l1—=x

provided g(z) # 0

2

y:

Chain Rule:
The derivative of a composite function f(g(z)) is:

2 (Flo(@)) = £ (9(2))d/(2)

@+107 @+ @+Lp
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Alternatively, if y = f(u) and u = g(z), then
dy dy . du
de du dz
Identifying the "inner" function g(z) and the "outer” function f(u) is key.
Example:
Ify = (2% + 5)3, let
u=g(z)=2*+5, f(u) =ud
Then ¢'(z) = 2z, f'(u) = 3u?

y = f'(9(2))g'(z) = 3(2® +5)* - 2 = 6z(2” + 5)*

¢ Derivatives of Exponential Functions:

d I b
E(e )=¢€
d
d—(ax) = a"In(a) for constanta >0, a # 1
x
Example:
d xr €I
d—(lO ) = 10" In(10)
T
e Derivatives of Logarithmic Functions:
d 1
—(lnz)=— forz >0
dz x
d
d—(loga z) = ] for constanta >0, a# 1, z >0
T zlna
Example:
d 1
@(bgm z) = zIn10

Mastery of these rules is crucial for applying calculus to analyze and optimize business functions
effectively.

13.2 OPTIMIZATION IN BUSINESS DECISIONS

A primary application of differentiation in business is optimization — finding the best possible
outcome under given circumstances. This typically involves maximizing desirable quantities like
profit or revenue, or minimizing undesirable ones like cost. Calculus provides a systematic
framework for identifying these optimal points.
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A. Finding Optimal Points: Maxima and Minima

To find the maximum or minimum value of a function f(x), which might represent profit, cost, or
revenue as a function of quantity (x), we utilize the first and second derivatives.

First Derivative Test:
Relative extrema (local maxima or minima) of a differentiable function occur at critical points.
These are points where the first derivative is either zero (f'(x) = 0) or undefined. A point where
f'(x) = 0 is called a stationary point, indicating that the tangent line to the graph at that point is
horizontal.61 While all relative extrema for smooth functions occur at stationary points, not all
stationary points are necessarily extrema (they could be points of inflection).
Second Derivative Test:
The second derivative, (f'(x)), provides information about the concavity of the function's graph
and helps classify stationary points.30

e Concavity:

o If f'(x) > 0 on an interval, the graph is concave up (like a cup holding water). This
means the slope of the tangent line, (f'(x)), is increasing.

o Iff'(x) <0 on an interval, the graph is concave down (like an upside-down cup spilling
water). This means the slope of the tangent line, (f'(x)), is decreasing.

e C(lassifying Critical Points (where (f'(c) = 0)):

o If f'(c) > 0, the function is concave up at (x=c), indicating a relative minimum at that
point.

o If f'(c) < 0, the function is concave down at (x=c), indicating a relative maximum at
that point.

o Iff'(c) = 0, the second derivative test is inconclusive. The point could be a maximum,
minimum, or neither (e.g., an inflection point). In this case, the first derivative test
(checking the sign of f'(x) on either side of (c¢)) must be used to classify the critical
point.

Inflection Points:

An inflection point is a point on the graph where the concavity changes (from up to down, or
down to up). These points typically occur where f'(x) = 0 or where f"'(x) is undefined. However,
it is necessary to verify that the sign of f'(x) actually changes around the point for it to be
classified as an inflection point. For example, f(x) = x* has f'(0) = 0, but it is concave up
everywhere, so (x=0) is not an inflection point.

B. Application 1: Profit Maximization

A fundamental goal for most firms is to maximize profit. Let (x) be the quantity of a product
produced and sold. The total revenue function is (R(x)), and the total cost function is (C(x)). The
profit function,
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1s defined as the difference between total revenue and total cost:

To find the quantity (x) that maximizes profit, we apply the principles of optimization.
First-Order Condition:

We find the critical points by setting the first derivative of the profit function equal to zero:
dm
£

'(z) = 1o =0

Using the sum/difference rule for differentiation:

Recognizing that R'(x) is the Marginal Revenue (MR) and C'(x) is the Marginal Cost (MC), the
first-order condition for profit maximization becomes:

This crucial result states that profit is potentially maximized at the output level where the
revenue gained from selling the last unit exactly equals the cost of producing that last unit.19

The mathematical condition 7’ () = 0 directly translates to the economic rule MR = MC.
The derivative ' () represents the rate of change of profit.

o If MR > MC, then '(z) = MR — MC > 0, signifying that producing and selling one more unit
adds more to revenue than it adds to cost, thus increasing profit. In this situation, the firm should

increase production.

o Conversely, if MR < MC, then n’(z) < 0, meaning the last unit cost more to produce than it

generated in revenue, leading to a decrease in profit.

Here, the firm should decrease production. Profit stops changing (and is potentially at a
maximum) only when the marginal benefit (MR) equals the marginal cost (MC). This provides a
powerful, intuitive rule for managers: continue adjusting production until the cost of the last unit
equals the revenue it generates.

Second-Order Condition:
To ensure that the quantity z* found by setting MR = MC' corresponds to a maximum profit (rather than

a minimum or inflection point), we use the second derivative test on the profit function 7(z).

We require:
7'(z*) <0

Thus, the condition for maximum profit is:

This means that at the profit-maximizing output level, the slope of the marginal revenue curve
(R"(x)) must be less than the slope of the marginal cost curve (C"(x)). In many typical scenarios,
MR is decreasing (R" < 0) and MC is increasing (C" > 0), automatically satisfying this condition.
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Worked Example: Profit Maximization

Suppose a company faces a demand curve given by (P = 120 - 0.5x), where (P) is the price per
unit and (x) is the number of units sold. The company's total cost function is C(x) = 0.5x> + 20x
+ 500. Find the quantity that maximizes profit.

1. Find the Total Revenue function R(z):
R(z) = P-z = (120 — 0.5z)z = 120z — 0.5z
2. Find the Profit function 7(z):
m(z) = R(z) — C(z)
7(x) = (120 — 0.52%) — (0.52* + 20z + 500)
n(x) = 120z — 0.5z° — 0.5z% — 20z — 500
m(z) = —z* + 100z — 500

3. Find Marginal Revenue (MR) and Marginal Cost (MC):

d
MR = R'(z) = d—(120:;r: —0.52%) =120 — z
£

d
MC =C'(z) = d—(0.5:1:2 + 20z + 500) = = + 20
£Zr

4. Set MR = MC to find the critical quantity =™:
120 —z =z + 20 = 100 = 2z = z" = 50

5. Check the Second-Order Condition:

Find the second derivative of the profit function:
7'(z) = MR — MC = (120 — z) — (z + 20) = 100 — 2z
" d
m (z) = —(100 — 2z) = —2
dx
Alternatively, using revenue and cost second derivatives:

d
R'(z) = 5(120 —z)=—1

C"(z) = %(3} 420) =1
n'(z)=R"(z) - C"(z) = -1—-1= -2
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Since 7’ (z) = —2 < 0 for all z, the profit function is concave down everywhere, and the critical point

x™ = 50 corresponds to a maximum profit.
6. Calculate Maximum Profit:

7(50) = —(50)% + 100(50) — 500 = —2500 + 5000 — 500 = 2000

Therefore, the company maximizes profit by producing and selling 50 units, resulting in a
maximum profit of $2000.

C. Application 2: Cost Minimization

While firms aim to maximize profit, achieving efficiency often involves minimizing costs,

particularly the average cost per unit of production.

e Objective: Minimize Average Cost AC ()

The average cost function is defined as the total cost divided by the number of units produced:

Cl)

xr

AC(z) =
e First-Order Condition:

To find the quantity 2 that minimizes average cost, we set the derivative of AC () with respect to x equal

to zero:
AC'(z) =0

Using the quotient rule for differentiation:

T C'(z) -z —C(z) L(x
AO’(m):%(Ci)) _ 0@ mz( ) 4 (z)
AC'(z) = (}"(113)-::!:33—2 C(z)-1 _ I\A"C'-:BE—2 AC -z _ .T,(MC/;Q— AC) _ MG;AC

Setting AC’(z) = 0 requires the numerator to be zero (assuming > 0):

MC—-AC=0 = MC=AC

Thus, average cost is minimized at the production level where marginal cost equals average cost.
This mathematical result has a clear economic interpretation. When the cost of producing the
next unit (MC) is less than the current average cost (AC), producing that unit will pull the
average cost down. Conversely, if the marginal cost is greater than the average cost, producing
the next unit will increase the average cost. The average cost can only be at its minimum point
(neither increasing nor decreasing) when the cost of the next unit is exactly equal to the current
average cost. Graphically, this means the MC curve intersects the AC curve at the minimum
point of the AC curve.
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Second-Order Condition:

To confirm that the point where (MC = AC) corresponds to a minimum average cost, we need to
check the second derivative, AC"(x). For a minimum, we require AC"(x) > 0 at the critical point
(x*). Calculating AC"(x) involves differentiating

MC(z) — AC(z)

€T

AC'(z) =

using the quotient rule again, which can be algebraically intensive but confirms the minimum if
positive.

Worked Example: Average Cost Minimization
Let the total cost function be (C(x) = x* - 12x? + 60x + 100). Find the output level that minimizes
average cost.

1. Find the Average Cost function AC(z):

3_ 19,2
AC($)=C($)=$ 12z +60$+100=$2*12$+60+100
T

xr i

, (z>0)

2. Find the Marginal Cost function MC(z):

d
MC(z) = C'(z) = E(m"" — 122* + 60z + 100) = 32 — 24z + 60

3. Set MC(z) = AC(z) to find the critical point(s):

1
3;-;2—249:+60=a:2—129:+60+ﬂ
£
1
2 — 120 = 0
I

Multiply both sides by  (assuming @ # 0):
2z° — 122 = 100
2¢° — 122° — 100 = 0 = 2® — 62> — 50 = 0

This cubic equation generally requires numerical methods or graphical analysis to solve. Suppose a positive

root is
¥~ 7.53

4. Check the Second-Order Condition:

T x? 3
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Since ¥ > 0,

200

This confirms that the critical point =* corresponds to a minimum of the average cost function.

5. Conclusion:

The output level z*, the positive root of

2> — 62> —50 =0 (approximately z* = 7.53)

D. Application 3: Inventory Management — Economic Order Quantity (EOQ)

Calculus is also instrumental in optimizing inventory decisions. The Economic Order Quantity
(EOQ) model aims to determine the ideal order size (Q) that minimizes the total costs associated
with ordering and holding inventory. The model balances two opposing costs: the cost of placing
orders and the cost of holding inventory.

Assumptions (Basic Model):
The standard EOQ model relies on several simplifying assumptions 85:

e Demand ((D)) is constant and known (typically annual demand).
Ordering cost ((K) or (S)) is fixed per order, regardless of quantity.
Holding cost ((h)) per unit per year is constant.

Lead time (time between ordering and receiving) is constant and known.
Purchase price ((P)) per unit is constant (no quantity discounts).
Replenishment is instantaneous (entire order arrives at once).

No stockouts are allowed.

Cost Components:

e Total Annual Ordering Cost: This is the cost per order (K) multiplied by the number of
orders placed per year. Since annual demand is (D) and each order is for (Q) units, the
number of orders per year is (D/Q).

e Total Annual Holding Cost: This is the holding cost per unit per year (h) multiplied by the
average inventory level. Assuming constant demand and instantaneous replenishment,
inventory cycles from (Q) down to 0, making the average inventory level (Q/2).

Objective Function (Total Inventory Cost):

The total annual inventory cost (TC) as a function of order quantity (Q) is the sum of the
ordering and holding costs. (Note: The purchase cost (P x D) is often excluded from the
minimization problem because it's constant with respect to (Q) under the no-discount assumption
89).
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Minimization using Differentiation:
To find the order quantity (Q*) that minimizes TC(Q), we use calculus:
1. Find the first derivative TC"(Q):

Rewrite the total cost function:
L h
TC(Q)=KD-Q ~ + EQ
Differentiate with respect to () using the power rule:

JIWQ)=—KD-Q4+2

2.Set TC'(Q) = 0 and solve for Q*:

KD+h_O
Q> 2
h KD
2 Q2
2KD
2 _
Q"= h

._ [?ED
Q= h

3. Check the Second-Order Condition (Minimum Test):
Differentiate again to find the second derivative:
TC“(Q):—d—(—K;»D-Q—Mﬁ)=2KJD-Q—3
dQ@ 2
Since K > 0,D > 0,and @ > 0, we have:

2KD

0 >0

TC"(Q) =

The derivation of the widely used EOQ formula exemplifies how calculus provides a rigorous
foundation for optimizing operational decisions. The process involves defining the relevant
costs, formulating a total cost function, finding its derivative, setting the derivative to zero to
locate the critical point, and using the second derivative to confirm it represents a minimum. This
understanding allows managers not only to apply the formula correctly but also to recognize its
underlying assumptions and potentially adapt the model if those assumptions (like constant price
or demand) do not hold.
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Brief Worked Example: EOQ Calculation

A company has an annual demand D = 1000 units for a product.

The cost to place an order K = $50, and the annual holding cost per unit h = $5.

Using the EOQ formula:

0" — \/QKhD _ \/2 X 505>< 1000 _ \/1005000 _ /30000 ~ 141.49

The optimal order quantity to minimize total inventory costs is approximately

13.3 MARGINAL ANALYSIS FOR PRODUCTION DECISIONS
Marginal analysis is a core concept in microeconomics and managerial decision-making that
involves examining the effects of incremental changes. By comparing the marginal benefits and

marginal costs of an action, businesses can make more informed choices to optimize outcomes,
particularly regarding production levels.

A. Marginal Revenue (MR) and Marginal Cost (MC) as Derivatives

As established earlier, marginal revenue and marginal cost are the first derivatives of the total
revenue and total cost functions, respectively :

e MR(x)=R'(x)
e MC(x)=C'(x)

These derivatives represent the instantaneous rates of change of revenue and cost at a specific
output level (x). Practically, they approximate the change in total revenue or total cost resulting
from producing and selling one additional unit (the (x+1){" unit).

B. The MR vs. MC Decision Framework

The comparison between marginal revenue and marginal cost at the current level of production
provides a direct guideline for whether to increase, decrease, or maintain output to maximize
profit.

e If (MR > MC): The revenue generated by the last unit produced exceeds its cost. This
means that total profit increased with that unit

n'(z) = MR — MC > 0

Therefore, the firm should increase production to further increase profit.
e If (MR < MC): The cost of producing the last unit exceeded the revenue it generated. This
means total profit decreased with that unit
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7'(z) = MR — MC < 0
Therefore, the firm should decrease production to increase profit.
e If (MR = MC): The revenue from the last unit exactly equals its cost. Profit is neither
increasing nor decreasing at this point

7' (z) = MR — MC = 0
This is the condition for profit maximization (assuming the second-order condition holds).
The firm should maintain its current production level.

This decision framework is the practical application of the first-order condition for profit
maximization ©'(x) = 0 derived earlier. It allows managers to make incremental adjustments
towards the optimal output level even without explicitly solving the (MR=MC) equation.
Businesses often operate by making such marginal decisions — "Should we produce one more?" —
rather than recalculating the global optimum constantly. Marginal analysis provides the direct
answer: if the next unit brings in more revenue than it costs, produce it; otherwise, don't. This
demonstrates how the calculus concept of the derivative's sign indicating function increase or
decrease translates directly into a practical business rule.

Worked Example: Marginal Analysis Decision

Consider the firm from the profit maximization example with MR(x) = 120 - x and MC(x) = x +
20. The profit-maximizing quantity was x* = 50.

e Suppose the firm is currently producing (x = 40) units:
o MR(40)=120-40=280
o MC(40)=40+20=060
o Since MR(40) = 80 > MC(40) = 60, producing the 41st unit would add more to revenue
than to cost. Decision: Increase production.
e Suppose the firm is currently producing (x = 60) units:
o MR(60)=120-60 =60
o MC(60)=60+20=280
o Since MR(60) = 60 < MC(60) = 80, producing the 60th unit added more to cost than to
revenue. Decision: Decrease production.
e Suppose the firm is currently producing (x = 50) units:
o (MR(50)=120-50=70)
o (MC(50)=50+20=70)
o Since (MR(50) = MC(50)), profit is maximized. Decision: Maintain production.

This example illustrates how comparing MR and MC at different output levels guides the firm
towards the optimal quantity of 50 units.
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13.4 ELASTICITY: MEASURING RESPONSIVENESS

Elasticity is a fundamental concept in economics that measures the sensitivity or responsiveness
of one variable to changes in another. Differentiation provides the tool to calculate point
elasticities, which measure responsiveness at a specific point on a function, such as a demand
curve.

A. Price Elasticity of Demand (PED)

Price Elasticity of Demand measures how much the quantity demanded @ of a good changes in response
to a change in its price P. It is defined as the percentage change in quantity demanded divided by the
percentage change in price:

_%AQ _AQ/Q _AQ P

€p —_

~ %AP  AP/P AP Q

Using calculus to measure this responsiveness at a specific point (P, @) on the demand curve Q(P), we

replace the ratio of changes % with the derivative g, which represents the instantaneous rate of change
of quantity demanded with respect to price:
dQ P
E - — s —
PdP Q

Interpretation:

Since demand curves typically slope downwards (% < 0), the Price Elasticity of Demand (PED) is

usually negative. However, in interpretation, we often focus on the absolute value, |ep|:

e Elastic Demand (|e,| > 1):
A given percentage change in price leads to a larger percentage change in quantity demanded.

Consumers are relatively responsive to price changes.

* Inelastic Demand (|e,| < 1):
A given percentage change in price leads to a smaller percentage change in quantity demanded.

Consumers are relatively unresponsive to price changes.

* Unit Elastic Demand (|e,| = 1):

The percentage change in quantity demanded is equal to the percentage change in price.

Significance for Pricing and Total Revenue (TR):

PED is crucial for pricing decisions because it determines how a price change will affect total revenue

TR = P x Q.
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¢ If demand is elastic (|e,| > 1):

A price increase leads to a proportionally larger decrease in quantity demanded, causing total revenue
to fall.
A price decrease leads to a proportionally larger increase in quantity demanded, causing total revenue
to rise.

¢ If demand is inelastic (|e,| < 1):
A price increase leads to a proportionally smaller decrease in quantity demanded, causing total

revenue to rise.

A price decrease leads to a proportionally smaller increase in quantity demanded, causing total
revenue to fall.

e If demand is unit elastic (|e,| = 1):
A price change leads to an equal proportional change in quantity demanded, leaving total revenue
unchanged.
Total revenue is maximized when demand is unit elastic.

The use of the derivative g in the PED formula highlights that elasticity is a point-specific measure. It

calculates the sensitivity of demand at a particular price P and quantity () on the demand curve.
Elasticity can vary along the demand curve:

e At high prices, demand tends to be elastic

¢ Atlow prices, demand tends to be inelastic

Using calculus allows for this precise, localized measurement of responsiveness, which is essential for

effective pricing strategies.

Table 1: PED Interpretation Summary

€p Interpretation
> 1 Elastic Decrease Increase
<1 Inelastic Increase Decrease

=1 Unit Elastic No Change No Change

Worked Example: Price Elasticity of Demand

Suppose the demand function for a product is given by (Q = 500 - 10P). Calculate and interpret
the price elasticity of demand when the price is (P = 30).
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dg,

. — 7.
1. Find the derivative il

dQ d
7p = 7p(500 —10P) = 10

2. Find the quantity demanded QQy at Py = 30:
Qo = 500 — 10(30) = 500 — 300 = 200
3. Calculate PED at (P, Qp) = (30,200):

dQ P, 30 3 30
= ap 0, ~ 19" 350 %0 = "20 )

4. Interpret the result:

The price elasticity of demand is
e, =—15, so g =15
Since |e,| > 1, demand is elastic at a price of $30.
Implication:

¢ |f the firm increases the price from $30, the percentage decrease in quantity demanded will be greater

than the percentage increase in price, leading to a decrease in total revenue.

» Conversely, decreasing the price from $30 would increase total revenue.

B. Income Elasticity of Demand (YED)

Income Elasticity of Demand measures the responsiveness of the quantity demanded () of a good to a

change in consumer income Y, holding other factors (like price) constant.

_%AQ _AQ/Q _AQ Y
YTYAY T AY/Y  AY Q

Using derivatives, assuming @ is a function of income Y, denoted Q(Y):

dQ Y
€y — Q
Interpretation:

The sign and magnitude of ey (YED) help classify goods:

¢ ¢y > 0: Normal Good

Demand increases as income rises.
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¢ ey > 1: Luxury Good
Demand increases more than proportionally to income

(income elastic).

¢ (0 < ey < 1:Necessity Good
Demand increases less than proportionally to income

(income inelastic).

e ¢y < 0:Inferior Good
Demand decreases as income rises

(e.g., consumers shift to higher-quality substitutes).

Table 2: Income Elasticity Interpretation Summary

€y Value Interpretation Good Type
>1 Elastic Normal (Luxury)

0< ey <1 Inelastic Normal (Necessity)
<0 Negative Inferior

C. Cross-Price Elasticity of Demand (XED)

Cross-Price Elasticity of Demand €45 measures how the quantity demanded of one good (Good
A, (Q_A)) responds to a change in the price of another good (Good B, (P_B)), holding other
factors constant.

Since the demand for Good A ((Q_A)) typically depends on both its own price ((P_A)) and the
price of Good B ((P_B)), i.e., (Q A(P_A, P_B)), we use a partial derivative to measure the
change in (Q_A) due solely to a change in (P_B), holding (P_A) constant:
\
Interpretation:
The sign of XED indicates the relationship between the two goods:
e ( €4 > 0): Substitutes: An increase in the price of Good B leads consumers to buy more
of Good A (e.g., coffee and tea).
e ( €4B <0): Complements: An increase in the price of Good B leads consumers to buy less
of Good A as well (e.g., printers and ink cartridges).
o ( €45 = 0): Unrelated Goods: A change in the price of Good B has no impact on the
quantity demanded of Good A.
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Table 3: Cross-Price Elasticity Interpretation Summary

€4B Value Interpretation Relationship between
Goods A & B
>0 Positive Substitutes
<0 Negative Complements
=0 Zero Unrelated

13.5 FURTHER APPLICATIONS OF DIFFERENTIATION
The power of differentiation extends beyond the core applications of optimization, marginal
analysis, and elasticity. Derivatives are fundamental tools for analyzing rates of change in

various dynamic business and economic systems.

A. Analyzing Rates of Change in Finance

Derivatives measure instantaneous rates of change, a concept directly applicable to finance
where quantities like investment values, asset prices, interest rates, and economic indicators
evolve over time. If (V(t)) represents the value of an investment portfolio at time (t), then its
derivative,

, dv

represents the instantaneous rate at which the portfolio's value is growing (if (V'(t) > 0)) or
shrinking (if (V'(t) < 0)) at that specific moment. This concept underpins more advanced
financial modeling, although detailed financial calculus involving stochastic processes is beyond
the scope of this unit. Understanding the derivative as a rate of change provides the conceptual
basis for analyzing trends, momentum, and growth rates in financial data.

B. Production Functions and Marginal Productivity

Production functions describe the relationship between the inputs used in production (such as
labor, (L), and capital, (K)) and the resulting quantity of output ((Q)). A common form is (Q =
f(L, K)). Since output depends on multiple inputs, we use partial derivatives to analyze the
impact of changing a single input while holding others constant.

Partial Derivatives:
The partial derivative of a function f(x,y) with respect to , denoted % or f., is found by differentiating

f with respect to x while treating y as if it were a constant.""®
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Similarly, the partial derivative with respect to y, %5 or f,, is found by differentiating with respect to y

while treating @ as a constant.

Marginal Product:
In the context of production functions, partial derivatives represent marginal products:

e Marginal Product of Labor (MPL): The partial derivative of the production function

(Q(L, K)) with respect to labor (L).

_
MPL = oL

MPL measures the additional output produced by employing one more unit of labor, holding
the amount of capital constant. It represents the instantaneous rate of change of output as

labor changes.

e Marginal Product of Capital (MPK): The partial derivative of the production function

(Q(L, K)) with respect to capital (K).

_ 99
MPK = =

MPK measures the additional output produced by employing one more unit of capital,
holding the amount of labor constant. It represents the instantaneous rate of change of

output as capital changes.

The concept of marginal analysis extends naturally into settings with multiple inputs through the

use of partial derivatives.
oQ
MPL = —
0L

isolates the effect of labor on output by mathematically holding capital constant, allowing for an
assessment of labor's specific contribution. Similarly, MPK isolates the impact of capital. This

isolation is crucial for understanding the productivity of individual factors. Businesses can

use

these marginal products, in conjunction with the costs of labor (wage rate, (w)) and capital
(rental rate, (1)), to make optimal input allocation decisions. For example, comparing the output

generated per dollar spent on each input
MPL MPK

——— versus
w T

is fundamental to cost minimization strategies for achieving a target output level.

Example: Marginal Product Calculation

Consider the Cobb-Douglas production function:

Q(L,K) =10L"TK"
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1. Calculate MPL (Marginal Product of Labor):

Treat K as a constant and differentiate with respect to L using the power rule and constant multiple rule:

MPL = g—ig =10- (OITLU.T—I) . KU.S — TL—O.SKD.S
K 0.3
—~ MPL =1 ( L)

2. Calculate MPK (Marginal Product of Capital):

Treat L as a constant and differentiate with respect to K:

mpi =29 _19.107. (0.3K* 1) =3LY K7
0K
L 0.7
MPK =3[ —
- 163

These marginal product functions show how the additional output from one more unit of labor or
capital depends on the current levels of both inputs.

13.6 CHECK YOUR PROGRESS - A

Ql.

Q2. Provide the answers of the following MCQs: -

1) Profit is maximized when:
a) MC > MR
b) MR >MC
c) MR =MC
d) TR=TC
2) If the price elasticity of demand is greater than 1, demand is:
a) Inelastic
b) Elastic
¢) Unit elastic
d) Constant
3) Second derivative greater than zero indicates:
a) Local maximum
b) Inflection point
c¢) Concave down
d) Concave up
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4) When MC = AC, average cost is at:
a) Maximum
b) Minimum
c¢) Constant
d) Increasing
5) Partial derivative of output with respect to labor is:
a) MPK
b) MPL
c) MC
d) AC
6) If MR <MC, then profit is:
a) Increasing
b) Decreasing
c¢) Constant
d) Maximized
7) Which of the following uses differentiation in production?
a) Total revenue
b) Price control
¢) Marginal product
d) Average cost

13.7 SUMMARY

This unit has explored the fundamental role of differentiation as a tool for analyzing change and

making optimal decisions in various business and economic contexts. The derivative,
representing the instantaneous rate of change, provides the mathematical foundation for marginal
analysis. We examined how differentiation is applied to optimization problems. Profit
maximization is achieved by finding the output level where marginal revenue equals marginal
cost (MR = MC), confirmed by a negative second derivative of the profit function. Cost
minimization, particularly for average cost, occurs where marginal cost equals average cost (MC
= AC), confirmed by a positive second derivative of the average cost function. The Economic
Order Quantity (EOQ) model demonstrated how differentiation minimizes total inventory costs
by balancing ordering and holding costs, yielding the formula
2KD
“h
Marginal analysis, directly using the comparison of MR and MC, provides a practical framework
for incremental production decisions: increase output if (MR > MC), decrease if (MR < MC),
and maintain if (MR = MC). The concept of elasticity, measuring the responsiveness between
variables, was quantified using derivatives. Price Elasticity of Demand
_dQ P

€ = P a
informs pricing strategies by indicating whether demand is elastic, inelastic, or unit elastic.
Income Elasticity

Q =
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_de Y

€y

Tdy Q
classifies goods as normal (luxury/necessity) or inferior. Cross-Price Elasticity
= 294 Pr
0Py Qa

identifies goods as substitutes or complements. Finally, the application of differentiation was
extended to analyzing rates of change in finance and, through the introduction of partial
derivatives, to understanding the marginal productivity of inputs (labor and capital) in production
functions

a—Q, MPK = 9Q
0L 0K
Thus, differential calculus offers a precise and powerful quantitative language for modeling,
analyzing, and optimizing complex business situations. Understanding derivatives enables
managers and economists to move beyond simple averages and make decisions based on
instantaneous rates of change and marginal impacts, leading to more efficient resource allocation

and strategic planning.

MPL =

13.8 GLOSSARY

» Derivative — Instantaneous rate of change of a function with respect to a variable.

» Marginal Cost (MC) — The derivative of the cost function; cost of producing one more
unit.

» Marginal Revenue (MR) — The derivative of the revenue function; revenue from one
more unit.

» Profit Maximization — Occurs where MR = MC and the second derivative of profit is

negative.

Average Cost (AC) — Total cost divided by quantity produced.

Elasticity — A measure of responsiveness of one variable to changes in another.

Price Elasticity of Demand (PED) — Percentage change in quantity demanded per

percentage change in price.

» Income Elasticity of Demand (YED) — Percentage change in demand due to income
change.

YV VYV

» Cross-Price Elasticity (XED) — Measures demand change in one good due to a price
change in another.

» Economic Order Quantity (EOQ) — The order size that minimizes total inventory costs.

» Partial Derivative — Derivative of a function with multiple variables with respect to one
variable.

» Marginal Product of Labor (MPL) — Change in output per unit change in labor,
holding capital constant.

» Marginal Product of Capital (MPK) — Change in output per unit change in capital,
holding labor constant.

» Inflection Point — Point where a function changes concavity.
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Second Derivative Test — Method to determine maxima, minima, or inflection points in
a function.

13.9 ANSWERS TO CHECK YOUR PROGRESS

Check Your Progress — A

Q2. Answers of MCQs: -

1)
2)
3)
4)
5)
6)
7)

Answer: ¢c) MR = MC
Answer: b) Elastic

Answer: d) Concave up
Answer: b) Minimum
Answer: b) MPL

Answer: b) Decreasing
Answer: ¢) Marginal product
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13.12 TERMINAL QUESTIONS

1. Define marginal cost and explain how it is derived using calculus.

2. How can derivatives be used to identify profit-maximizing output?

3. What is the first-order condition for cost minimization and its economic interpretation?
4. Derive and explain the EOQ formula using differentiation.

5. Define price elasticity of demand and explain its significance for revenue decisions.

6. Explain the difference between income and cross-price elasticities.

7. What is the second derivative test? How is it used in business decision-making?

8. Using partial derivatives, define marginal product of labor and capital.

9. How does marginal analysis help in incremental production decisions?

10. Explain how elasticity varies across a demand curve using differentiation.

339


https://www.khanacademy.org
https://tutorial.math.lamar.edu

Unit XTIV
Integration Fundamentals

Contents

14.1 The Concept of the Antiderivative (Indefinite Integral)
14.2 Finding Antiderivatives of Basic Functions
14.3 The Definite Integral: Defining Area

14.4 The Fundamental Theorem of Calculus (FTC)
14.5 Properties of the Definite Integral

14.6 Applying the Fundamental Theorem: Examples
14.7 A Brief Look at Numerical Integration

14.8 Check Your Progress — A

14.9 Summary

14.10 Glossary

14.11 Answers to Check Your Progress

14.12 References

14.13 Suggested Readings

14.14 Terminal Questions

Learning Objectives

After reading this unit learners will be able to learn:

K/
L X4

X3

*

K/
L X4

X3

*

>

K/
*

when exact methods are impractical.

To understand integration as the reverse process of differentiation.

To compute indefinite and definite integrals using basic integration rules.

To interpret and apply the Fundamental Theorem of Calculus.

To evaluate definite integrals and understand their geometric significance.

% To apply numerical methods like Riemann sums and Trapezoidal Rule for integration

340



141 THE CONCEPT OF THE ANTIDERIVATIVE (INDEFINITE
INTEGRAL)

Calculus is broadly divided into two fundamental branches: differential calculus, concerned with
rates of change and slopes of curves (derivatives), and integral calculus, concerned with
accumulation and areas under curves (integrals). While differentiation involves finding the
derivative f'(x) of a given function f(x), integration fundamentally addresses the inverse problem.

14.1.1 Reversing Differentiation

The central question that motivates the study of integration is: Given a function f(x), can we find
a function F(x) such that its derivative is f(x)? That is, we seek a function F(x) satisfying the
condition F'(x) = f(x). Such a function F(x) is termed an antiderivative of f(x).

The process of finding an antiderivative is the reverse operation of differentiation. For instance,
consider the function f(x) = 2x. We know from differential calculus that the derivative of x2 is

d
E(m)-?m

Therefore, F(x) = x? is an antiderivative of f(x)=2x. However, finding antiderivatives is often a
more complex task than finding derivatives. While differentiation follows systematic rules (like
the power rule, product rule, quotient rule, chain rule), finding antiderivatives frequently requires
pattern recognition, strategic manipulation, and accumulated experience. It can be likened to
solving a puzzle where one must deduce the original function from its derivative.

14.1.2 The Family of Antiderivatives and the Constant of Integration

A key observation arises when considering the antiderivative of f(x) = 2x. While F(x) = x? is one

antiderivative, other functions also satisfy the condition. Consider G(x)=x> + 5. Its derivative is
d
G'(z)=—(2*+5) =2z +0=2z
dx
Similarly, for H(x) = x>-100,
H'(z) = E(;I:2 —100) =22 +0 =2z
dx
This non-uniqueness stems directly from a fundamental property of differentiation: the derivative
of any constant function is zero. If F(x) is an antiderivative of f(x), meaning F'(x) = f(x), then for
any arbitrary constant C, the derivative of F(x)+C is also f(x):
d d d ,
a[F(:c) +C] = d—F(a:) + aC— F(z)+0=f(x)

£
This implies that if a function f(x) possesses one antiderivative F(x), it possesses infinitely many
antiderivatives, all differing from F(x) by some constant. This collection of functions,
{F(x)+C|CeR}, represents the family of all antiderivatives of f(x) on a connected domain. To
represent this entire family, we introduce the constant of integration, universally denoted by C.
This constant C signifies the inherent ambiguity in the process of antidifferentiation; it represents
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the arbitrary constant term that vanishes upon differentiation and thus cannot be recovered solely
from the derivative. When differentiating, information about any constant term in the original
function is lost; the constant of integration C accounts for this lost information when reversing
the process.

It is crucial to distinguish between an antiderivative (a single function, like x2) and the indefinite
integral (the entire family of functions, x2+C). The indefinite integral provides the most general
form of the antiderivative.

The constant C is indispensable for representing the general solution to an integration problem.
While it cancels out during the evaluation of definite integrals (as discussed later), it is essential
when solving differential equations or initial value problems. An initial condition, such as
requiring the antiderivative F(x) to pass through a specific point (x0,y0), allows for the
determination of a unique value for C. For example, if we seek the antiderivative F(x) of f(x)=2x
such that F(1)=4, we start with the general antiderivative F(x)=x2+C. Applying the condition:
F(1)=12+C=4, which implies 1+C=4, so C=3. The specific antiderivative satisfying the condition
is F(x)=x2+3.

When performing integration involving sums or differences, each integration technically yields
its own constant. However, since the sum or difference of arbitrary constants is still just an
arbitrary constant, they are typically combined into a single constant C. Similarly, if an integral
is multiplied by a scalar k, the constant kC is often still written simply as C, as C represents any
arbitrary constant.

From a more abstract perspective within linear algebra, the set of all differentiable functions forms a vector
space, and the differentiation operator D = % acts as a linear operator on this space. The kernel of D—
the set of functions mapped to zero by ID—consists precisely of the constant functions. Finding the
indefinite integral of a function f(z) is equivalent to finding the pre-image of f(z) under the operator D.
If Fy(z) is one particular solution such that D(Fy) = f, then the set of all solutions (i.e., all antiderivatives

of f)is given by:
Fﬂ(:}[}) —+ kEI‘(D) = Fg(:l:) + O

This set is known as a coset of the kernel, providing a deeper structural understanding of why the constant

of integration appears in every indefinite integral.

14.1.3 Notation and Terminology for Indefinite Integrals

The standard notation used to represent the indefinite integral (the family of all antiderivatives)
of a function f(x) with respect to the variable x is:

/ f(z)dz
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The components of this notation are:

e [: The integral sign, derived from a stylized letter 'S' (for summa or sum), signifying the
integration process.

e f{(x): The integrand, which is the function being integrated.

e dx: The differential of the variable x. This crucial part of the notation indicates that x is the
variable of integration. It is not merely decorative; it specifies with respect to which
variable the integration is performed, which is essential when functions involve multiple
variables. For example,

/2:{:(1:1:::1:2-1—0, whereas fZ:cdt:Qa:t—i—C

(treating x as a constant with respect to t). The dx also relates to the concept of differentials
and plays an active role in techniques like integration by substitution. Furthermore, it
conceptually links to the infinitesimal width of rectangles in the definition of the definite
integral.

Using this notation, the definition of the indefinite integral is concisely expressed as:
ff(a:) dz = F(z)+C ifandonlyif F'(z)= f(z)

The process of finding Jf(x)dx is called integration or integrating f(x). It is essential to distinguish
the indefinite integral, which yields a family of functions , from the definite integral

./a‘bf(:r) dz

which yields a single numerical value representing net signed area.

14.2 FINDING ANTIDERIVATIVES OF BASIC FUNCTIONS

The process of finding antiderivatives relies heavily on reversing known differentiation rules.

14.2.1 The Reverse Power Rule (Polynomials and xn)

Recall the power rule for differentiation:

To reverse this, we seek a function whose derivative is ™. Consider the function 2™ L. Its derivative is:

d

a(:ﬂn—l) =(n+1)z"

This is almost 2™, differing only by the multiplicative factor (n + 1). To compensate for this factor, we

divide "™ by (n + 1).
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This gives us the reverse power rule for integration, valid for any real number n. # —1:

m'.'H-l
/mndm= +C, (n#-1)

n+1
Examples:

e Forn=23:

z
3+1 4

e Forn = % (square root):

f d f Vigpn B LT 2 +C
e r/ e e = —1
Tar T 1271 3/2 3

e Forn = 0 (constant function z° = 1):

flda:zfﬂ:“d:nz cablh
0+1

More generally, for any constant k,

+C=z+C

fkd:czk:r—l—C

The case n = —1 requires separate consideration because the formula involves division by n + 1 = 0. We

1
/$_1d$=fdm
T

Recall that the derivative of the natural logarithm function is:

d 1
—(Inz)=— forz >0
dx z

seek:

However, the function f(z) = i is also defined for z < 0. The function In |z| has the derivative % for both

x > 0 and x < 0. Therefore, the antiderivative is:

1
f—d:l::ln|.7;—i—0
T

The absolute value |x| is crucial to ensure the domain of the antiderivative matches the domain
of the integrand 1/x (all non-zero real numbers).

Using the linearity properties of integrals (discussed formally later but applied intuitively here),
we can integrate any polynomial function term by term. For example:
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4
/(ng—B]dngfmsdm—f8dm=9(%) —8:{:—1—0:23:4—83:—1—0

14.2.2 Antiderivatives of Exponential Functions (ex and ax)

The exponential function f(x) = €7 is unique in that it is its own derivative:

d

(o) =€

Reversing this immediately gives the antiderivative:
f edr=¢e"+C

For a general exponential function f(z) = a”, where a > 0 and a # 1, the derivative is:

d
dx

(") =a"lna

To find the antiderivative of a®, we need to account for the In a factor. Thus:

famdm=1a—+0

na

14.2.3 Antiderivatives of Basic Trigonometric Functions (sinx,cosx)

Recalling the derivatives of basic trigonometric functions:
o L(sinz)=cosz

dx
o L(cosz)=—sinz

Reversing these leads directly to the antiderivatives:

¢ Since the derivative of sin x is cos x, we have:

/cos:cda: =sinz +C

¢ Since the derivative of cos z is — sin «, the derivative of — cos & must be —(— sinz) = sin z.

Therefore:

/sin:cd:z: = —cosz+C
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Antiderivatives for other trigonometric functions, such as tan z, sec z, etc,, can be derived using various

techniques, but they fundamentally rely on these basic results.

14.2.4 Table: Basic Indefinite Integrals

The fundamental antiderivative formulas derived from reversing differentiation rules are
essential tools. They are summarized in the table below for reference. These form the building
blocks for integrating more complex functions.

Function f(x) Indefinite Integral Condition
[f(x)dx
k (constant) kx+ C
xn s mn — ].
2L #
1.1 In x\
T ar P
ex e+ C
a* a”® a>0,a 7«‘L 1
Ina + C
sin x —cos x +C
COS X sinx +C
sec2x tan x + C
cse2x —cotx +C
sec X tan X secx +C
CSC X cot X —cscx +C

14.3 THE DEFINITE INTEGRAL: DEFINING AREA

While indefinite integrals yield families of functions (antiderivatives), definite integrals yield
numerical values. The concept of the definite integral arises from the geometric problem of
determining the area of a region bounded by a curve.

14.3.1 Approximating Area with Rectangles: Riemann Sums

Consider the problem of finding the exact area under the curve y=f(x) between the vertical lines
x=a and x=b, and above the x-axis (assuming f(x)>0 for simplicity initially). A strategy to
approximate this area involves dividing the interval [a,b] on the x-axis into n smaller
subintervals, each of width Ax=nb—a. Within each subinterval, say the i-th subinterval [xi—1,xi],
we choose a sample point xi*. We then construct a rectangle with width Ax and height f(xix), the
value of the function at the sample point. The area of this i-th rectangle is f(xi*)Ax.

The sum of the areas of all n such rectangles provides an approximation to the total area under
the curve:
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n

Approximate Area ~ Z flz}) Az

i=1
This sum is known as a Riemann Sum.""® Common choices for the sample points z include:

e Left endpoints:

T; = Ti
¢ Right endpoints:
T =z
e Midpoints:
P
x; = 5

Visualizing these sums shows rectangles that approximate the region under the curve.

14.3.2 The Limit of Riemann Sums: Formal Definition of the Definite Integral

Intuitively, as the number of rectangles n increases, the width of each rectangle Ax decreases,
and the approximation of the area becomes more accurate. The exact area is obtained by taking
the limit of the Riemann sum as the number of subintervals approaches infinity (n—), provided
this limit exists and yields the same value regardless of how the sample points xi* are chosen
within each subinterval.

This limit defines the definite integral of f(x) from a to b:

b n
[ @) = lim 3 o) A
a =1

If this limit exists, the function f(x) is said to be integrable on the interval [a,b]. A fundamental
result in calculus states that if a function f(x) is continuous on a closed interval [a,b], then it is
integrable on that interval. This ensures that the definite integral is well-defined for a wide class
of functions commonly encountered.

14.3.3 Geometric Interpretation: Net Signed Area

fa b f(z)dz

has a precise geometric interpretation: it represents the net signed area between the graph of
y=f(x) and the x-axis over the interval [a,b].

The definite integral

The term "net signed" is crucial.
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e If f(x)>0 on a subinterval, the area between the curve and the x-axis in that region
contributes positively to the integral.

e If f(x)<O on a subinterval, the area between the curve and the x-axis in that region
contributes negatively to the integral.

The definite integral calculates the sum of the areas above the x-axis minus the sum of the areas
below the x-axis. If the function is always non-negative on [a,b], the definite integral simply
represents the geometric area under the curve.

14.3.4 Notation and Terminology for Definite Integrals

fa b F(z) dz

The notation for the definite integral is:

The components are:

|: The integral sign.

a: The lower limit of integration, representing the start of the interval.

b: The upper limit of integration, representing the end of the interval.

f(x): The integrand, the function whose net signed area is being calculated.

dx: The differential, indicating the variable of integration (x). As with indefinite integrals,
this specifies the variable with respect to which the integration (accumulation) occurs.

Unlike the indefinite integral, which results in a family of functions (F(x)+C), the definite
integral Jabf(x)dx evaluates to a single numerical value, representing the net signed area.

14.4 THE FUNDAMENTAL THEOREM OF CALCULUS (FTC)

The Fundamental Theorem of Calculus (FTC) stands as a cornerstone of calculus, establishing a
profound and essential link between the seemingly disparate concepts of differentiation (rates of
change) and integration (accumulation, area). It provides a remarkably efficient method for
evaluating definite integrals, bypassing the cumbersome process of calculating limits of Riemann

sums, by utilizing antiderivatives. The theorem consists of two related parts, often referred to as
FTC Part 1 and FTC Part 2.

14.4.1 Bridging Differentiation and Integration

Before the FTC, differentiation and integration were developed largely independently.
Differentiation focused on instantaneous rates of change and tangents, while integration focused
on calculating areas and volumes through summation processes. The FTC revealed these two
processes to be inverses of each other, unifying the field of calculus.

14.4.2 FTC Part 1: The Derivative of an Accumulation Function

Consider a function defined by an integral with a variable upper limit, known as an accumulation
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function:
G(z) =/ f(t)dt

Here, a is a fixed constant lower limit, and x is the variable upper limit. G(x) represents the
accumulated net signed area under the curve y=f(t) from t=a to t=x. The value of G(x) changes as
x changes.

FTC Part 1 states: If f is a continuous function on an interval [a,b], then the accumulation
function

G(z) = f oy

is continuous on [a,b] and differentiable on (a,b), and its derivative is given by:

G'(z) - % [f: f(t)dt] = f(x)

Interpretation: This remarkable result states that the rate of change of the accumulated area
under f up to x is precisely the value of the function f at x. Differentiating the integral with
respect to its upper limit effectively cancels the integration process, returning the original
integrand evaluated at the upper limit.

A significant consequence of FTC Part 1 is that it guarantees the existence of an antiderivative
for any continuous function. By definition, an antiderivative of f(x) is a function whose
derivative is f(x). FTC Part 1 explicitly constructs such a function:

G(z) = / £(t) dt.

Even if this integral cannot be expressed in terms of elementary functions (like polynomials,
exponentials, logarithms, trigonometric functions, and their combinations), as is the case for
integrands like

_-2 -
et or tsint

the function G(x) defined by the integral is a valid antiderivative. This resolves the theoretical
question of whether every continuous function has an antiderivative — the answer is yes, and FTC
Part 1 provides the construction.

14.4.3 FTC Part 2: Evaluating Definite Integrals via Antiderivatives

While FTC Part 1 is theoretically profound, FTC Part 2 (often called the Evaluation Theorem)
provides the practical tool for calculating definite integrals.

FTC Part 2 states: If f is continuous on the closed interval [a,b] and F is any antiderivative of f on

that interval (meaning F'(x)=f(x) for all x in [a,b]), then:
b
[ t@)de = FO) - F(@)
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The difference F(b)—F(a) is often denoted using evaluation notation:

F(b) - F(a) = [F(2)]! = F()|"

Significance: This theorem provides a powerful shortcut for computing definite integrals.
Instead of dealing with Riemann sums, one simply needs to:

e Find any antiderivative F(x) of the integrand f(x).
¢ Evaluate this antiderivative at the upper limit (b) and the lower limit (a).
e Subtract the value at the lower limit from the value at the upper limit.

Crucially, any antiderivative works because the constant of integration C always cancels out in
the subtraction:

[F(z) +C)? = (F(b) + C) — (F(a) + C) = F(b) + C — F(a) — C = F(b) — F(a)

Therefore, when using FTC Part 2, we typically choose the simplest antiderivative (the one with
C=0).

The two parts of the FTC are intimately related. FTC Part 2 can be derived from FTC Part 1.
Since G(x)=[axf(t)dt is an antiderivative of f(x) by FTC Part 1, and F(x) is also an antiderivative,
they must differ by a constant: F(x)=G(x)+K. Evaluating this from a to b:

F(b) — F(a) = (G(b) + K) — (G(a) + K) = G(b) — G(a)
By definition of
Glz), G(b) = f: [(#)dt and G(a)= f f(t)dt =0
Thus,
F(b) - Fla) = fabf(t}dt 0= /:f(t)dt

14.5 PROPERTIES OF THE DEFINITE INTEGRAL

Definite integrals possess several algebraic properties that facilitate their calculation and
manipulation. These properties often stem from corresponding properties of summations (used in
Riemann sums) and limits. Assume f and g are integrable functions on the relevant intervals and

k is a constant.

14.5.1 Linearity (Constants and Sums/Differences)
The definite integral is a linear operator:

e Constant Multiple Rule: The integral of a constant times a function is the constant times
the integral of the function.
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b b
f kf(z) de = k / f(z)dz (by analogy)

Sum/Difference Rule: The integral of a sum (or difference) of functions is the sum (or
difference) of their integrals.

/:[f(a:) + g(z)| de = f:f(a;) da + f:g(m) dz  (by analogy)

This rule extends to any finite number of terms. These linearity properties allow us to break
down complex integrals into simpler parts.

14.5.2 Additivity over Intervals

If ¢ is any point between a and b, the integral from a to b can be split into two integrals, one from
a to ¢ and another from c to b:

/:f(:ﬂdm:ch(m}dm—i—fcbf(a:)dm (wherea < ¢ < b)

Geometrically, this means the total net signed area over [a,b] is the sum of the net signed areas
over [a,c] and [c,b]. This property holds even if ¢ is not between a and b, provided f is integrable
on the largest interval involved.

14.5.3 Other Key Properties (Zero Width, Reversing Limits, Comparison)

Several other useful properties include:

Zero-Width Interval: If the upper and lower limits are the same, the integral is zero.
faaf(x)dXZO This makes sense geometrically (zero area) and from FTC Part 2 (F(a)—F(a)=0).
Reversing Limits: Swapping the limits of integration negates the value of the integral.

fbaf(a:)d:s:_f:f(m)dm

This follows from FTC Part 2: F(a)—F(b) = —(F(b) — F(a)).

Comparison Properties: These relate the values of integrals based on the values of the
integrands.

e If f(z) > Oforallz € [a,b], then

f:f(a:)d:rzﬂ

(Non-negative functions have non-negative net signed areas.)

o If f(z) > g(z) forall z € [a,b], then

f:f(fc)dm > /:g(m)dm

(The definite integral preserves inequalities.)
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o Ifm < f(z) < M forall z € [a, b], then

b
m(b— a) gf f(z)dz < M(b—a)
(Bounds on the function lead to bounds on the inteqral)

14.5.4 Table: Properties of Definite Integrals

The operational rules for definite integrals are summarized below.

Property Formula Condition
Zero Width / ’ fz)dz =0
Constant Multiple /"5 kf(z)de — k fb f2)d k is constant
€I I = xI €I
Sum/Difference [ 15 = g@)ds = [ s@rde= [ g(o) e
e . e b b .
Additivity f flz)dz + /' f(a)do — / f(z) da f integrable on
a c a intervals

containing a,b,c

Reversing Limits /‘ﬂ /b a<b (or generally)
dz = — d
) f (1’) T j i (1:) T
Comparison (Non- b a<b
negativity) if f(z) = Oon [a,B], thenl f(z)dz >0
: i b
Comparison (General) it f(z) > g(z) on [a, b, then f f(z)dz > f 9(z)da a<b
Bounding 2<b

Ifm < f(z) < M on [a,b], thenm(b — a) gfbf(:c)dﬂ: <
M(b—a) ’

14.6 APPLYING THE FUNDAMENTAL THEOREM: EXAMPLES
The primary method for evaluating definite integrals relies on FTC Part 2.

14.6.1 Calculating Definite Integrals using FTC Part 2
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The procedure involves the following steps :

1. Identify: Determine the integrand f(x) and the limits of integration, a (lower) and b (upper).

2. Find Antiderivative: Find any antiderivative F(x) of f(x). Typically, choose the simplest
one by setting the constant of integration C=0.

3. Evaluate: Compute the values of the antiderivative F(x) at the upper limit, F(b), and the
lower limit, F(a).

4. Subtract: Calculate the difference F(b)—F(a). This difference is the value of the definite
integral Jabf(x)dx.

14.6.2 Worked Examples (Polynomial, Trigonometric, Exponential Integrands)

Let's illustrate this procedure with examples involving common function types.

Example 1 (Polynomial): Evaluate

/13(3:2 +1)dz

1. Integrand f(z) = 2% + 1. Limitsa = 1,b = 3.

2. Anantiderivative of 2 is 2z°. An antiderivative of 1 is z. So, an antiderivative of f(z)is

3

1
F($)=§E3+$

3. Evaluate F'(z) at the limits:

O F(3)=1-27+3=9+3=12
1 1 4
4. Subtract:
3
4 36 4 32
2
[ @ 1de=F@) - FO) 1L s

Example 2 (Trigonometric): Evaluate

/2
f cos(z) dz
0

1. Integrand f(z) = cosz. Limitsa = 0, b = 3.
2. An antiderivative of cos x is F'(x) = sin z.
3. Evaluate F'(x) at the limits:

0 F(5) =sin(3) =1

O F(0) = sin(0) = 0
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4. Subtract:

Example 3 (Exponential): Evaluate

1
/ e’ dzx
0

1. Integrand f(z) = €”. Limitsa = 0,b = 1.
2. An antiderivative of e” is F'(z) = e”.
3. Evaluate F'(z) at the limits:
O F(1)=e¢l' =e
O F(0)=¢"=1
4. Subtract:

Example 4 (Using Properties): Evaluate
2
f (3z% — 2¢%)dx
0

1. Use linearity property:

2 2 2 2 2
/ (32 — 2e") dz = f 32° dz —/ 2e" dx = 3/ z* do — Qf e’ dz
0 0 0 0 0

2. Antiderivatives:
Fi(z) = % for 22, and Fy(z) = e® for e”

3. Apply FTC Part 2 to each part:
237’
3| 3| —20e = 0 - 2
0

4. Evaluate and subtract:

=(22-0%) 22 —1)=(8—0) —2(e* — 1) =8 — 2 + 2 = 10 — 2¢*
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These examples demonstrate the power and efficiency of the Fundamental Theorem of Calculus
for evaluating definite integrals of functions whose antiderivatives are known.

14.7 A BRIEF LOOK AT NUMERICAL INTEGRATION

While the Fundamental Theorem of Calculus provides an elegant method for evaluating definite
integrals, its application hinges on the ability to find an antiderivative F(x) for the integrand f(x).

14.7.1 Motivation: When Antiderivatives Are Hard to Find

There are many functions for which an antiderivative cannot be expressed in terms of elementary
functions (polynomials, rational functions, roots, exponential, logarithmic, trigonometric, and
inverse trigonometric functions, and their combinations). Famous examples include f(x)=e—x?
(related to the Gaussian or error function used in statistics), f(x)=xsinx (related to the sine
integral function used in signal processing), and f(x)=1+x*.

Although FTC Part 1 guarantees that these continuous functions do have antiderivatives (namely,
their accumulation functions), these antiderivatives are not elementary. Consequently, FTC Part
2 cannot be directly applied using standard functional forms. Furthermore, in many scientific and
engineering applications, a function might only be known through a set of discrete data points
obtained from measurements or simulations. In such cases, an explicit formula for the function is
unavailable, making symbolic integration impossible.

These situations necessitate the use of numerical integration (also known as numerical
quadrature) methods, which provide techniques to approximate the value of a definite integral
[abf(x)dx.

14.7.2 Overview of Approximation Techniques (e.g., Trapezoidal Rule)

Numerical integration methods typically work by dividing the interval [a,b] into subintervals and
approximating the area under the curve within each subinterval using simple geometric shapes
whose areas are easy to calculate. The sum of these areas then approximates the total integral.
These methods essentially provide numerical approximations to the limit of Riemann sums.

Common methods include:

e Riemann Sums (Left, Right, Midpoint): As discussed in the definition of the definite
integral, these use rectangles. While simple, they often require a very large number of
subintervals for good accuracy.

e Trapezoidal Rule:

This method approximates the area in each subinterval [z;_1, ;] using a trapezoid formed by connecting

the points (z;_1, f(z;_1)) and (z;, f(x;)) with a straight line segment. The area of such a trapezoid is:

S (@) + (@) A
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Summing these trapezoidal areas over all subintervals often yields a better approximation
than basic Riemann sums for the same number of intervals, particularly when the function
f(x) is reasonably smooth.

e Simpson's Rule: This more sophisticated method approximates the function within pairs of
subintervals using parabolic segments rather than straight lines (trapezoids) or horizontal
lines (rectangles). It typically provides significantly higher accuracy than the Trapezoidal
Rule for smooth functions, given the same number of function evaluations.

These numerical methods rely solely on evaluating the integrand f(x) at specific points within the
interval [a,b]. The accuracy of the approximation generally increases as the number of
subintervals (and thus function evaluations) increases. The choice of method often depends on
the desired accuracy, the nature of the function (smoothness, availability of derivatives), and
computational cost.

Antiderivative

The function whose derivative
|s the integrand

Constant of Integration
Accounts for lost constant
) information
Indefinite Integral
The family of all antiderivatives

Deﬁnlte Integral

Numerical value representing
area

Figure 14.1. Hierarchy of Integration Concepts

14.8 CHECK YOUR PROGRESS - A

Q1. What is reverse differentiation?

Q2. Provide answers to the following MCQs: -
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1)

2)

3)

4)

5)

6)

7)

8)

9)

The integral |2xdx equals:

a)2x*+C

b)x2+C

c)x+C

d) x?

What does the constant of integration represent?
a) Slope of a line

b) Arbitrary vertical shift

c¢) Area under the curve

d) Derivative of a function

Which of the following is true about definite integrals?
a) They yield a function

b) They require a constant of integration

c¢) They produce a numerical value

d) They have no geometric meaning

The Fundamental Theorem of Calculus Part 2 states:
a) Derivative of [,* f(t)dt is f(x)

b) [,* f(x)dx = F(b) — F(a)

¢) [f(x)dx = Inx| + C

d) Derivative of In(x) is x

The Trapezoidal Rule approximates area using:
a) Rectangles

b) Parabolas

c) Triangles

d) Trapezoids

fo! e* dx equals:

a)l

b)e

c)e—1

d) In(e)

The reverse power rule is valid for all n except:
a)l

b) 0

c)—1

d)2

The definite integral J,* f(x) dx is zero when:
a)a=b

b) f(x) is constant

c)f(x)=0

d) f(x) has a minimum at a

Which of the following is used when antiderivatives cannot be found easily?

a) Chain Rule

b) FTC Part 1

¢) Numerical Integration
d) Constant of Integration
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14.9 SUMMARY

This unit has laid the groundwork for integral calculus by introducing the core concepts of
antiderivatives and definite integrals. The antiderivative reverses the process of differentiation.
The indefinite integral, denoted

[ f(@)da,
represents the entire family of antiderivatives, expressed as

F(z)+C, where F'(z)= f(z)
and CCC is the constant of integration accounting for the ambiguity inherent in
antidifferentiation. Basic antiderivative formulas for polynomial, exponential, and trigonometric
functions were developed by reversing familiar differentiation rules. These provide essential

tools for constructing antiderivatives and solving problems involving accumulation and motion.
The definite integral, denoted
b
[ @)
a

was formally defined as the limit of Riemann sums. It represents the net signed area between the
graph of y = f(x) and the x-axis, over the interval from x = a to x = b. This interpretation bridges
calculus with geometric intuition. The Fundamental Theorem of Calculus (FTC) forms the
crucial link between differentiation and integration. FTC Part 1 establishes that the derivative of

an accumulation function
I
[ rwa
a

with respect to x is f(x), thereby guaranteeing the existence of antiderivatives for continuous
functions. FTC Part 2 provides a practical method for evaluating definite integrals:

/ f(z)dz = F(b) — F(a)

where FFF is any antiderivative of f.

Key properties of definite integrals were also discussed, such as linearity and additivity over
intervals, which facilitate manipulation and simplify the process of evaluating integrals across
subintervals. Worked examples illustrated the use of FTC Part 2 to compute definite integrals
efficiently. These examples reinforced both the theoretical understanding and practical skills
needed to apply the theorem in a variety of contexts. Finally, the unit emphasized the necessity
of numerical integration methods—such as Riemann sums, the Trapezoidal Rule, and Simpson’s
Rule—for situations where finding a closed-form antiderivative is impossible or impractical.
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14.10 GLOSSARY

Integration — The inverse operation of differentiation; used to find areas, accumulation,
and total change.

Antiderivative — A function whose derivative equals the given function.

Indefinite Integral — The general form of an antiderivative, written as [f(x)dx = F(x) +
C.

Constant of Integration (C) — The arbitrary constant included in indefinite integrals.
Definite Integral — A numerical value representing the net area under a curve from a to
b, denoted [,* f(x) dx.

Integrand — The function being integrated.

Riemann Sum — A method for approximating the area under a curve by summing
rectangles.

Fundamental Theorem of Calculus (FTC) — The key theorem connecting
differentiation and integration.

FTC Part 1 — States that the derivative of an accumulation function equals the original
function.

FTC Part 2 — Provides a method for evaluating definite integrals using antiderivatives.
Linearity of Integration — The rule that integration distributes over addition and scalar
multiplication.

Net Signed Area — The total area under a curve, accounting for areas above and below
the x-axis.

Trapezoidal Rule — A numerical method that approximates area under a curve using
trapezoids.

Simpson’s Rule — A higher-order numerical method using parabolic arcs to approximate
integrals.

Additivity of Integrals — The integral over [a, b] can be split into integrals over [a, c]
and [c, b].

14.11 ANSWERS TO CHECK YOUR PROGRESS

Check Your Progress — A

Q2. Answers of MCQs: -

1)
2)
3)
4)
S)
6)
7)
8)
9

Answer: b) x>+ C

Answer: b) Arbitrary vertical shift
Answer: c) They produce a numerical value
Answer: b) [, f(x)dx = F(b) — F(a)
Answer: d) Trapezoids

Answer:c)e — 1

Answer: c) —1

Answer:a)a=>b

Answer: c¢) Numerical Integration
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14.14 TERMINAL QUESTIONS

Define integration and explain its relationship with differentiation.

What is the significance of the constant of integration in indefinite integrals?
Explain the reverse power rule with an example.

Differentiate between indefinite and definite integrals with examples.

State and explain the Fundamental Theorem of Calculus Part 1.

Use FTC Part 2 to evaluate [, (x> + 1) dx.

What does the definite integral J,* f(x) dx represent geometrically?

Describe how Riemann sums are used to approximate definite integrals.
Explain the Trapezoidal Rule and provide an example of its use.

0. State the additivity and linearity properties of definite integrals and explain with
examples.
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Unit XV
Techniques of Integration

Contents

15.1 Introduction: The Need for Advanced Integration Techniques
15.2 Integration by Substitution (The Reverse Chain Rule)
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15.5 Check Your Progress — A

15.6 Summary

15.7 Glossary

15.8 Answers to Check Your Progress

15.9 References

15.10 Suggested Readings

15.11 Terminal Questions

Learning Objectives

After reading this unit learners will be able to learn:

% To apply substitution as the reverse of the chain rule for solving integrals.
% To use integration by parts to evaluate integrals involving products of functions.
% To perform definite integrals using substitution and parts, handling limits appropriately.

s To recognize patterns and strategically choose integration techniques (e.g., using LIATE

rule).

¢ To handle complex, repeated, or cyclic integrals through structured integration strategies.



15.1 INTRODUCTION: THE NEED FOR ADVANCED INTEGRATION
TECHNIQUES

The process of differentiation in calculus is largely algorithmic. Given an elementary function
constructed through arithmetic operations and compositions, rules such as the Product Rule,
Quotient Rule, and Chain Rule provide systematic procedures for finding its derivative.
Integration, the process of finding an antiderivative, presents a fundamentally different
challenge. While we possess a table of basic integrals derived directly from reversing
differentiation rules (e.g.,

wn+1
?ld pm— —1
fa: = +C (n#-1)

fcos(m) dz = sin(z) + C

[emdzczew—l—c

these formulas alone are insufficient for integrating a vast array of more complex functions
encountered in mathematics and its applications.

Many functions, particularly those involving products, quotients, or compositions of simpler
functions, cannot be integrated by merely consulting a basic table of antiderivatives. Consider

integrals such as
1 z?
/3: cos(z) dzx, /ln(a:) dz, or f dx
x

Evaluating these requires more sophisticated approaches. The inherent difficulty lies in the
nature of integration as an inverse operation; finding a function whose rate of change is known is
less straightforward than finding the rate of change of a known function. Unlike differentiation,
there is no universal set of rules that can algorithmically integrate every combination of
elementary functions.

This unit introduces two foundational techniques that significantly broaden the scope of
functions amenable to analytical integration: Integration by Substitution (often called u-
Substitution) and Integration by Parts. These methods do not provide direct answers like
differentiation rules but offer systematic strategies for transforming complex integrals into
simpler, recognizable forms that can be solved using basic antiderivative formulas. Integration
by Substitution is primarily employed to reverse the effect of the Chain Rule, making it
particularly useful for integrands involving composite functions. Integration by Parts reverses the
Product Rule and is typically applied to integrands that are products of functions. Mastering
these two techniques is essential for progressing in calculus and applying its principles in various
scientific and engineering disciplines.
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15.2 INTEGRATION BY SUBSTITUTION (THE REVERSE CHAIN RULE)
Integration by Substitution provides a method for simplifying integrals, particularly those
involving composite functions, by changing the variable of integration. Its theoretical foundation
lies in the Chain Rule for differentiation.

15.2.1 Theoretical Basis: Derivation from the Chain Rule

The Chain Rule states that the derivative of a composite function F(g(x)) is given by:

2 1F@)] = Flo@) ¢ (@)

Integrating both sides of this equation with respect to x, we obtain:

]{%WMWOM=[FMWGWME

According to the Fundamental Theorem of Calculus, the integral of a derivative of a function
yields the function itself (plus a constant of integration). Therefore, the left side simplifies to
F(g(x))+C. This leads to the relationship:

fﬁwmngmmm=Fwwn+c

This equation reveals that if the integrand can be recognized as the derivative of an outer
function F evaluated at an inner function g(x), multiplied by the derivative of the inner function
g'(x), then the antiderivative is simply the outer function evaluated at the inner function, F(g(x)).
This process effectively reverses the Chain Rule.

15.2.2 The Substitution Formula: Indefinite Integrals

To apply this principle systematically, we introduce a substitution. Let the inner function be
u=g(x). The differential of u, denoted as du, is defined by the relationship
Let du = ¢'(x) dx.

If we let f=F' represent the derivative of the outer function (meaning F is an antiderivative of f),

then the integral
[ Fla@) o) da

can be rewritten using the substitution
u = g(x)and du = ¢'(z) dx.

[ #a@) 9@z = [ 1) du

This formula transforms the integral from the variable x to the variable u. The goal is that the
resulting integral, [f(u)du, is simpler and can be evaluated using basic integration rules.19 After
finding the antiderivative in terms of u, we substitute back u=g(x) to express the final result in

The formula becomes:
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terms of the original variable x.

15.2.3 Step-by-Step Procedure for Applying u-Substitution

The application of the substitution rule involves a sequence of steps:

1.

Choose 'u': Carefully examine the integrand to identify a suitable inner function u=g(x).
Common candidates for u include expressions within parentheses, under a radical sign, in
an exponent, or in the denominator of a fraction. A crucial aspect of this choice is that the
derivative of u, g'(x) (or a constant multiple thereof), must also be present as a factor in the
integrand. Recognizing this relationship is key to a successful substitution.

Find 'du': Calculate the differential du by differentiating u with respect to x and
multiplying by

du = ¢'(z)dx

Substitute: Replace g(x) with u and the term g'(x)dx with du in the integral. It is essential
that all terms involving x and dx are converted into expressions involving only u and du.
This step might require algebraic manipulation. For instance, if the integrand contains
k-g'(x)dx where k is a constant, we can use

k-du=kFk-g(z)dx

If only part of g’(z) dz is present (e.g.,  dx when du = 2z dz), solve the differential equation for the

required term (e.g.,  dx = %du).

Constant factors can be moved outside the integral sign. In some cases, if extra factors
involving x remain, one might need to express them in terms of u using the original
substitution equation u=g(x).

Integrate: Evaluate the transformed integral [f(u)du with respect to the new variable u. This
integral should be significantly simpler than the original integral if the substitution was
chosen effectively.

Back-substitute: Replace u with the original expression g(x) in the result obtained in Step
4. This returns the antiderivative to the original variable x. Finally, add the constant of
integration, C, for indefinite integrals.

The power of u-substitution lies in its ability to systematically simplify integrals by leveraging
the relationship between an inner function and its derivative within the integrand. While the ideal
scenario is finding an integrand precisely in the form f(g(x))g'(x), the method is flexible.
Adjustments for constant multiples are common. More complex scenarios might involve solving
the differential relation du=g'(x)dx for the exact term present in the integral (like xdx) or even
expressing leftover x terms via the substitution u=g(x). This underscores that substitution is a

strategic transformation process, aiming to convert the integral entirely into the 'u' variable space
where it becomes more manageable, rather than just a simple pattern match.
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15.2.4 Examples: Indefinite Integrals

Several examples illustrate the application of u-substitution to indefinite integrals across various
function types:
e Polynomial Example:
Evaluate [ 18z%(6z* + 5)*dz.
Let u = 6x® + 5. Then du = 18z%dx. The integral perfectly matches the form fulfqdu.

u®/4 4

/ E /4 4 E/
f 1827 (62° + 5)!/*dx = ful-‘4du = 5/ +C= gu"-‘” +C = g(ﬁzs +5)P1+C

e Polynomial Example with Constant Adjustment:
Evaluate [ 2*(3 — 10z°)*dz.
Letu = 3 — 10z3. Then du = —30z%dz.

The integral contains z2dz, but not the factor -30.

We solve for z2dz: x2dx = ;—Sd’u.

/(3— 102%)! (22dz) = fu4 (;—;du) _ ;_;ftﬁdu

1

= “Vic-—Lwio- L (3-102% +C
~ 30 \5 ~ 150" =~ 150 *

e Trigonometric Example:
Evaluate [(1 — 1) cos(w — Inw)dw.
letw = w — Inw. Thendu = (1 — 1)dw.

/cos(w — Inw) (1 — %) dw = fcos(u)du = sin(u) + C = sin(w —Inw) + C

e Trigonometric Example (Implied Substitution):
Evaluate [ tan(z) dz.
Rewrite as | sin(@) gy,

cos(z)

Let u = cos(x). Then du = — sin(z) dz,

sosin(z)de = —du.

/zi)z((z))dmzf;i(—du)=—fédu=_1n|u|+g

= —1In|cos(z)| + C =In|cos(z)| ' + C = In|sec(z)| + C
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Exponential Example:
Evaluate [ 3(8y — 1)843”2_9 dy.

Let u = 4y® — y. Then du = (8y — 1) dy.

f3(89 — 1) Vdy = 3fe“ du=3e"+C=3e%"V+C

Exponential/Rational Example:

Evaluate f He—fda:

Letu = 1 + €® Then du = " dz.

1 1
/ (emdm)=/—du=ln|u|—|—0=ln|1—|—em|—I—C=ln(l—|—em)—|—c
1+e” u

(Absolute value is unnecessary since 1 + €* is always positive.)

Logarithmic Example:
Evaluate [ zIn(z) dz.

Let w = In(z). Then du = i dz.
1 1, 1
In(z)-| —dz | = udu=§u —|—C=§(ln:c] +C
x

Radical Example:

Evaluate [ ﬁ dz.
Rewrite as [ z(1 — 4z?)~'/2dz.

Lletw = 1 — 4z? Then du = —8x dx, which implies z dx = _Tl du.
2\-1/2 apf L 1 ~1/2
(1—4z") "“(zdz) = [ u ' —gdu =-g/u du
1 ul,-’2 1 1/2 1 1/2 1 2
——5(1/—2)4‘0—5(2% )+C—71’u +C—f1\fl—4$ +C

More Complex Substitution:

Evaluate f z3/1 — 22 dz.

letw = 1 — z2. Thendu = — 2z dz, so xz dx = %ldu.

We still have a factor of 22 left in the integrand (since =2 2)

2

Fromu=1—=x ,WEgEtiI?Q =1—u
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15.2.5 Applying Substitution to Definite Integrals

When using u-substitution to evaluate a definite integral |abf(g(x))g'(x)dx, the limits of
integration, x=a and x=b, must be handled correctly. There are two standard approaches.

15.2.5.1 Method 1: Changing the Limits of Integration

This method involves transforming the original limits of integration (which are x-values) into
corresponding limits for the new variable u. If u=g(x), the new lower limit becomes ul=g(a) and
the new upper limit becomes u,=g(b). The definite integral is then evaluated entirely in terms of
u:

g

b (b)
| fe@nd@i= [ s

a gla
Let F(u) be an antiderivative of f(u). The evaluation is then performed as F(g(b))—F(g(a)).
The primary advantage of this method is that it eliminates the need to substitute g(x) back for u
after integration. The entire problem, including the limits, is translated into the u-domain. The
definite integral [ab...dx represents an accumulation as x varies from a to b. The substitution
u=g(x) maps this interval [a,b] in the x-domain to the interval [g(a),g(b)] in the u-domain. The
transformed integral Jg(a)g(b)...du represents the same net accumulation, calculated with respect
to u. Applying the Fundamental Theorem of Calculus in the u-domain, F(g(b))—F(g(a)), yields
the same numerical result as applying it to the original integral in the x-domain (if it were
possible directly). This confirms that changing the limits correctly preserves the value of the
integral.

It is important to note that the new upper limit g(b) might be numerically smaller than the new
lower limit g(a). In such cases, the evaluation F(g(b))—F(g(a)) proceeds as written. There is no
need to swap the limits, as the standard property

ff(u)dw—ff(u)du

is implicitly handled by the direct evaluation.
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15.2.5.2 Method 2: Back-Substitution using Original Limits

Alternatively, one can first find the indefinite integral using u-substitution, then back-substitute
to express the antiderivative in terms of x, and finally evaluate this antiderivative using the

original limits x=a and x=b.

1. Find the indefinite integral:
[ 162 g @)tz = [ f@)du=Flw)+C

2. Back-substitute:
F(g(z)) +C

3. Evaluate using original limits:

[F(g(z))]s = F(g(b)) — F(g(a))

This method might feel more direct if one prefers to compute the indefinite integral first.
However, it requires the additional step of back-substitution before the final evaluation, which is

avoided in Method 1.
15.2.6 Examples: Definite Integrals

Let's illustrate both methods with examples:

e Example 1:

Evaluate f; z sin(z?) dz.

letu = x2, sodu = 2z dz, meaning ¢ dx = %du.

O Method 1 (Changing Limits):
Whenz = 2, u = 22 = 4.
When z = 4, u = 4% = 16.

The integral becomes:

16 1 116 1
/; sin(u) (Edu) = 5/4 sin(u) du = 5[— cos(u)]®

= %(— cos(16) — (—cos(4))) = %(cos(‘i) — cos(16))

O Method 2 (Back-Substitution):
First, find the indefinite integral:

1 1 1
fmsin(m2) dr = fsin(u] (idu) =3 cos(u) + C = ) cos(z®) + C
Now evaluate using original limits:
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[ aeos@)] = (~peosta) — (peost?)

= —% cos(16) + %cos(/-l) = %(cos(ﬁl) — cos(16))

Both methods yield the same result.

e Example 2:

1 2z
Evaluate fo 14;: dz.

Recognize €2 = (e®)?. Letu = €. Then du = e"dz.

O Method 1 (Changing Limits):
Whenz = 0,u=¢" = 1.
Whenz = lL,u=¢e! =e

The integral becomes:

1
f du = [arctan(u)]; = arctan(e) — arctan(1) = arctan(e) — 7

1+ u?

e Example 3:
Evaluate fle In(z) dz.
Let u = In(z). Then du = 1 dz.

O Method 1 (Changing Limits):
Whenz =1, u = In(1) = 0.
Whenz = e, u = In(e) = 1.
The integral becomes:

1

1
1 1 1 1
fudu:[—ﬁ] =—.12—_.0%=_
0 2 [, 2 2 2

4

@
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/
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Figure 15.1. Integration by substitution
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15.3. INTEGRATION BY PARTS (THE REVERSE PRODUCT RULE)
Integration by Parts is the second major technique for simplifying integrals, particularly those
involving products of functions. It is derived by reversing the Product Rule for differentiation.

15.3.1 Theoretical Basis: Derivation from the Product Rule

The Product Rule for differentiating the product of two functions u(x) and v(x) is:

£ lu(z)o(a)] = (@)v(a) + ulzh/(@)

Integrating both sides with respect to x:

f (%[u(m)v(w}]) dz = / v (z)o(z) dz + f u(@)v'(z) dz

The integral of the derivative on the left side is simply u(x)v(x) (we omit the constant of
integration during the derivation). This gives:

u(z)(z) = f ' (z)v(z) dz + / u(z)v'(z) dz

Rearranging this equation to isolate one of the integrals, typically Ju(x)v(x)dx, yields the
Integration by Parts formula:

f w(z)v'(z) de = u(z)v(z) — f v(z)d (z) dz

15.3.2 The Integration by Parts Formula: Indefinite Integrals

For practical application, the formula is usually expressed using differential notation.
Letu = u(z) and dv = v'(z) dz. Then:

o du=d(z)dz
e v=[dv= [V(z)dr =v(z)

Substituting these into the derived equation gives the standard form:

fudv:uv—fvdu

The essence of this technique is to trade the original integral
f vdu,

for a new integral
f vdu,

plus the term uv which is already integrated. The success of the method depends on whether the
new integral

fudu

is simpler to evaluate than the original one.
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15.3.3 Strategy for Choosing 'u' and 'dv'

The critical step in applying Integration by Parts is the strategic selection of which part of the
integrand will be u and which part (including dx) will be dv. The primary goal is to make the
new integral, [vdu, easier to solve than the original integral, Judv. This simplification is typically
achieved by choosing u such that its derivative, du, is simpler (algebraically) than u itself, and
choosing dv such that it can be readily integrated to find v.

A widely used heuristic for choosing u is the LIATE (or ILATE) rule, which prioritizes function
types based on how they behave under differentiation and integration. The acronym stands for:

Logarithmic functions (e.g., In x, log;ox)

Inverse trigonometric functions (e.g., arcsinx, arctanx)
Algebraic functions (polynomials, roots, e.g., X, X2, X)
Trigonometric functions (e.g., sin X, cos X, sec’X)
Exponential functions (e.g., ex, 2X)

The strategy is to choose u as the function whose type appears earliest in this list within the
integrand. The remaining part of the integrand, including dx, becomes dv.

The rationale behind LIATE stems from the typical simplifications achieved through
differentiation versus integration for these function classes. Logarithmic and Inverse
Trigonometric functions usually yield simpler algebraic expressions upon differentiation,
whereas their integrals are often more complex (sometimes requiring integration by parts
themselves). Algebraic functions (specifically polynomials) simplify by reducing their degree
upon differentiation, while integration increases the degree. Trigonometric and Exponential
functions tend to retain their form or cycle between similar forms under both differentiation and
integration; their choice as u or dv often depends on the function they are paired with. If paired
with L, I, or A types, the T or E function is usually chosen as dv. If T and E functions are paired
together, the choice might lead to a cyclic integral solvable algebraically.

The following table summarizes the LIATE guideline:

Table 1: LIATE Guideline for Choosing 'u' in [ u dv

Priority Function Type Example Rationale for Typical dv
(u) Choosing as u
1 Logarithmic In(x) Derivative (1/x) Algebraic, dx
is algebraic
(simpler)
2 Inverse Trig arctan(x) Derivative Algebraic, dx
(1/(1+x?)) is
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algebraic

3 Algebraic X2, X

Derivative
reduces degree
(simpler)

Trig,
Exponential

4 Trigonometric sin(x)

Derivative
cycles (e.g.,
cos(x))

Exponential

5 Exponential e

Derivative
cycles (ex)

(Chosen as dv)

Source: Derived from principles discussed in.

It is crucial to remember that LIATE is a guideline, not an infallible rule. The fundamental
principle is always to select u and dv such that [vdu is tractable. There might be cases where
deviating from LIATE is necessary, or where Integration by Parts needs to be combined with
other techniques like substitution. The choice requires careful consideration of the resulting

integral

/vdu

15.3.4 Examples: Indefinite Integrals

The versatility of Integration by Parts is demonstrated through various examples.

15.3.4.1 Standard Applications (Products of different function types)

e Algebraic x Exponential:

Evaluate _f:]f:eﬁ‘r dzx.

Following LIATE, choose u =  (Algebraic) and dv = €%% dz (Exponential).

Thendu = dz and v = feﬁ‘” dr = %eﬁm.

Applying the formula f‘u.d‘u = uv — f v du:

/me&“ de = x (%86’:) — / (%eﬁ”) dx

1 1
=—$86I——/86md3}=}3}86$—1 leﬁ:r
6 6 6 6 \6
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e Algebraic x Trigonometric:
Evaluate [ z sin(z) dz.
Choose u =  (A) and dv = sin(x) dx (T).
Thendu = dz and v = [ sin(z) dz = — cos(z).

/:1: sin(z) dr = x(— cos(z)) — /( cos(z)) de

= —xcos(z) + fcos(m}dm = —x cos(z) +sin(z) + C

e Logarithmic Function:
Evaluate f In(z) dzx.
Treat this as f In(z) - 1dz.
Choose u = In(z) (L) and dv = 1dz (A).
Thendu = id:l:and'v = flda: = .

/m(m)dm:ln(m)-m—fmédm=z1n(m)—f1dm=$1n(m)—z+c

e Logarithmic x Algebraic:

Evaluate [ zIn(z) dz.
Choose u = In(z) (L) and dv = zdzx (A).

Then du = %da:and*u = f:z:d:z:- %

fmln(ﬂ:}dil?:lﬂ(x}'( )— (%)( )
-

z%In(z) fx 2111 x )
. — [ Zde= %

o]
(] I

15.3.4.2 Repeated Application of Integration by Parts

Some integrals require applying the Integration by Parts formula multiple times.

e Example:
Evaluate [ z? cos(z) dz.
O  First Application:

Choose u = x* (A) and dv = cos(z) dz ().

Then du = 2z dz and v = sin(z).
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fm2 cos(z) dz = z’ sin(z) — fsin(:r) - (2z dz) = z*sin(z) — szcsin(:c]d:r

O Second Application:
The new integral f x sin(x) dz still requires Integration by Parts.

From the previous example (3.4.1), we know:
/ zsin(z) dr = —z cos(z) + sin(z)

O Combine:
Substitute the result back:

/3:2 cos(z) dz = z* sin(z) — 2(—z cos(z) + sin(z)) + C

= z?sin(z) + 2z cos(z) — 2sin(z) + C

e Example:

' Evaluate f r%e® dx

O First Application:
Choose u = z° (A) and dv = €* dz (E).

Then du = 2z dz and v = €”.

meem de = z%e” — fem - (2zdz) = z%e® — 2f:1:em dz

O Second Application:
Evaluate f:r:e‘” dz.
Choose u = z, dv = e® dz.

Then du = dz, v = €*.

/:Bemdm=mem—/emdm=me‘”—e‘”
O Combine:

Substitute back (adding the constant at the end):
/$28m dz = z’e” — 2(ze” — e*) + C = ze” — 2ze” + 2" + C

—e’(x? —22+2)+C
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15.3.4.3 Integrals Requiring Algebraic Solution (Reappearing Integrals)

In certain cases, typically involving products of exponential and trigonometric functions,
repeated application of Integration by Parts leads back to the original integral.

Example:
Evaluate I = [ e” cos(z) dx

O First Application:
Choose u = cos(z) (T) and dv = e” dz (E).
(Note: Choosing u = €* also works.)

Then du = —sin(z) dz and v = €*.
I = cos(xz)e” — fe‘r(— sin(z)) dz = €” cos(x) —I—fem sin(z) dz

O Second Application:
Evaluate [ e” sin(z) dz.
Choose v = sin(z) and dv = e” dz.

Then du = cos(z) dz and v = €”.

/e"” sin(z) dz = sin(z)e” — /e“’ cos(z) dz = e”sin(z) — I
O  Substitute and Solve:

Substitute this back into the equation for I:

I =e"cos(x) + (e"sin(z) — I) = I = e* cos(z) + €"sin(x) — I

This is now an algebraic equation for the unknown integral I.
Add I to both sides:

21 = e” cos(z) + €” sin(z)

Divide by 2 and add the constant of integration:
1 :
I= iem(cos(m) +sin(z)) + C

The reappearance of the original integral allows for an algebraic resolution,
a characteristic outcome when integrating products where both factors essentially retain their complexity

through differentiation and integration cycles.

15.3.5 Applying Integration by Parts to Definite Integrals

To evaluate definite integrals using Integration by Parts, the formula is adapted to include the
evaluation of the uv term at the limits of integration a and b 3:
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b b
/udvz[uv]Z—/Udu

where [uv]ab denotes u(b)v(b)—u(a)v(a). The process generally involves finding the components
u,v,du,dv as for the indefinite integral, applying the definite integral formula, evaluating the

[uv]ab term, and then evaluating the remaining definite integral

b
f’udu

(which might itself require further techniques, including another application of Integration by

Parts).

15.3.6 Examples: Definite Integrals

e Example T

2
Evaluate f_l ze *dz

Letwu = zanddv = e dx.

Thendu = dz and v = —e™™.

1

Evaluate the first term:
[—2e7%] — [—(—1)6_(_1)] =2 ?—el=—"—¢

Evaluate the remaining integral:

2
[ erda=let = (et - (e = -5 +e

1 €

Combine the results:

e Example 2:
Evaluate _fle In(z) dz

From section 3.4.1, the antiderivative of In(z) is z In(z) — «.

/1"’ In(z)dz = [zln(z) — z]{ = (eln(e) — e) — (11n(1) — 1)

=(erl—e)—(0—-1)=(e—e)—(-1)=0+1=1

f2 ze dz = [z(—e ")]?, — fi(—e_m)dx = [~ze~?]?, _,_/21 e da
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e Example 3:

Evaluate faﬂ z cos(z)dx

From section 3.4.1 (similar to [ z sin(z) dx),
the antiderivative of 2 cos(z) is  sin(x) + cos(z).

(Check: derivative is sin(z) + z cos(z) — sin(z) = z cos(z))
/ z cos(z) dz = [zsin(z) + cos(z)]j
0

= (msin(m) + cos(w)) — (0 - sin(0) +cos(0)) =(0—1) - (0+1)=—-1—-1= -2

15.4 BEYOND SUBSTITUTION AND PARTS: A GLIMPSE AHEAD
Integration by Substitution and Integration by Parts are powerful, fundamental techniques that
greatly expand our ability to find antiderivatives. However, they represent only the beginning of
the journey into the diverse world of integration methods. Many integrals encountered in practice
do not yield directly to substitution or parts alone.

Several other specialized techniques are designed to handle specific structural forms of
integrands. These are typically introduced in subsequent stages of calculus study and include:

e Trigonometric Integrals: Methods for integrating powers and products of trigonometric
functions, such as

/sinm(:n) cos"(z)dz or ftan”‘(m)sec”(m)d:c

These techniques heavily rely on using trigonometric identities (like sin?(x) + cos?(x) = 1 or
double-angle formulas) to manipulate the integrand into a form solvable by substitution or
basic rules.

e Trigonometric Substitution: A technique specifically for integrals containing expressions
of the form a?—x?, a>+x2, or x>—a’. By substituting x with a trigonometric function (x=asin0,
x=atanf, or x=asech, respectively), the radical can often be eliminated using Pythagorean
identities, transforming the integral into a trigonometric integral.

e Partial Fraction Decomposition: An algebraic technique used to integrate rational
functions (ratios of polynomials). The method involves decomposing the rational function
into a sum of simpler fractions (whose denominators are factors of the original
denominator) that can be integrated using basic rules, often involving logarithms or inverse
tangents.

Beyond these standard Calculus II techniques, more advanced methods exist, such as
differentiating under the integral sign (Feynman's technique), using complex analysis and the
residue theorem, employing Laplace transforms, or utilizing special functions like the Gamma
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and Beta functions, but these are generally encountered in higher-level mathematics or
specialized applications.

The existence of this wide array of techniques underscores that integration is less algorithmic and
more strategic than differentiation. Successfully evaluating an integral often depends on correctly
identifying the structure of the integrand and choosing the most appropriate method or
combination of methods. Developing proficiency requires not only mastering the mechanics of
each technique but also cultivating the ability to recognize patterns and strategically select the
best approach. A common integration strategy involves first attempting simplification and basic
rules, then considering substitution, followed by integration by parts, and finally looking for
structures suitable for trigonometric integrals, trigonometric substitution, or partial fractions.

15.5 CHECK YOUR PROGRESS - A

Q1. What is reverse chain rule?

Q2. Provide answers to the following MCQs: -

1) Which technique is most useful for integrating Jxcos(x)dx?
a) Substitution
b) Integration by Parts
c) Partial fractions
d) Trapezoidal Rule
2) In substitution, what is du ifu = x>+ 1?
a) dx?
b) 2xdx
c) x2dx
d) dx
3) According to the LIATE rule, which function should be chosen as u in [xIn(x)dx?
a) X
b) In(x)
c)eX
d) sin(x)
4) Ifu=In(x), then du is:
a) xdx
b) dx
c) 1/x dx
d) x> dx
5) Cyclic integrals require:
a) Numerical methods
b) Logarithmic substitution
c) Algebraic manipulation to isolate the integral
d) Trapezoidal estimation
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6) Which method is recommended for [x2e* dx?
a) Trigonometric substitution
b) Repeated substitution
c) Repeated Integration by Parts
d) Partial fractions
7) In Integration by Parts, which component must be easy to integrate?
a)u
b) dv
c)du
d) Both u and dv
8) Integration by substitution is the reverse of which differentiation rule?
a) Product rule
b) Quotient rule
c¢) Chain rule
d) Power rule

15.6 SUMMARY

This unit has introduced Integration by Substitution and Integration by Parts, two cornerstone
techniques in integral calculus. Derived fundamentally from reversing the Chain Rule and
Product Rule of differentiation, respectively, these methods provide systematic approaches for
evaluating integrals that are intractable using only basic antiderivative formulas. Integration by
Substitution excels at simplifying integrals involving composite functions, transforming them
into often simpler integrals by changing the variable. Integration by Parts provides a way to
handle integrals of products, trading the original integral for a different one that is hopefully
easier to solve. We have explored the theoretical derivations, outlined step-by-step procedures
for their application to both indefinite and definite integrals (including the critical handling of
limits for definite integrals), and discussed strategic considerations, such as the LIATE heuristic
for choosing parts. The examples provided illustrate the application of these methods to a variety
of function types and complexities, including scenarios requiring repeated applications or the
algebraic resolution of cyclic integrals. These techniques are far more than mere computational
algorithms; they represent fundamental strategies for manipulating and simplifying integrals.
Their mastery is crucial not only for further study within calculus itself but also for applying
calculus concepts in diverse fields such as differential equations, physics, engineering,
economics, and probability theory. Substitution and Integration by Parts form the bedrock upon
which more specialized and advanced integration strategies are built, making them indispensable
tools in the mathematical toolkit.

15.7 GLOSSARY

v' Integration — The process of finding the antiderivative of a function.
V' Substitution Method — A technique using variable change to simplify integrals.
v u-Substitution — A substitution strategy to reverse the chain rule.
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Definite Integral — Integral with specified limits that yields a numerical value.
Indefinite Integral — General form of integration that includes a constant of integration.
Integration by Parts — A method based on the reverse of the product rule.

LIATE Rule — A heuristic for choosing u in integration by parts.

Differential (du) — Infinitesimal change in u used during substitution.
Back-Substitution — Replacing the substitution variable with the original variable.
Changing Limits — Adjusting limits when substitution is applied to definite integrals.
Cyclic Integral — An integral that reappears during the integration process.

Repeated Integration — Applying integration by parts more than once.

Trapezoidal Rule — A numerical method for approximating definite integrals.
Reduction Formula — A recursive relation used to reduce the complexity of integrals.
Product Rule (Differentiation) — Basis for integration by parts; d(uv) =u'v +uv'.

15.8 ANSWERS TO CHECK YOUR PROGRESS

Check Your Progress — A
Q2. Answers of MCQs: -

1)
2)
3)

Answer: b) Integration by Parts

Answer: b) 2xdx

Answer: b) In(x)

Answer: ¢) 1/x dx

Answer: c) Algebraic manipulation to isolate the integral
Answer: c) Repeated Integration by Parts

Answer: b) dv

Answer: c) Chain rule
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15.11 TERMINAL QUESTIONS

1
2
3
4
5
6.
7
8
0.
1

. Explain the theoretical basis of integration by substitution using the chain rule.

. Describe the step-by-step process for applying substitution to indefinite integrals.
. How are the limits adjusted when applying substitution to definite integrals?

. Derive the integration by parts formula using the product rule of differentiation.

. What is the LIATE rule and how does it help in selecting u and dv?

Solve JxIn(x)dx using integration by parts.
Solve J(1+ex)/ex dx using substitution.

. Evaluate Jo*n xcos(x)dx using integration by parts.

What are cyclic integrals? Provide an example where the original integral reappears.

0. Compare and contrast back-substitution and limit change approaches in definite integrals.
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